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A manifestly Lorentz invariant Hamiltonian formalism for multichannel scattering and pro-
duction processes is developed by making two simple and natural extensions of the ordinary quantum
mechanical formalism. The first is the asymptotic covariance postulate of Fong and Sucher which
is essentially a necessary and sufficient condition for Lorentz invariance of the scattering ampli-
tudes. The second is a Lorentz invariant extension of the asymptotic condition. It is shown that
the latter is in fact no extension at all in a case where the total momentum operators of the asymp-
totic (unperturbed) systems are the same as the total momentum operators of the interacting system.
In such a case the ordinary multichannel scattering formalism is completely Lorentz invariant when-

ever asymptotic covariance is satisfied.

I. INTRODUCTION

HERE is quite a difference between the concepts
and techniques of ordinary nonrelativistic quan-
tum mechanics and those of relativistic quantum
field theory or dispersion theory. One would like
to know if this reflects a fundamental inability of
Hamiltonian theories to provide a suitable Lorentz
invariant quantum mechanical description of scat-
tering and production processes or if a Hamiltonian
formalism might yet be found to be useful in under-
standing such phenomena. There is reason to doubt
that a Lorentz invariant Hamiltonian formalism can
be used to describe nontrivial particle motion in
terms of covariant world-lines in space-time; for
two or three particles in classical mechanics it has
been shown that only nonaccelerated motion can
be so described.’”® But it has been emphasized by
several authors that one can construct a Hamiltonian
theory of particle dynamics which is symmetric
under all special relativistic transformations of
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reference frame'*”” and it has been shown by the
construction of a specific two-particle model that
such a theory can produce a nontrivial Lorentz
invariant scattering amplitude according to the rules
of ordinary ‘“nonrelativistic”” scattering theory.®
General conditions for the Lorentz invariance of
the S matrix in a Hamiltonian theory of the scatter-
ing of a fixed number of particles have been de-
veloped by Fong and Sucher.” They postulate a
condition which they call “asymptotic covariance”
(because of its natural physical interpretation) and
show that this condition is essentially equivalent to
the Lorentz invariance of the S matrix. On the
other hand, the multichannel scattering formalism
of ordinary Hamiltonian quantum mechanics is
capable, in principle, of describing the scattering
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and production of any number of particles. This
paper is based on the observation that the inclusion
of asymptotic covariance can make this ‘non-
relativistic” multichannel scattering formalism com-
pletely and manifestly Lorentz invariant.

We use a mathematical formulation of multi-
channel scattering in terms of wave operators or
Mgller matrices.””"'" Some of the essential elements
of this formalism are outlined in Sec. II. In See. II1
we state the definition and consequences of asymp-
totic covariance. It should be recognized that the
definition and theorems of this section are mostly
a straightforward extension to the multichannel case
of the work of Fong and Sucher.’ In particular,
we show that asymptotic covariance is still essen-
tially equivalent to the Lorentz invariance of the
scattering amplitudes. In See. IV, we review Fong
and Sucher’s interpretation of asymptotic covar-
iance, develop an alternate interpretation in terms
of operators analogous to those oceurring in quantum
field theory, and discuss the situation that results
from the incorporation of asymptotic covariance
into the multichannel scattering formalism. The
situation is essentially that the wave operators now
have an intertwining property between a unitary
representation of the Poincaré (inhomogeneous
Lorentz) group for the interacting system and the
representation for each of the asymptotic or un-
perturbed channel systems. This is a Lorentz in-
variant extension of the intertwining property of
the wave operators between the Hamiltonian of the
interacting system and the “free’” Hamiltonian of
each of the channel systems.

In Sec. V we state a formal definition of the
ordinary ‘“nonrelativistic’” multichannel scattering
problem in terms of three conditions to be satisfied
by the wave operators: the wave operators are
partially isometric between subspaces which satisfy
certain conditions; they have the intertwining
property between the Hamiltonian and each of the
channel Hamiltonians; they satisfy a boundary or
asymptotic condition. Asymptotic covariance is a
Lorentz invariant extension of the second condition.
The first condition can be made Lorentz invariant
rather trivially because the subspaces involved are
each invariant under the relevant representation of
the Poincaré group. A natural Lorentz invariant
extension of the third condition, the asymptotic
condition, gives a multichannel scattering formalism
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which is completely Lorentz invariant. This is dis-
played in Sec. VI as a formal definition of the Lorentz
invariant multichannel scattering problem. The
Lorentz invariance is manifest in that only Lorentz
invariant sets of operators and Lorentz invariant
subspaces are involved in the definition.

In our formulation of the ordinary ‘nonrela-
tivistic”’ scattering problem we explain our choice
of the boundary condition satisfied by the wave
operators by showing that the ordinary ‘“non-
relativistic” asymptotic limits are the unique solu-
tion. We show also that similar Lorentz invariant
asymptotic limits are the unique solution of the
Lorentz invariant scattering problem. But we want
to emphasize that the choice of this particular
asymptotic condition is probably not essential for
a Lorentz invariant extension of the formalism.
The incorporation of asymptotic covariance, which
is the foundation of our extension, is completely
independent of the asymptotic condition.

In See. VII we raise the question: what restrictions
has our Lorentz invariant extension of the scattering
problem put on its possible solutions? Since the
restrictions imposed by asymptotic covariance are
evidently just what are needed to obtain Lorentz
invariant scattering amplitudes, we will be really
concerned only with the restrictions imposed by the
Lorentz invariant extension of the asymptotic condi-
tion. It may happen that there are actually no
restrictions from the latter source because it may
happen that the Lorentz invariant asymptotic condi-
tion contains no actual extension of the ordinary
“ponrelativistic’” asymptotic condition. In Sec. VIII
it is shown that this is the case whenever the total
momentum operators (generators of space transla-
tions in the representation of the Poincaré group)
for each of the asymptotic or unperturbed channel
systems are essentially the same as the total momen-
tum operators for the interacting system. This
property has been assumed as a matter of con-
venience in the construction of various models of
interacting systems.’®*® We have here a more
fundamental motivation. If a system has this
property and satisfies asymptotic covariance, then
the ordinary quantum mechanical scattering form-
alism with the “nonrelativistic’” asymptotic condi-
tion is completely Lorentz invariant.

In Sec. IX we outline briefly the problem of an
analogous Galilei invariant scattering formalism.
The asymptotic or unperturbed channel systems
have unitary representations up to a factor of the
inhomogeneous Galilei group with different factors
for different channels. Asymptotic covariance and
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Galilel invariant scattering amplitudes are not
always possible and one must develop a generalized
formalism in which the scattering amplitudes are
invariant only up to phase factors which may depend
on the channels and on the transformation in the
inhomogeneous Galilei group. Besides asymptotic
covariance, the conditions involved in the Galilei
invariant formalism are at least as strong as, if not
actually stronger than, those of the Lorentz invariant
formalism. This suggests again that the Lorentz
invariant asymptotic condition does not restrict too
severely the possible solutions of the scattering
problem.

To make a casual reading possible, the proofs
of all the theorems have been collected in the final
Sec. X. Simplicity takes precedence over mathe-
matical rigor in certain familiar situations.

II. MULTICHANNEL SCATTERING FORMALISM—
BASIC EQUATIONS

We use a quantum mechanical multichannel
scattering formalism'®''* which may be described as
follows in terms of linear operators on a separable
Hilbert space 3¢. The different channels are labeled
by an index a (or b) which may take on a finite
or countable number of values. For each channel a
there are ten linear operators H,, P,, J., K, which
are respectively the generators for time translations,
space translations, space rotations, and rotation-free
Lorentz transformations in a description of the
“free” asymptotic or unperturbed motion in that
channel. These operators are assumed to generate
a (continuous) unitary representation of the Poincaré
(proper orthochronous inhomogeneous Lorentz)
group on some subspace of 3. (This subspace may
be different for each a.) In other words, H,, P, J., K.
are self-adjoint operators satisfying the ‘“commuta-
tion relations”” of the Poincaré group on a subspace
of 3C.

The dynamics of the actual interacting system
is described by a Hamiltonian H which also is
assumed to be a self-adjoint linear operator on a
subspace of JC. Scattering is defined by a comparison
between the interacting dynamics determined by H
and the “free” asymptotic or unperturbed dynamics
determined by each of the channel Hamiltonians H,.
This comparison is effected by a family of linear
operators 272, two for each channel. For each channel
a the wave operators 7 are assumed to be partially
isometric operators'® from a subspace D, in the

2 F, J. Murray and J. von Neumann, Ann. Math. 37, 116
(1936).
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continuum subspace'® of H, (subspace of continuous
spectrum ‘‘eigenstates’” of H, or, in other words,
the orthogonal complement of the subspace of true
eigenvectors or “bound states” of H,) to subspaces
®&'* in the continuum subspace of H. In other
words, if F, and F; are the projection operators
whose ranges are, respectively, D, and &'*’ (E,3¢=D,
and F3¢ = ®'*), it is assumed that'*

e = B,
0 = .

@.1)
2.2)

It is assumed, furthermore, that ® "’ is orthogonal
to ®{*’ and that ®{™ is orthogonal to ®{™’ for a £ b,
and that the direct sum over a of the subspaces
@Y is the same as the direct sum over a -of the
subspaces ®!™’. Let & denote this direct sum sub-
space and let F be the projection operator whose
range is R(F3¢ = &). In terms of projection operators
we have that

FiF, =0 = FF" 2.3)
if @ # b, and
; Fi = Z F> =F. (2.4)
From these assumptions it follows that
Q0L = 4.,E., (2.5)
QE, = 1, (2.6)
FiQ, = 5,05, 2.7
It is assumed that for each channel a
HQ = 9.H, 2.8
or, more precisely, that
el = Qe 2.9

for all real {. From this assumption it follows that
®* reduce' H and D, reduces H, or, in other
words, that F? commute with H and E, commutes
with H, for each a. From Eq. (2.4) it then follows
that H is reduced also by ® = F3iC or, in other
words, that H commutes with F.

Let ¢° be a vector in D, representing a certain
state of the “free” asymptotic or unperturbed motion
in channel a (e.g., a packet of “plane-wave momen-

¥ M. H. Stone, Linear Transformations in Hilbert Space
(American Mathematical Society Colloquium Publications,
New York, 1932), Vol. 15, Theorem 5.13.

% Throughout this paper when we write equations involv-
ing operators with both + and — indices we mean that they
should be read as two separate equations, one with the upper
and the other with the lower set of indices.

1 F. Riesz and B. Sz. Nagy, Functional Analysis (Ungar
Publishing Company, New York, 1955), p. 302.
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tum eigenstates””) and let ¢° be a similar state for
channel b. The probability amplitude for scattering
from ¢* to ¢’ is defined to be

(21", 297 = (¢, 12%¢7).  (2.10)
In terms of the S operator defined by
S=> o (2.11)

we have, from Eqs. (2.5) and (2.6), that the scatter-
ing amplitude (2.10) is equal to the matrix elements

(7, 8¢y = (™, S,

where
(%)
.

= Qi¢" (2.12)

are the states of the interacting system corresponding
to the state ¢° of the channel system. From Egs.

(2.2), (2.4), (2.5), and (2.6) we find that the operator
S defined by Eq. (2.11) satisfies the equations

S'S = 88" = F. (2.13)

Thus S is a unitary operator on the subspace ® =FiC.
This scattering formalism has so far involved only

the Hamiltonians. We turn now to our main business

which is to incorporate the whole Poincaré group.

ITI. DEFINITION AND CONSEQUENCES OF
ASYMPTOTIC COVARIANCE

Let L denote an element of the Poincaré group,
and for each channel a let U,(L) be the unitary
representation of the Poincaré group generated by
H, P, J., K,. We assume that D, = E,3C is con-
tained in the subspace of 3¢ which supports the
unitary representation U,(L).

Definition: A scattering system has the property
of asymptotic covariance if for each element L of the
Poincaré group there exists a (bounded) linear op-
erator W(L) on 3C such that for each channel a

wWLe, = QULL). 3.1

Theorem 1. For each element L of the Poincaré
group let W(L) be a (bounded) linear operator on
J¢ which satisfies the defining relations (3.1) for
asymptotic covariance. Then W (L) leaves invariant
each of the subspaces ®&'* = F3 and ® = F3C.
The operation of W(L) on the subspace & = FiC
is uniquely determined by the relation

WILF = X UMDY = > UML), (3.2

The operators W(L)F are unitary on ® = FJC and
form on ® a (continuous) unitary representation

THOMAS F. JORDAN

of the Poincaré group. The one-parameter subgroup
of operators W(L)F representing time translations
L is the same as the one-parameter subgroup
¢*®'F (¢ real).

Note that the relation (3.1) is just an extension
to the whole Poincaré group of the relation (2.9)
which is assumed in traditional scattering theory
to hold for the one-parameter subgroup of time
translations.

Note also that from Egs. (3.2) and the adjoint
of Eqgs. (2.7) it follows immediately that

W(F. = .U IL)ye? (3.3)

From this we see that the spectra of the generators
of the part of the unitary representation W (L) on
R = F23¢ are the same as the spectra of the
corresponding generators H,E,, P.E,, J.E., K .E, of
the part of the unitary representation U,(L) on
D, = E3C

Theorem 2. For a scattering system to have the
property of asymptotic covariance it is necessary
that U,(L) commutes with E, for each element L
of the Poincaré group and for each channel a.
When this necessary condition is satisfied, each of
the following properties of a scattering system is
equivalent to asymptotic covariance:

(i) For each element L of the Poincaré group

S aUDer = X el el (3.4

(ii) S oK, = X 0K, (3.5)
(i) For each element L of the Poincaré group and
for each pair of channels a, b

U Qe U(L) = e, (3.6)
(iv) For each pair of channels a, b
QUK = K, 0%; (3.7

(v) There exists a (continuous) unitary representa-
tion W(L) of the Poincaré group defined on the
subspace ® = F3C such that for each channel a
and each element L of the Poincaré group

UL @IAQUL) = QLW (L)AWIL)L,

respectively, for every bounded operator 4 =
AF = FA which has the property, respectively,
that AF? = F!A for each b.

(vi) There exists a (continuous) unitary representa-
tion W(L) of the Poincaré group defined on
the subspace ® = F3¢ such that for each

3.8
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channel a and each element L of the Poincaré
group
> UMD AU

= W(L) X RALIW(T) (39
for every family of bounded operators 4, with
the property that A, = A, E, = E A, for each a.

When one of the conditions (v) or (vi) is satisfied
[and when U,(L) commutes with E, so that asymp-
totic covariance is also satisfied], the unitary rep-
resentation W (L) of the Poincaré group is uniquely
determined by that condition and is the same as
the unitary representation which satisfies the asymp-
totic covariance condition.

IV. INTERPRETATION AND REMARKS

The interpretation that Fong and Sucher’ have
given to the asymptotic covariance condition has
an immediate generalization for the multichannel
case. Let ¢ represent a state of the “free” asymptotic
or unperturbed system for channel a. Then ¢**’ =
Q2¢° represent corresponding states of the interacting
system. A transformation L of the Poincaré group
gives us the state U,(L)¢" of the channel system
and the corresponding states 22U, (L)¢" of the inter-
acting system. The asymptotic covariance condition
states that the transformation of the interacting
states from Q7" to @2U,(L)¢" should be effected
by a linear operator W (L) which is the same for the
+ and — cases. In other words, there must be a
linear operator W(L) which transforms the inter-
acting states just as U,(L) transforms the “free”
asymptotic or unperturbed states.

To be more specific about this, we may suppose
that a complete set of states of the channel system
can be labeled by some parameters k& (for example
the momenta of free particles) such that the trans-
form of each state is the state labeled by the trans-
formed parameter L(k),

UdL)pr = Ly
The asymptotic covariance postulate is then the
statement that the corresponding interacting states

) = Q47 transform as

v = Ww®
with W(L) a linear operator which is the same for
the 4+ and — cases.

Asymptotic covariance can be interpreted also in
terms of the following operators. For each channel a
let A, be a (bounded) linear operator on the subspace
D, = E,3C For each such family of operators 4,
we define two operators

1349
(A). = 20 214,97 .0
The operators (4,). have the properties that
(A)s = (A F = F(A,)., (4.2)
(Aa)iFl;: = Fi(Aa)iv (43)

for each b. We have several examples available. If
A, = E, for each g, then (4,), = F;if A, is nonzero
only for ¢ = b and if A, = E,, then (4,). = F;
if A, = U,(L) for each a, then (4,). = W(L)F;ete.
There is a kind of inverse to this operation. For
each (bounded) linear operator 4 on the subspace
® = F3C we define, for each q,

As, = QAR (4.4)
out
These operators have the properties that
A?n = A‘iln Ea = EaA?n . (4'5)
out out out
Again several examples are available, If A = F,
then A, = FE, for each a; if A = W(L), then

out

A4S, = U (L)E, for each a; ete. If we start with an

out

operator A which has the properties that
A = AF = FA, 4.6)
AF, = FiA, 4.7
for each a, we find that the “in” operations (4.4)

followed by the “+” operation (4.1) bring us back
to the same operator 4,

(A%, = A (4.8
while if we start with an operator A which satisfies
Eq. (4.6) and

AF2 = F2A (4.9)
for each a, we find that the “out” operations (4.4)

followed by the “—” operation (4.1) bring us back
to the same operator A4,

(450 = 4. (4.10)

Conversely, if we start with a family of operators
A, which have the property that

A, = AE, =EA, 4.11)

for each a, then we find that the “+’’ or “-"
operations (4.1) followed respectively by the “in”
or “out” operations (4.4) bring us back to the same
family of operators 4,,

((Aa)d:)li,n = Ab

out

(4.12)

for each b. Thus we see that the set of all operators
(A,).+ 18 just the same as the set of all operators 4
which satisfy Eqgs. (4.6) and (4.7), the set of all
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operators (4,). is just the same as the set of all
operators A which satisfy Eqs. (4.6) and (4.9), and
the set of all operators A, is the same as the set
of all operators A, is just the same as the set
of all operators A, which satisfy Eqs. (4.11).

The operators (4.1) and the S operator (2.11)
satisfy the relation

(4.)+8 = 8(A.)- (4.13)

for every family of operators A, This relation
serves to define the S operator (and hence the scat-
tering amplitudes) to within phase factors which
may be different for the different channels. More
precisely, if S’ is an operator which satisfies the
same equations (2.13) and (4.13) as S, then

S = D> CFS = ) C,8F,

where C, are complex numbers with |C,| = 1. This
follows from the fact that the sets of operators
(A,): include all operators satisfying Eqs. (4.6) and
(4.7) or (4.9), respectively. (Since the statements
of this section are included for interpretation and
not as an integral part of the development of our
formalism, their proofs, which are straightforward
in every case, are left to the reader.)

The interpretation of asymptotic covariance in
terms of the operators (4.1) and (4.4) is provided
by conditions (v) and (vi) of Theorem 2. Condition
(v) requires that there exists a unitary representation
W(L) of the Poincaré group such that for each
channel a and each element L of the Poincaré group

UAL) 45 UL) = W(DAWD).

out out

respectively, for every (bounded) operator A which
belongs to the set of operators (4,). or the set
of operators (A4,)_, respectively. Condition (vi)
requires that there exists a unitary representation
W (L) of the Poincaré group such that for each
channel a and each element L of the Poincaré group

(UL AULL). = WAV (L)

for every family of (bounded) operators A, which
belong to the sets of operators A, or AZ,,. Both
of these conditions say essentially that there must
be a unitary representation W (L) of the Poincaré
group which transforms the operators 4, (4,). or
(A4,)-, respectively, of the interacting system just
as the unitary representations U,(L) transform the
operators Af,, As.,, or A, of the “free” asymptotic
or unperturbed channel systems. The essential point
again is that W(L) is the same for the -+ and —
cases.

The condition @ii) of Theorem 2 is just the

THOMAS F.
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requirement of invariance of the S matrix or scat-
tering amplitudes. We can see this more explicitly
as follows. The probability amplitude for scattering
from a state ¢* of the channel system a to a state ¢°
of the channel system b is given by the matrix
elements (2.10). The analogous probability am-
plitude for scattering from the transformed state
U,(L)¢" to the corresponding transformed state
U,(L)¢' is

(UL)¢', Q22 UL)¢") = (¢, Us(L)Q 22U (L)g").

Condition (iii) is the statement that these scattering
amplitudes are the same for all transformations L
of the Poincaré group. Condition (iv) is the state-
ment that they are the same for infinitesimal pure
Lorentz transformations.

That asymptotic covariance implies invariance of
the scattering amplitudes can be seen also from the
fact that the unitary representation W(L)F of the
Poinearé group given by Eqgs. (3.2) commutes with
the S operator (2.11),

W(IL)FS = SW(L)F
from which it follows that
(B2, S¥.*) = (W)™, SW(L)¥.*)

which displays the invariance of the secattering
amplitudes as matrix elements with respect to the
states (2.12) of the interacting system.

Thus we see that asymptotic covariance can be
motivated not only by a natural interpretation but
also by the fact that asymptotic covariance is exactly
what is needed to obtain invariant scattering am-
plitudes. The suggestion is compelling that asymp-
totic covariance should be satisfied in any Lorentz
invariant scattering theory.

If asymptotic covariance is satisfied, we have a
uniquely determined unitary representation W(L)F
of the Poincaré group defined on the subspace
® = F3c. This is an extension of the representation
¢'"'F of the one-parameter subgroup of time transla-
tions, and the defining Eq. (3.1) of asymptotic
covariance is an extension to the whole Poincaré
group of the basic intertwining relation (2.9) of the
usual scattering formalism. This suggests that any
Lorentz invariant scattering formalism should
involve a unitary representation W (L) of the whole
Poincaré group in which the Hamiltonian H appears
as the generator of the time translations and that
the wave operators Q¢ should have the extended
intertwining property (3.1) between the unitary
representation W (L) for the interacting system and
the unitary representation U,(L) for each of the
channel systems.
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For a given family of unitary representations
U.(L) and for a given Hamiltonian H, asymptotic
covariance provides a program for completing the
formalism outlined above. One solves the scattering
problem determined by the Hamiltonian H and
the channel Hamiltonians H, to find the wave
operators Q2 and then constructs the unitary rep-
resentation W (L) according to Eq. (3.2). Of course
this is not always possible. The two summations
in Bg. (3.2) may turn out to be different. In fact
Theorem 2 [condition (i)] states that this program
will produce a scattering formalism in which asymp-
totic covariance is satisfied just when the formula
(3.2) for W(L) in terms of the operators @ is the
same as that in terms of the operators Q° From
condition (i) of Theorem 2 we see that it is not
necessary to consider all transformations L of the
Poincaré group; infinitesimal pure Lorentz trans-
formations are enough.

V. MULTICHANNEL SCATTERING FORMALISM—
BOUNDARY CONDITIONS

The basic operators Q] of our scattering formalism
have been assumed so far to satisfy only the partial
isometry requirements (2.1) and (2.2) [with ranges
satisfying Eqs. (2.3) and (2.4)] and the intertwining
requirement (2.9). There can be a large number of
operators having these properties. A complete scat-
tering theory must contain some boundary condition
which selects just two operators Q¢ and Q° for each
channel. From the time-dependent point of view
this appears as the asymptotic condition which
demands that in the distant past or future the
motion of the interacting system coincides with the
“free’” asymptotic motion in some channel. From
the time-independent or perturbation theory point
of view it appears as the boundary condition which
selects stationary states of the interacting system
which have the form of stationary states of the
“free” or unperturbed channel system plus “in-
coming or outgoing scattered waves”’. Complete
with boundary condition, the usual quantum me-
chanical multichannel scattering formalism can be
cast in the form of the following.'®"*"

Definition: The linear operators Q7 are solutions

16 We assume that the domains of definition of the various
operators are such that all of the equations are meaningful.
It is clear that the asymptotic conditions require assumptions
of this kind beyond what are needed for the other parts of
the scattering formalism. This is a feature of the quantum
mechanical scattering formalism; it is not particularly
relevant for the possibility of a Lorentz invariant extension.

17 All operator limits are in the strong operator topology
[see M. A. Naimark, Normed Rings, translated by L. F.
Boron (P. Noordhoff Ltd., Groningen, The Netherlands,
1959), p. 441].
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of the scattering problem defined by the self-adjoint
operators H and H, if they satisfy the following
conditions:

(a) The operators Q7 satisfy Eqgs. (2.1) and (2.2)
where E, is a projection operator onto a sub-
space in the continuum subspace of H, and F/
are projection operators which satisfy Egs. (2.3)
and (24);

i H iHqt
et tQt — Qa i

. iHot yat —iHat
lim 7' Q% ""'E, = E,.

t—F oo

®
@)

for allreal ¢ (2.9)

Theorem 3. The conditions (), (8), and (y) may
be replaced by the equivalent conditions (), (8),
and:

o)

lim e Qe = F2.
t5F o

From (a) and (8) we can deduce Eqgs. (2.5), (2.6),
and (2.7) as before. It also follows that the projec-
tions F? commute with H and that the projection
E, commutes with H,. By multiplying condition
(8) on the right by @° and using condition (a)
we find that

(Ht tHat 1
¢MFL = Qo' Qr

for all real ¢ which shows that the parts of the
operator H in the subspaces ®¥ = F 3 are
unitarily equivalent to the part of the operator H,
in the subspace D, = E,3. From this and the condi-
tion (@) that D, = F,3C is in the continuum subspace
of H, it follows that the subspaces ®'* = FI3C
are in the continuum subspace of H. The connection
of the boundary conditions (y) or (y') with the
asymptotic limits is established by the following.

Theorem 4. If a solution of the conditions (a),
(8), and (y) or (') exists, it is the set of operators

(5.1)

> iHt ~iHqa
lim e#'e""'E,.

t—F o

Q2 =

These operators are a solution whenever the limits
(5.1) converge on a subspace D, = E,¢ which
reduces H, and is in the continuum subspace of
H, for each a and have ranges ®'*’ = F 23C satisfying
Egs. (2.3) and (2.4). This solution is unique in the
sense that there is only one set of operators Qf
which satisfy conditions («), (8), and (y) or (v')
for given domains D,=FE,3 and ranges ®*’=F 3C.

VI. LORENTZ INVARIANT BOUNDARY CONDITIONS

Now if we examine the conditions («), (8), and
(v) or (v’) with an eye for finding a Lorentz invariant
extension, we see immediately that a natural Lorentz
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invariant extension of condition () is the equation
(3.1) of asymptotic covariance. Let us assume, there-
fore, that we have not only a Hamiltonian H but
a set of self-adjoint operators H, P, J, K which
satisfy the “commutation relations” of the Poincaré
group and generate respectively the time transla-
tions, space translations, space rotations, and pure
Lorentz transformations in our description of the
interacting system. Let W(L) be the continuous
unitary representation of the Poincaré group for
which H, P, J, K are the generators. We now require
that the operators Q7 satisfy the asymptotic co-
variance equation (3.1). This gives us a manifestly
Lorentz invariant extension of condition (8). In
addition it quite nearly establishes (&) as a Lorentz
invariant condition since we can now prove that
the subspaces D, = FE,3€ are invariant under the
respective unitary representation U,(L) and that
the subspaces ®'*’ = F 3¢ are invariant under the
unitary representation W(L). We just need to make
a Lorentz invariant extension of the requirement
that the subspace ®, = E,3C is contained in the
continuum subspace of H,,

It remains also to formulate a Lorentz invariant
extension of condition (y) or (y') and a Lorentz
invariant restriction of the possible solutions (5.1).
This can be accomplished in a very natural way
by replacing Hit by P,t* = Ht, — Pt and H,t by
P, = H.t, — P,+t, where t, = (I, t) is an arbitrary
timelike real four-vector. Thus we propose a Lorentz
invariant multichannel scattering formalism in the
form of the following.

Definition: The linear operators @ are solutions
of the Lorentz invariant scattering problem defined
by the (continuous) unitary representations W (L)
and U,(L) of the Poincaré group if they satisfy the
following conditions:

(A) 04, = E, (2.1)

el = Fi, 2.2
where E, is a projection operator onto a subspace
which is in the continuum subspace of the operator
Pt = Hjt, — P,t for every real four-vector
t, = (t, t) such that ¢,* = & — t-t > 0 and where
F? are projection operators which satisfy the con-
ditions

FeF. = F°F> =0 for a#b (2.3)
P = 2 (2.4)
(B) WL = QULL)
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for all elements L of the Poincaré group;
(C) lim UXst)Q.U(st)E, = E,

8T
for all real four-vectors £, = (£, t) such that £,* =
& — t«t > 0and ¢, > 0, where U,(st,) = e *Fert**
is the unitary representative U,(L) of the element
L of the Poincaré group corresponding to space-time
translation by st,.

Theorem . The conditions (A), (B), and (C) may
be replaced by the equivalent conditions (A), (B),
and:

©) lim W'(st) QUWst,) = FL

s F o
for all real four-vectors t, = (¢, t) such that ¢ =
{5 — t-t > 0and ¢, > 0, where W(st,) = ¢~ ***" is
the unitary representative W (L) of the element L
of the Poincaré group corresponding to space~time
translation by st,.

Theorem 6. If a solution of the conditions (A),
(B), and (C) or (C') exists, it is the set of operators

lim W '(st,)U.(st,)E, (6.1)

= Fw@

Q=

in which the limits converge to the same operators
for all real four-vectors ¢, = (%, t) such that £t =
2 — t-t > 0and ¢ > O [with W(st,) and U,(st,)
being the operators defined in (C) and (C’)]. These
operators are a solution whenever the limits (6.1):(1)
converge to the same operators for all such four-
vectors ¢, on subspaces D, = E 3¢ which are in
the continuum subspaces of the respective operators
Pt for all real four-vectors ¢, such that ¢i* > 0;
(2) have ranges ®'*’ = F33C satisfying Eqgs. (2.3)
and (2.4); and (3) either satisfy condition (B) or
satisfy the weaker equations

e QL = QL™ (6.2)
for all real three-vectors v and each & and have
domains D, = E,3¢ which reduce the respective

operators H, This solution is unique in the sense
that there is only one set of operators 2 which
satisfy conditions (A), (B), and (C) or (C’) for given
domains D, = E,i¢ and ranges ®S* = FliC.

It may be helpful if we analyze briefly the condi-
tions that we have stated for the existence of the
solutions (6.1). If the limits (6.1) converge as stated
(1), the conditions (2) on the ranges are sufficient
to insure that condition (A) is statisfied. If conditions
(A) and (B) are both satisfied, then the stated con-
vergence of the limits (6.1) is sufficient for condition
(C) also to be satisfied. The weaker alternative (3)
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to condition (B) rests on the fact (Theorem 4) that,
if the domains ©, = E,3 reduce the respective
operators H,, the limits (6.1) [which define the same
operators as the limits (5.1)] satisfy condition (8).
But condition (B) is much stronger than condition
(8); it implies all of the consequences of asymptotic
covariance, for example the invariance of the scat-
tering amplitudes. Equation (6.2) is just the added
element that is needed to establish the complete
condition (B), as we state formally in the following,

Lemma 1. If (bounded) linear operators Q7 satisfy
condition (8) and also satisfy Eq. (6.2) (for all
real three-vectors v), then they satisfy condition (B).

Condition (A) implies Eqs. (2.5), (2.6), and (2.7)
as before. Conditions (A) and (B) imply that the
subspaces ®*’ = F!3) reduce the unitary rep-
resentation W(L) and that the subspaces D, = E,5C
reduce the respective unitary representation U,(L).
This is a Lorentz invariant generalization of the
reduction of H by ®&*’ = F23C and the reduction
of H, by the respective subspace D, = E,3¢. Condi-
tions (A) and (B) imply also a Lorentz invariant
extension of the condition that the subspaces ®'*’ =
F 3¢ be contained in the continuum subspace of H.
We state these formally in the following.

Lemma 2. In order for conditions (A) and (B)
to be satisfied for given projections F; and E, and
unitary representations W(L) and U,(L) of the
Poincaré group, it is necessary that W{L) commutes
with F? and U,{L) commutes with the respective
projection E, for each a and for each element L
of the Poincaré group. It is also necessary that the
subspaces ®&'*’ = F23C be contined in the continuum
subspace of the operator P t* = Hi, — Pt for every
real four-vector ¢,= (¢, t) such that {,t*=£—t-t > 0.

VII. DISCUSSION

As we have already remarked, conditions (A),
(B), and (C) or (C') are completely and manifestly
Lorentz invariant. This is because we deal only with
invariant sets of operators and invariant subspaces
of the Hilbert space. Condition (B), for example,
looks the same with respect to any special relativistic
reference frame because with respeet to any given
frame any given transformation from the Poincaré
group will be represented by one of the operators
WA(L) for the interacting system and by the cor-
responding operator U,(L) for each of the channel
systems. Condition {A) involves projections F, onto
subspaces of state vectors of the respective channel
systems and projections F; onto subspaces of state
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vectors of the interacting system. According to
Lemma 2, the subspace D, = E, 3 must be invariant
under the representation U, (L) of the Poinearé group
for the channel system and the subspaces ®R{*’ =
Fi3¢ must be invariant under the representation
W(L) for the interacting system. Hence these sub-
spaces will look the same from any special relativistic
reference frame. Also in condition {A) we have the
requirement that the subspace D, = E, € be in
the continuum subspace of the operator P, " for
every timelike four-vector ¢,. This is again a Lorentz
invariant set of operators, It includes the Hamil-
tonian for the channel system with respeet to every
special relativistic reference frame. Conditions (C)
or (C’) look the same from any frame because they
are statements that involve equally the representa-
tions of space-time translations in every forward
(backward) timelike direction. With respect to any
given special relativistic reference frame, translations
in a given timelike direction will be represented for
some choice of £, by the operators W(st,) for the
interacting system and by the corresponding op-
erators U,(st,) for the channel system. In particular
when condition {C) or (C’) is satisfied the usual
“ponrelativistic” asymptotic condition of the type
(v) or (v") is satisfied with respect to every frame.

We note that the solutions (6.1) of our relativistie
scattering problem are also manifestly invariant.
We get the same operators Q7 if we evaluate the
limits (6.1) in any special relativistic reference frame.
In particular these operators are equal to ordinary
“nonrelativistic”’ limits of the form (5.1) in every
frame. Here we see quite clearly how the invariance
of our formalism depends on the comparison of the
interacting and channel systems. A change of refer-
ence frame is represented in the interacting system
by the operator W (L) and in the channel systems
by the operators U,(L). If we tried to use a single
representation throughout, we would not obtain
invariance, for example, of the operators &2 computed
according to the limits (6.1). .

Our formulation of the relativistic scattering prob-
lem includes that of the ordinary “nonrelativistic’”’
scattering problem. If operators Q. satisfy conditions
(A), (B), and (C) or (C'), then they also satisfy
conditions (a), (8), and (v) or (v'). Our relativistic
formalism also includes asymptotic covariance. All
of the statements (for example those of Theorem 2)
which are consequences of asymptotic covariance
hold for any solution of our relativistic scattering
problem. In particular the scattering amplitudes are
invariant.

We would like to know if the possible solutions
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of the scattering problem are restricted much more
by conditions (A), (B), and (C) or (C’) than by
conditions (a), (8), and (y) or (¥') of the ordinary
“nonrelativistic” scattering problem. We want to
know the price that we have to pay for the Lorentz
invariance of our formalism. The extension of condi-
tion (8) to condition (B) involves only the inclusion
of asymptotic covariance. Since this is just what is
needed to make the scattering amplitudes invariant,
it, appears that the restrictions introduced here are
fundamental for a Lorentz invariant theory. In
addition to the requirements of condition (a),
condition (A) includes the statement that the sub-
space D, = E, 3 must be contained in the continuum
subspace of the operator P,t* for every timelike
four-vector ¢,. [The corresponding statement for the
subspaces ®.*’ = F23C and the operators P,t" for
the interacting system are consequences of conditions
(A) and (B); Lemama 2.] The restriction here is only
on the channel systems. This seems to be a reason-
able requirement; it says only that the relevant
asymptotic or unperturbed states of the channel
system should be in the continuum subspace of the
channel Hamiltonian with respect to any special
relativistic reference frame. It may be that there
are severe restrictions imposed by conditions (C)
or (C') as compared to conditions (y) or (v').
However we shall see in the next section that this
need not be true in every case.

VIII. REDUCTION OF THE BOUNDARY
CONDITIONS WHEN P = P,

In the construction of models of scattering systems
it has been customary to assume that the total
momentum operator P for the interacting system
and the total momentum operators P, for the ‘‘free”
asymptotic or unperturbed channel systems are
esentially the same. In such a case the Lorentz
invariant boundary conditions add no new restric-
tions to the scattering problem; the boundary condi-
tions (y) and (v') are already Lorentz invariant.

Theorem 7. In a case where

Fle PPy = FUE, (8.1)

for all real three-vectors r and each channel q,
the conditions (A), (B), and (C) or (C’) reduce to
conditions (A), (B), and (y) or (/).

For such a case it follows that whenever the ordinary
“nonrelativistic’’ asymptotic limits (5.1) converge
to operators Q7 which satisfy conditions (A) and
(B), these operators Q. satisfy also condition (v)
(Lemma 2; Theorem 4) and hence condition (C)
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(Theorem 7) and therefore are equal to the Lorentz
invariant asymptotic limits (6.1) which converge
to Q¢ for all real four-vectors t, = (¢, t) such that
(4" = &5 — t-t > 0 and ¢, > 0 (Theorem 6). In
particular, we can see that for such a case the ordi-
nary ‘“nonrelativistic”’ asymptotic limits (5.1) define
solutions of the Lorentz invariant conditions (A),
(B), and (C) or (C’) and are equal to the Lorentz
invariant asymptotic limits (6.1) for all such real
four-vectors ¢, whenever they converge on a subspace
D, = E,3C which reduces H, and is in the continuum
subspace of H, to operators Q¢ which have ranges
®Y = FI3¢ satisfying Egs. (2.3) and (2.4) and
satisfy Eq. (6.2) for all real three-vectors v (Theorem
4; Lemma 1). In other words, if Eq. (8.1) is valid
for all real three-vectors r, the Lorentz invariance
of the asymptotic limits as well as the Lorentz
invariance of the boundary conditions is gotten for
free; if wave operators 22 either satisfy the ordinary
“nonrelativistic”” boundary conditions (y) or (y’) or
are defined by the ordinary ‘“‘nonrelativistic”’ asymp-
totic limits (5.1), and if they satisfy the other
conditions of the ordinary ‘“nonrelativistic’’ scat-
tering problem plus the condition of asymptotic
covariance, then they satisfy also the Lorentz
invariant boundary conditions (C) and (C’) and
are equal also to the Lorentz invariant asymptotic
limits (6.1).

IX. GALILEI INVARIANCE

We can try to modify the preceding to develop
a similar multichannel scattering formalism which
is Galilei invariant rather than Lorentz invariant.
By comparison we can see then exactly how the
“relativistic’” Lorentz invariant scattering problem
differs from the ‘“nonrelativistic’”’ Galilei invariant
scattering problem.

We use the same basic multichannel scattering
formalism as was outlined in Sec. II. Let us first
suppose that unitary representations of the Poincaré
group are replaced by unitary representations of the
(proper orthochronous) inhomogeneous Galilei group.
Asymptotic covariance is defined then in exact
analogy to the definition of Sec. III and Theorem 1
has a precise analog. The first statement of Theorem
2 also has a precise analog as does the second state-
ment insofar as it involves conditions (i) and (iii).
Conditions (i) and (iv) must be modified to include
the analogous equations in the channel angular
momentum operators J, in addition to Egs. (3.5)
and (3.7) in the channel Galilei generators K,.
[This is because the commutation relations (10.11)
do not hold for the Galilei group.] Our proof of
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the sufficiency of conditions (v) and (vi) for asymp-
totic covariance does not hold (because the Galilei
group may have one-dimensional unitary representa-
tions other than the identity representation) but
an alternative proof can be constructed [from the
intertwining property (2.9) for the Hamiltonians
and the fact that the one-dimensional representations
of the Galilei group differ from the identity rep-
resentation only in the one-parameter subgroup of
time translations]. However the last statement of
Theorem 2 does not hold ; the unitary representations
W(L) of the inhomogeneous Galilei group which
satisfy condition (v) or (vi) may differ from the
representation satisfying asymptotic covariance by
phase factors which may be different on different
subspaces ®'*’ = F?3C. For a system with Galilei
invariance which has a true unitary representation
of the inhomogeneous Galilei group for each of the
channel systems, the definition, interpretation, and
consequences of asymptotic covariance are thus
quite the same as for a system with Lorentz in-
variance.

Now the inhomogeneous Galilei group, unlike the
Poincaré group, has unitary representations up to
a factor (unitary ray representations) which can
not be reduced to true unitary representations.'®
We must allow such representations for the operators
U,(L) which represent the inhomogeneous Galilei
group in the asymptotic or unperturbed channel
systems. (To allow only true representations would
be to assume that each of the channel systems has
zero total mass.) If for these representations up to
a factor we adopt the same definition of asymptotic
covariance as for the true representations, we find
that the operators W(L) form a representation up
to a factor of the inhomogeneous Galilei group if
and only if the factors for the representations U, (L)
are the same for all channels a. Inclusion of these
common factors then results in a situation similar
to that outlined above for true representations. We
find further that it is possible for asymptotic covar-
iance to be satisfied only if the factors for the rep-
resentation U,(L) are the same as the factors for
the representation U,(L) for all pairs of channels
a, b between which there is scattering. This will not
be true in general. (Channel systems between which
there is scattering will not always have the same
total mass.) Hence our definition of asymptotic
covariance is not suitable for the most general
Galilei invariant scattering systems. This does not
mean that a Galilei invariant seattering formalism

18 V. Bargmann, Ann. Math. 59, 1 (1954).
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is impossible. Asymptotic covariance implies a state-
ment of the invariance of the scattering amplitudes
[condition (iii) of Theorem 2] which is actually
stronger than is necessary. The scattering amplitudes
need to be invariant only to within phase factors
which may be different for different channels and
for different transformations in the inhomogeneous
Galilei group. We have to modify the formalism
to allow the inclusion of these phase factors. This
kind of weakening of the formalism is possible also
for the Lorentz invariant case. But since the phase
factors can be removed more often in a Lorentz
invariant system, the generalized formalism might
not be needed so much there.

Where condition (A) for a lLorentz invariant
system requires that ©, = E,3C be in the continuum
subspace of the operators P, ¢* = H.,, — P,-t for
all timelike four-vectors ¢, = (4, t), the analogous
condition (A) for a Galilei invariant system requires
the same thing for all four-vectors. This is necessary
just to include the Hamiltonian operators H, — P,-v
resulting from Galilei transformations to frames
moving with all real three-vector velocities v. Galilei
transformations do not respect the timelike property.
Hence condition (A) appears stronger for a Galilei
invariant system than for a Lorentz invariant
system. A similar strengthening occurs in the
asymptotic condition. Where conditions (C) or (C’)
for a Lorentz invariant system must hold for all

four-veectors {, = (&, t) in the forward timelike
cone, the Galilei invariant analog must hold for all
four-vectors ¢, = (&, t) for which f, is positive.

Thus we see that the conditions that we have added
to asymptotic covariance to make a Lorentz in-
variant scattering formalism are no stronger, and
perhaps even less strong than are needed for a
Galilei invariant formalism.

X. PROOF OF THE THEOREMS

Let W(L) be a bounded linear operator on 3C
satisfying the relations (3.1). For any vector f in
3¢ it follows from Eqs. (2.2), (3.1), and (2.7) that

W(LFf = W)
QLU(L)Q"!
FLQuU(L)2,

which shows that the subspaces ®&{*’ = F23C are
invariant under W (L) or, equivalently, that

W(L)F, = FLW(IL)F;. (10.1)

From Eq. (2.4) we can conclude that the subspace
® = F3C is also invariant under W (L) or, equiv-

I

I

i
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alently, that
W(L)F = FW(L)F.

This proves the first statement of Theorem 1.

By multiplying Eq. (3.1) on the right by %
using Eq. (2.2), we obtain Eq. (3.3). By summing
the latter over a, using Eq. (2.4), we obtain Eq. (3.2).
By taking the adjoint of Eq. (3.2) we find that

WwLrR' = X v ney

(10.2)

from which we can see that (W(L)F)t is a well-
defined operator on ® = FiC.

From Eqs. (2.1), the adjoints of Egs. (3.1) and
(2.6), and the fact that the operators U,(L) form
a unitary representation of the Poincaré group, it
follows that for any vector f in 3¢

ULDES = UL™H9 0
= QWL
= B0 W' (L)%
which shows that the subspace D, = F,3C is invariant
under U,(L) or, equivalently, that
U.DE, = E,U(L)E,. (10.3)

By changing L to L™ and taking the adjoint of the
latter equation we find that

E,UJL) = E,UNL™ = E,UL™E, = E,U(L)E,

and by comparing this with Eq. (10.3) we conclude
that

U.L)E, = E,ULL). (10.4)

From Egs. (3.2), (2.5), (10.4), (2.6), (2.2), (2.4),
and the unitarity of U,(L) on D, = E,3C it follows
that

WD) W(L)F

> vl u ey
ab
= X QULEU L

> oo

It

= Y F =F. (10.5)
In a similar manner we can show that
W(L)F(W(L)F)" = F. (10.6)

Thus we can conclude that W(L)F is a unitary
operator on ® = F3C.

Let L, and L, be two elements of the Poincaré
group and L,L, their group-theoretic product. By
using Egs. (3.2), (2.5), (10.4), (2.6), and the fact
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that the operators U,(L) form a representation of
the Poincaré group, we find that

WL)FW(IL)F = 3, QU(L)U(L) 2

I

> UL L)Y

= W(LL)F,

which shows that the operators W(L) form a rep-
resentation of the Poincaré group on ® = FiC.
[The continuity of this representation in the strong
operator topology as a function of the element L
of the topological Poincaré group can be shown to
follow from the continuity of the representations
Uu(L) ]

From Eq. (2.9) we see that the operators e¢*”,
t real, are solutions for W(L) of Eqgs. (3.1) in the
cases where L is a time translation. But we have
found that the operators W (L) satisfying Eqgs. (3.1)
are unique on ® = F3C. Hence the one-parameter
group e¢'”‘F, t real, must be the same as the one-
parameter group W(L)F for time translations L.

We have completed the proof of Theorem 1 and
of the first statement of Theorem 2. We have showed
also that condition (i) of Theorem 2 is necessary
for asymptotic covariance. The necessity of condi-
tion (ii) follows from that of (i) by taking U.(L) =
e'®*'* (with r a real three-vector) to first order in r.
[To zero order in r Eq. (3.4) is just Eq. (2.4).]
From Eqs. (3.1), (2.7), (10.5) and their adjoints it
follows that

Uy (L) 23U (L)
= QW (LHWIL)Q: = QFW(LWI)FQ
= Q' WLF)'WIFe: = @'Fo: = @'a¢

which is just Eq. (3.6). This establishes the necessity
for asymptotic covariance of condition (iii). By
multiplying on the left by U,(L) and using the
unitarity of U,(L) on D, = E, €, we may write
Eq. (3.6) in the equivalent form

QUL = U, ae. (10.7)

By taking U,(L) = e and U,(L) = ¢™** (with
r a real three-vector) to first order in r we obtain
Eq. (38.7). This establishes the necessity for asymp-
totic covariance of condition (iv). It remains to
show that these conditions are sufficient for asymp-
totic covariance.

Let condition (i) be valid, and define W (L) by

W) = > UL (10.8)
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It follows from Eq. (2.7) that
WIL)F:. = QAU (10.9)

By multiplying on the right by 22, using Eqs. (2.7),
(2.1), (10.4), and (2.6), we obtain Eq. (3.1). This
establishes the sufficiency for asymptotic covariance
of condition (i).

Suppose that condition (iii) is valid. Then Eq.
(10.7) is valid also. By multiplying Eq. (10.7) on
the left by @ and on the right by %, using Eq. (2.2),
we find that

FoU (e = QUL QF.

If we sum this equation over a and b, using Egs.
(2.4) and (2.7), we obtain Eq. (3.4). This shows
that condition (i) is a consequence of condition (iii)
and establishes the sufficiency for asymptotic co-
variance of condition (iii).

Next suppose that Eq. (3.7) is valid. From the
assumptions of the scattering formalism, namely,
Eq. (2.8), we have that

o oH, = 'HQ, = H,9" 08,
From this, Eq. (3.7), and the commutation relations
P, =«HXK, — K H,) (10.10)
Jai b ieikm(KakKam - KamKak) (10.11)
of the Poincaré group, it follows that
2”'Q:p, = P,o"a}
Qi = J.at .
The same relation clearly holds for any ‘“power
series’” in any linear combination of the generators
H, P, J,, K,.. From this we can see that Eq. (10.7)
is a consequence of Eq. (3.7). By multiplying Eq.
(10.7) on the left by U’ (L), using the unitarity
of U,(L) on D, = E,5¢ and Eq. (2.6), we obtain
Eq. (3.6). This shows that condition (iii) is a con-
sequence of condition (iv) and establishes the suffi-
ciency for asymptotic covariance of condition (iv).

Finally, suppose that Eq. (3.5) is valid. From
Eqgs. (2.8), (2.2), and (2.4) we have that

S oHe =H Y o0
=H Y 9= > qQH,0°!

From Egs. (10.10), (2.6), (2.5), and the fact the E,
commutes with H, and K, it follows that

> eP.0Y

=7y CHKQ —iY eKH,0
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i ij O H 0 K, — 4 Zb, K, 0 0L H, 0
= > op,o”

In a similar manner we can show that

2 aLel = ¥ et

By the same technique we can show that the same
relation holds for any “power series” in any linear
combination of H,, P,, J., K,. From this we can
see that Eq. (3.4) is a consequence of Eq. (3.5).
This shows that condition (ii) implies condition (i),
establishes the sufficiency for asymptotic covariance
of condition (ii), and completes the proof that
conditions (i)-(iv) are necessary and sufficient for
asymptotic covariance.

That conditions (v) and (vi) are necessary for
asymptotic covariance follows immediately from
Theorem 1 and Eq. (3.1). We must show now that
these conditions are also sufficient for asymptotic
covariance when U,(L) commutes with E,.

Let W(L) be a unitary representation of the
Poincaré group defined on ® = F3C and satisfying
Eqgs. (3.8) for all bounded operators A = AF = FA
with the respective property that AF? = F!A for
all b. Letting A = F? we find that

E, = QwW\Fiw(L)e:.

Multiplying on the left by Q% and on the right
by 2% using Egs. (2.6) and (2.2), we deduce that

Fy = FXW DFW(DF
from which it follows that
FLw' (D)1 — FLW(L)F: = 0.
Rewriting this in the form
(1 = FHW(D)F)'A — FOWL)FL = 0,
we conclude that
FIW(L)Fy = WL)F:.

By changing L to L7, taking the adjoint and
comparing [just as in proceeding from Eq. (10.3) to
(10.4)] we have that

W(IF. = FLW(L). (10.12)

Now multiplying Eq. (3.8) on the left by W(L)Q;
and on the right by UNL)2% using Eqs. (2.2),
(10.12) and the unitary property of W (L) and U,(L),
we have for each channel ¢ and each element L
of the Poincaré group that

WL)QRUAL) QA = AWIL)QLUKL) Q2
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for every bounded operator A such that A = AF? =
F (A, respectively. From this it follows that for each
channel @ and each element L of the Poincaré group

WL QLU = C X (L)F:

or, after multiplying on the right by Q:U.(L),
using Egs. (2.1), (2.6), (2.7) and the commutability

of U,(L) and E,, that
WLl = C;XL)eiULD), (10.13)

where C{*’(L) are complex numbers. Now from the
unitary property of W(L) and U,(L) and the
isometric property of Q; we have that for any
vector f in 3C

|1E.f| = W)
= |V (DQUDS]| = €7D |[Ef]
from which we conclude that
€. (D)) = 1.

Let L, and L, be any two elements of the Poincaré
group. By a repeated use of Eq. (10.13) we find that

Co* (L Ly) QLU (L) Uo(Ls)
= O (L L) QU (I, Ly) = W(I,L,) Q>
= W(L)W(L,) QL = W(L)C." (L) U.L(Ly)
= O (L)CH (L) QUL Uu(Ly)
from which it follows that
C.P(LnLy) = €7 (L)C (L),

The complex numbers C{*’(L) form a one-dimen-
sional unitary representation of the Poinecaré group.
The continuity of this representation follows from
the continuity of the representations W (L) and
U.(L) as follows. Let L, converge to L, in the
topology of the Poincaré group. Then for any vectors
fand ¢ in 3¢ it is a consequence of the continuity
of the representation U,(L) that

(g, UL)E.D — (g, ULL)E.f).

But from the continuity of the representation W (L),
Egs. (10.13), (2.6), and the commutability of U,(L)
and E, we have also that

(g, WL Qi) = C(L)(Qg, UdL)E.])
— (g, W(L,)2f) = C.2(L)(Q%g, UdL)E.).
For this to be true it is necessary that
C.7(Ly) — C(Ly).

Now since the Poincaré group has no one-dimen-
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sional continuous unitary representations except the
identity representation, we can conclude that

C(L) = 1.

Equation (10.13) thus becomes the asymptotic co-
variance relation (3.1). This completes the proof
that condition (v) is sufficient for asymptotic co-
variance. We next prove the sufficiency of condi-
tion (vi).

Let W(L) be a unitary representation of the
Poincaré group defined on ® = F3C and satisfying
Eq. (3.9) for every family of bounded operators 4,
such that A, = A, F, = E A, for each a. Choosing
A, = 0 for all but a single value of ¢ and A, = E,
for that value of a, we find, using Egs. (2.6), (2.2),
the unitarity of U,(L) and the commutability of
U, (L) and E,, that

WIL)FLW'(L) = F
or, using also the unitarity of W(L), that
W(L)F, = FiW(L)

for each channel ¢ and each element L of the
Poincaré group. Now we use this, Eq. (2.1), the
unitarity of W(L) and U,(L), and the commutability
of U,(L) and E, to multiply Eq. (3.9) on the left
by UNL)2Y and on the right by W(L)2¢ for a
case where A, is chosen to be nonzero only for a
single value of a and conclude that

UNL) QWL QA, = AUNLQ W)

for each channel a, each element L of the Poincaré
group, and for every bounded operator A, such that
A, = AE, = E_ A, From this it follows that for
each channel a and each element L of the Poincaré

group
UdL)Qi W) = C(L)E,

or, after multiplying on the left by Q2U,(L), using
Egs. (2.2), (2.6), (2.7), the unitarity of U,(L), and
the commutability of U,(L) with E, and of W (L)
with F?, that

W(D)eL = C;¥ (DU,

where C{*(L) are complex numbers. The remainder
of the proof that condition (vi) is sufficient for
asymptotic covariance is identical to the last part
[from Eq. (10.13)] of the proof for condition (v).
From these proofs it is clear that the operators W(L)
occurring in conditions (v) and (vi) are the same
as those of the asymptotic covariance condition.
Theorem 1 tells us that these are uniquely de-
termined. This completes the proof of Theorem 2.
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The proof of Theorem 3 can be obtained as a
specialization of the proof of Theorem 5, and the
proof of Theorem 4 can be gotten by adapting the
proof of Theorem 6 to the relevant special cases.
We shall therefore present only the proofs of The-
orems 5 and 6. But first we shall prove the lemmas
of Sec. VL.

Let Q2 be (bounded) linear operators which satisfy
condition (8) and also satisfy Eqs. (6.2) for all real
three-vectors v. Working again with the non-
rigorous language of commutators and power series,
we convert our hypotheses into the form of the
equations

HQ, =
KQ: =

QiH,
2:K,

and use Eq. (10.10) and the analogous commutation
relation

P = i(HK — KH)
to write
PQ. = {(HKQ: — KHQ}) = «(HQ.K, — KQiH,)
= {(QLH.K, — QK. H,) = QP,.

Using Eq. (10.11) and the analogous commutation
relation

J; = if-’ik(KiKk -
we find similarly that
Joi = @il..

The extension of this relation to power series in
linear combinations of the ten generators establishes
condition (B). This proves Lemma 1.

Lemma 2 is already almost completely proved.
The proof that U,(L) commutes with E, is exactly
the same as the argument used to establish Egs.
(10.3) and (10.4) in the proof of Theorems 1 and 2.
Also from conditions (A) and (B) we can establish
Eq. (9.1) by the same argument that we used in
the proof of Theorem 1. Then by the same method
as was used to move from Eq. (10.3) to (10.4),
namely changing L to L', taking the adjoint and
comparing, we can deduce from Eq. (9.1) that W(L)
commutes with F7. If we consider condition (B)
for a case where L corresponds to space—time transla-
tion by a four-vector ¢, with ¢¢* > 0, multiply on
the right by @7, and use Eq. (2.2) of condition (A),
we find that

K,K;)

{Pyth i Pgut# ~at
e UL, = Qlet QL.

In view of the fact that Q7 are partially isometrie
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by condition (A), this shows that the parts of the
operator P,t* in the subspaces ®'*’ = F23C have
the same spectrum as the part of the operator
P,t" in the subspace D, = E, 3. Since the subspace
D, = E,3€ is required by condition (A) to be con-
tained in the continuum subspace of P, t*, it follows
that the subspaces ®*> = F23C are contained in
the continuum subspace of P,*. This completes the
proof of Lemma 2.

We turn now to the proof of Theorem 6. Let Q2
be linear operators which satisfy conditions (A),
(B), and (C). Multiplying Eq. (C) on the left by
Q2 and using Egs. (2.6), (2.2), condition (B), and
the facts that U,(L) are a unitary representation
of the Poincaré group and that F? commute with
W (L) (Lemma 2), we find that

Q= lim Q2U.(—st,)Q%U.(st,)E,

s F o

lim W(—st,)Q.Q%U.(st,)E,

soF o

= lim FiW.(st)U.(st)E,

s—Fo

with the limits converging to the same operators
for all real four-vectors ¢, = (¢, t) such that ¢,¢* =
f5 — t.t > 0and t, > 0. But for all such four-
vectors £, and for any vector f in 3¢ it follows from
the isometric property (A) of the operators 2 and
the properties of (strong) operator convergence that

lim |IFLW (st)Ul(st)Efl| = ||Ef]

and so, using the isometric properties of the operators
Wt(st,) and U,(st,), we have that

lim ||(1 — F)W'(st,) Ud(st)Ef|]*

o F o

= lim {[|EJf|[" = |[FsW () Ut B[} = 0

from which we can conclude that Eq. (6.1) holds
with the limits converging as stated. This proves
the first statement of Theorem 6 and also dem-
onstrates the uniqueness. It remains to show that
this solution does exist under the conditions (1),
(2), and (3).

Suppose that the limits (6.1) converge to the
operators @ for all real four-vectors ¢, such that
tt* > 0 and ¢, > 0 on subspaces D, = E,3C which
are in the continuum subspaces of the respective
operators P,t* for all real four-vectors ¢, such that
t,t" > 0. From the properties of (strong) operator
convergence and the isometric property of the op-
erators W'(st,) and U,(st,) it follows that Q7 are
isometric operators on the subspaces D, = E,5.
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Letting ®!*> = F23C be the ranges of the respective
operators 22, we can express the isometric property
of ©¢ in the form of Egs. (2.1) and (2.2). Our
hypothesis that the projections F? satisfy Eqgs. (2.3)
and (2.4) completes condition (A).

Letting t, take the particular value ¢, = (1, 0),
we see that the limits (6.1) define the same operators
as the limits (5.1). Using the latter we find that
for all real ¢

tHt {H(t+ —{tHg (¢ + iHat
e Qi - iH( s)e a( A)Euea a

lim e
s+ F
= QieiHal

under the hypotheses that E, commutes with H,.
Under the additional hypotheses that Eq. (6.2) is
valid for all real three-vectors v, Lemma 1 gives
us condition (B).

Now suppose that the limits (6.1) converge for
all real four-vectors ¢, such that £,¢* > 0and {, > 0
to operators Q; that satisfy conditions (A) and (B).
We then have that

lim Ul(st,)Q U (st)E,

s—Fw

= Q' lim Wist)U.(st)E, = Q4% = E,
g F o
for all such four-vectors ¢,, which is just condition
(C). This completes the proof of Theorem 6.

To prove Theorem 5 we note that with conditions
(A) and (B) condition (C) is equivalent to the
statement that

Q% = lim W'(st,)U.(st,)E,

s F oo

6.1)

with the limits converging to the same operators
for all real four-vectors ¢, such that ¢ > 0 and
t, > 0. This is evident from the proof of Theorem 6.
We can show that in the presence of conditions (A)
and (B) condition (C’) is also equivalent to the
above statement as follows. Suppose the above
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statement holds. Multiplying Eq. (6.1) on the right
by 9%, using Eq. (2.2), the adjoint of Eq. (2.6),
and the adjoint of condition (B), we arrive at
condition (C’). The return trip is accomplished by
multiplying condition (C’) on the right by 27 and
using Eq. (2.7), condition (B), Eq. (2.1), and the
fact that E, commutes with U,(st,) (Lemma 2).
This completes the proof of Theorem 5.

Finally we prove Theorem 7. That conditions (C)
and (C’) imply conditions (y) and (y’) respectively
can be seen by letting ¢, have the particular value
t, = (1, 0). Let Eq. (8.1) be valid for all real three-
vectors r. We must show that conditions (A), (B)
and (y) or (7'} imply conditions (A), (B), and (C)
or (C’) respectively. Using condition (B), Eqs. (8.1),
the adjoint of Eq. (2.7), and the fact that E, com-
mutes with H, (Lemma 2), we have that
lim U.(st,) Q% U, (st)E.

2o F oo
iHatos —iPa'tsQa:eiPu'tue—iHatanu

= lim ¢ e

s Foo

lim e

P

: iHg t ~iHasy:
— llm e: aQute tH .Ea

3 F

i

iHgtos yal ~iPets iPgots —iHatos
alo ie e 3 e a oEa

for all real four-vectors £, = (fo, t) for which £, > 0.
Since in the presence of conditions (A) and (B)
condition (vy) is equivalent to (y') and condition
(C) is equivalent to (C’) (Theorem 3 and 5), this
completes the proof of Theorem 7.
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From an investigation of the two-point function in nonrenormalizable field theories, it is shown
that at least in cerfain approximations, a nonrenormalizable field is nonlocalizable. This is intimately
connected with the oceurrence of essential singularities on the light cone in the Wightman functions
of the field. Green’s functions cannot be defined and the observables, in particular the scattering
matrix elements, have to be expressed direetly in ferms of the unordered expeciations values.

I INTRODUCTION

NY attempt to understand nonrenormalizable
theories within the framework of general quan-
tum field theory is tantamount to interpreting
the breakdown of Feynman~Dyson’s perturbation
theory as a pitfall of computational fechniques
rather than of physical principles involved in quan-
tum field theory. In all the expositions of general
quantum field theory it is assumed that the fields
in terms of which the theory is formulated are
localizable, i.e., can be averaged with smearing func-
tion of finite support in space—time. This rules out
any essential light-cone singularity respectively an
exponential growth in momentum space for the
expectation values of the field. The introduction of
nonlocalizable fields in the general framework of
quantum field theory permits understanding in
what sense nonrenormalizable fields differ from re-
normalizable fields. In particular, any formalism
based on Green’s funections (like time-ordered or
retarded functions) breaks down. This becomes
evident from the discussion in the second section.
At first sight, the nonexistence of Green’s function
seems to be a serious obstacle for the computation
of seattering quantities, since the conventional sta-
tionary scattering forroulas (reduction formulas) ex-
press scattering quantities in terms of the inter-
polating field via time-ordered or retarded functions.
Happily, the formulation of collision theory does
not depend on the availability of these technical
tools. This is discussed in the third section for the
special case of elastic scattering.

In the last section the more theoretical problems
of the relation between nonlocalizability of fields
and Einstein causality for the local observables is
discussed.

* This work supported is by the National Science Foun-

dation. . . .
1 Present address; Physics Department, Pittsburgh Uni-

versity, Pittsburgh, Pennsylvania.

II. DEFINITION AND PROPERTIES OF
NONLOCALIZABLE FIELDS

It is well known that a quantum field 4(z) has
to be averaged with smearing functions f(z) in order
to get bona fide operators. To obtain quantities
which belong to a finite space-time region, it is
usually assumed that the space of allowed smearing
functions & contains the class of all smooth and
localizable functions D,' (class of infinitely dif-
ferentiable functions with compact support in z

space),

D, < K. ®)
A field with this property will be called localizable.
Wightman functions®
Wit - &) = (Ax) - A@a))e, & = iy = Ty

@

of a localizable field have the following' “short-
distance’” behavior:

Wit <« £, A A @ ,

A0

®)

not worse than 1/A™ for a certain m > 0. Here
& for j ¢ ¢ is fixed (or rather smeared with &
function) and w is a spacelike unit vector.

Definition: A field with a small-distance behavior
worse than that for localizable fields (3) is called
nonlocalizable. A theory defined in terms of several
fields is called nonlocalizable if at least one of its
fields is nonloealizable. co

In the next section we show (in a certain approxi-

! Here we use the notation of L. Schwartz, Théorie des
disiributions (Hermann & Cle., Paris, 1957). The 'indices « and
p indicate z-space and momentum-space functions,- -

* This short-distance behavior isintimately related to the
statement that the Fourier transform of a Wightman function
belonging to a localizable field is tempered in one variable if
the rest of the variables are fixed. This is a well-known gen~
eralization of a statement originally formulated for the two-
?1051513 )functxon by A. 8. Wightman, Phys. Rev. 101, 864
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mation) that theories which are classified as non-
renormalizable in Feynman—Dyson’s perturbation
theory are nonlocalizable in the sense of the previous
definition.

For nonlocalizable fields, the class & of allowed
smearing function does not contain the localizable
function .. Since the class of all smooth and rapidly
decreasing functions &, contains D, and has the
property that under Fourler transformation it goes
over into itself, ie., €, = &, & must be smaller
than &,. On the other hand, D, is the smallest (from
a physical viewpoint) acceptable class,® and there-
fore

D,CRCS,. “)

The specifie form of f depends (as in the localizable
case) on the particular model.
We would like to illustrate these properties in
some examples. Any infinite Wick series’
BE) = 4@ + L5 4w, 0
where A(x) is a free scalar field of mass m, and C,
real constants, gives rise to a nonlocalizable field.
[For the more general case, including derivatives
of A or vector (spinor) fields this is also truel.
This is evident from the following two statements:

(a) B{(z) is not localizable;

(b) The smearing of B(z) with D, functions gives
rise to Hermitian operators which can be successively
applied to the vacuum.

The state space obtained in this way is irreducible
with respect to the algebra of smeared-out B fields.

Statement (a) follows from the form of the two-
point function,

(B@BG) = A@AG) + 3 3 Ha7E -y

©)
According to Wightman,® the measure p defined by

B@BG) =i [ o) 870G =y, dd, O

has to be of slow increase if B would be localizable.
But p belonging to (6) has the form

M=W~M+§%m, ®

where p,{(x°) is proportional to the phase-space
volume of x particles which goes for large «* like
3 Tt is necessary in order to approximate plane-wave states.
4 Local Wick-ordered polynomials of free fields when first
used as field theoretical models by A. S. Wightman, Paris

lectures, 1956 (manuscript).
5 See Ref. 2.
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(«*)”"*. Since all the p,’s are positive, there can be
no cancellation and hence p can not be of slow
increase.

Statement (b) is a consequence of the fact that, in
the application of B(f) = [ B(x) f(x) d'z with
f(p) € D, onto the vacuum state, only a finite
number of terms of the series (§) are contributing
(this is only true for m == 0). The state thus ob-
tained contains only momenta below & certain value
which is given by the size of the support of f(p).
The application of B(g) with ¢ € D, to this state
again receives only contributions from a finite
number of terms. In this way the smeared-out field
can be applied successively onto the vacuum, and
the states B(f;) --- B(f.) |0) stay in the domain
of the B(f)’s. The irreducibility follows from Ruelle’s®
consideration.

For purpose of later application, we discuss the
special case

B(x) == I&‘M(ﬂ:, (9)

when ¢ is a real constant. We want to study the
(optimal) class of smearing functions £, such that
B(f) for f € & is applicable onto the vacuum. Let
Hum be the subspace of the statespace $ on which
the mass operator is bounded by

WPl < & (10)

Let Fy be the projector onto Hx. We then compute
the following norm:

[1EnB(G) | 0) |1
> f fiu@)fulz) %; A" @ — 2 dz d’

»=0

]

(11)
= [ 7@V F@) d'p,
with

m@=ﬁ@fwﬁSMi
L0 for p° > M,

R U LA

F(p) - (2#)3 {(271_) 5(27) + ; V! pv(p )0(7) )9(170) !
(12)

where p,(p®) is the already mentioned phase-space

volume of » particles with total momentum p.

Therefore the limit of (11) for M — o exists if
and only if f{p) decreases in such a way that

16 = [ o) e ~ oy dp  13)

8 The proof can be found in D. Ruelle, Helv. Phys. Acta
35, (1962) Appendix.
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compensates for the growth of the phase-space sum
in (12). For m = 0 this phase-space sum is

Fp) = (2)[ o) + ¢ 36")0(p)
(o) A2

P A S 2
V2[(V _ 1)’]3}0@ )0@0)]-
The phase-space sum converges against an entire
function which is of the order of } (in the sense of
Titchmarsh?).

For the special test function

(14)

1 -
@) = o) s [ aE 5)
(this test function averages in time only), one gets
b
the particularly simple result

[1BG) | O)|° = (16)

when A" (0, 2¢8) denotes the free-field two-point
function for purely imaginary time and vanishing
space component. We could have computed the
analytic Wightman function directly by realizing
that

ea’iA(H(o,ziﬂ)’

— e,,i,’AH—)(E)

> LA Er

lim F(& — ie&y)

=0

(B@)B()) =
an

converges in the analyticity domain of 7A‘*(Z),
which is the cut plane with a cut extending from
0 to «. This Wightman funetion has an essential
singularity at Z = 0. Despite this singularity, the
Wightman boundary value

lim F(& — dek,)

«—0

(18)

makes sense as a distribution over ©,. This is
evident from the fact that the Fourier transform

f ¢ lim F(& — iety) d'e

e—~0

= [ [ememreyanee a9
exists, since the integration path which follows from
the boundary prescription (18) is a closed path
going around the cut as indicated in Fig. 1.

The decreasing property of the allowed smearing
functions ® in p space lead to analyticity properties

7 In the sense of E. C. Titchmarsh, The Theory of Func-
tions, (Oxford University Press, London, 1939), 2nd ed.,
p. 248.
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I

S -

(3)

(b)

Fia. 1. (2) Path of integration for [ e lim, .o, F(2? — 1el)
in the complex ¢ = x, plane. F is analytic with the exception
of the indicated cuts; (b) Path after transformation into the
complex § = £ — r2 plane.

of the Fourier-transformed functions such that

[ 10 tim P& — et a'

can be converted into a path integral analog to (19).
The Wightman functions in z space are therefore
distributions over certain classes of analytic test
funetions. Such distributions have been studied by
Gel'fand.®* In contradistinction to the Wightman
functions, Green’s functions, like time-ordered func-
tions or retarded functions, can not be defined for
nonlocalizable fields. For the special case of the
two-point function, this is evident from the fact that

Aup) ~ f p(x)

P’ — K + e

cannot be defined by a finite number of subtractions,
or alternatively that the boundary preseription in
z space does not lead to a closed contour integral
[which made it possible to give a distribution theo-
retical meaning to the singular expression (18)].
In order to show that nonlocalizable fields may lead
to a more singular behavior than that of the previous
example, we discuss the field

B(z) = A(z)e* ), 21)

where ¢ is a real constant having the dimensions of
a length. A straightforward computation of the
two-point function gives a series

ZA‘*’(E)[zng‘”(s)]'”( >( 1)’
=A@l — [2g: AV AT}

which converges for
4g%A(E) < 1.

The convergence holds for all spacelike ¢ with

di’ (20)

(B(z)B(y))

(22)

Ez < — az
8 1. M. Gel'fand, Verallgemeinerte Funktionen, Vol. 2
(VEB Deutscher Verlag der Wissenschaften, Berlin, 1960).
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where a is a solution of the transcendental equation
A (—ad®) = 1/2g. (23)

It is easy to see that the Lehman spectral function
of (22) has a much worse growth than the one
studied in the previous example. In the specification
of how the allowed test functions have to decrease
for large p, the length a plays a role. This is inti-
mately connected with the fact that the cut extends
slightly into the spacelike region up to the distance a.

For later purposes, it is convenient to introduce
the following definition:

Definition: A nonlocalizable field is said to be of
the first kind, if the Wightman functions are analytic
in the ‘“extended permuted tube” of Bargman—
Wightman and Hall.® Nonlocalizable fields like (21)
which lead to singularities in this region are said
to be of the second kind.

II. THE CONNECTION BETWEEN NONRENORMAL-
IZABILITY AND NONLOCALIZABILITY

We want to show that, in a certain approximation
(uncrossed string approximation) a theory which is
unrenormalizable in the sense of Feynman and
Dyson, leads to a ‘“nonlocalizable’” two-point func-
tion as defined in the previous section.

Consider for example a theory of a boson—spinor
coupling,

("3, + M)y¥(z) = 190()¥(z), 24

where 0(z) is linear in the boson field (and contains
v matrices). Approximating the boson field by a
free field,

o) = 0 (), (25)

and taking only contraction between this free field
into account, we obtain the following equation for
the two-point function:

VO + MXWs@) ¥ @))o(— 7509 + M)

= — (0@ ONW(¥s@ ¥ ).  (26)
This differential equation is formally equivalent to
ey + ST @ — )30, + M)
= —gX{TOR@) WS @ — v)
+ (Vasd + M)Z3' 8" — y) + 23 8M &' — ¥),27)
where
Se@ — y) = 8@ — Y XY (@)VW))

+ 6(yo — zoXPW)Y(x))

9 T Hall and A. S. Wightman, Kgl. Danske Videnskab.
Selskab. Mat. Fys. Medd. 31, 1 (1957).
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and Z, and 6M? are renormalization terms coming
from the differentiation of the step function. (These
serve as countfer terms to infinities arising in the
product of the two time-ordered functions on the
right-hand side.)

Equation (27) can be written as an integral
equation,

Selz — y) = Z7'85 @ — )

+ Z;' M f S — 28 (z" — y) dx’

+ f S;‘O)(x _ x')(TO(O)(x')(‘?(O)(y'»

Sp@@’ — Y8y — ) d'a’ dy’. (28)

This is the linearized version of the renormalized
Dyson equation for the propagator. (The equation
corresponds to the string approximation of Fig. 2).

o]
z 2 Jﬁ'%\ iy

n=0 Nerrens 24

Fie. 2. String approximation.

Starting from (28), Eq. (26) can be viewed as the
differential equation for the “absorptive” part of
(28). Contrary to (28) there is no renormalization
problem in (26). It has to be emphasized that the
connection between (26), (27), and (28) is purely
formal. As we will see, neither (28) nor (27) can be
given a meaning for nonrenormalizable couplings.
But, (26) poses a well-defined problem.

Decomposing the two-point function into its
invariants (P and C invariance assumed)

W@IW) = v"9.FE) + GE), (29)

one obtains a second-order coupled system of dif-
ferential equations for F and G. For reasons of
simplicity, let M be zero. Then the equations for
F and @ decouple.

For the special case of a derivative coupling

0V () = v9,4” (@), (30)
with a zero-rest-mass boson field
A@AVG) = lim e, @)
one obtains with Z = —¢
3 + ZF" = U /DI, (32)
Z’G" + 2¢" = 0. (33)

Here the fact that F and G are boundary values of
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analytic functions has been used to obtain dif-
ferential equations of the Fuchsian type. (Any dif-
ferential equation arising from the “string approxi-
mation” is of this type.) The Wightman distribution
can be recovered at the end of the calculation by
taking the 7ef, prescription for the boundary value.

By making the substitution { = 1/Z* and H =
¢°F’, one obtains

Eopld g <i 3 ) _
d§_2H+§,d§_H g_2'*'_"_29 H 0. (34)
The two independent solutions are
Lig/mV3¢,  Kilg/mv3:, (35

or in terms of the original quantities,

@) = lim -t {or[ 1 ]
P = tim g {on ]2 Vo

=0

The only solution which is in agreement with the
fall-off property for large spacelike distances follow-
ing from the spectrum conditions' is

@) = tim b 1| € V3 ]
F (Ez) = 1(1_1})1 392(_52'*’7:620) I2|:7l' '\/§ (_Ez+1,e£o) ’
@37
G =0.

It is easy to check that this is also the only solution
which leads to a positive-definite spectral function."
So the K, solution has to be rejected notwith-
standing the fact that it leads to a nice exponential
damping, and that the function belonging to the
K, solution is the only solution of the propagator
integral equation (28). The string approximation for
nonrenormalizable theories therefore leads to an
exponential growth for p(x) in agreement with the
behavior of nonlocalizable fields studied in the
previous section. In agreement with the remarks in
the previous section, the time-ordered boundary
value which is obtained from (37) by replacing the
tek, by Ze does not define a distribution, i.e., can
neither be Fourier transformed nor smeared with
test functions.

One is tempted to ask the question if this ex-

10 The fall-off property of the two-point function is a re-
sult of the mass spectrum of p(«?). In the case of zero-rest
mass, the decrease is only like 1/ £ instead of exponentially.
For the case of a spinor field, this leads to (37). In case of a
general matrix element, (P |A(z/2)A(—=z/2)] Q) locality has
to be used in order to obtain similar decreasing properties.
See H. Araki, K. Hepp, D. Ruelle, Helv. Phys. Acta 35 (1962).

1 The constant in front of the I» can be fixed by normal-
izing the decrease in spacelike direction,

(Y)Y, W)
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ponential growth is only a feature of the particular
approximation involved, i.e., if it is offset for example
by the inclusion of crossed graphs. The feeling of the
author is that the growth is a characteristic feature
of nonrenormalizable theories. The only evidence for
this conjecture comes from the fact that in the
case of the considered derivation coupling (31) the
graphical structure which would occur if A(z) is
a neutral field (occurrence of all crossed structures)
can be exactly summed and gives

(Y@IW)) = (Y@ dol)e’™* . (38)

For the case of zero rest mass, one can show that
the Lehmann spectral function p, of the string ap-
proximation (37) is a minorization of the Lehmann
function p belonging to (38),

k) < plk). (39)

But unfortunately we are not able to show, in
general, that the inclusion of crossed graphs does
not offset the exponential growth.

IV. SCATTERING THEORY WITHOUT THE USE
OF GREEN’S FUNCTION

The elastic scattering can be computed, once the
matrix element'?

@ |[A@AW)| p) (40)

is known. For this matrix element in turn one can
derive a differential equation in a certain approxi-
mation analogous to (27). The solution of this partial
differential equation is subject to boundary condi-
tions which follow from the requirement that (40)
should fulfill causality and spectrum condition. The
computational problem which this differential equa-
tion poses will be discussed elsewhere. From the
previous discussion of the two-point function, we
expect that for nonrenormalizable theories (40) may
have an essential singularity at the light cone
(x — y)* = 0 which could lead to an exponential
growth of the Fourier transform and hence Green’s
function would not be available. Unfortunately, the
scattering amplitude has only been expressed in
terms of the interpolating fields A (z) with the help
of Green’s function. The typical stationary scatter-
ing formula derived from the asymptotic convergence

Al@) —» An @ (41)

t—Fw out
expresses the scattering amplitude as the mass-shell

2In order to avoid all unnecessary complications, we
write the formulas in terms of scalar fields. The transcription
to spinor fields is entirely straightforward.
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Fourier transform of a retarded or time-ordered
matrix element."®

out out

<p/k/ |pk) <p’k' lz;?ﬁ) = —iT
- s [ oy — DA B, @)

where K, = O, — m".

For localizable fields the retarded product in-
volved in (42) can only be defined up to an arbi-
trary number of derivations of §(z — y) functions
with arbitrary coefficients (which are functions of
p and p'). It can easily be seen that, due to the
presence of the Klein—Gordon operator K,, these
ambiguities vanish at the mass shell. More generally
speaking, one can add any distribution with com-
pact support in # — y to the matrix element
' |0y — 2)[A@)j(y)]| p) without changing the
mass shell quantities.

Since the scattering amplitude does not depend
on the ambiguities which are always arising in the
definition of Green’s function, one suspects that
there must be a stationary scattering formula which
expresses T in terms of the Wightman functions
(unordered matrix elements) directly. We want to
derive the following statement:

The matrix element (40) has the following struc-
ture (one-particle structure)

" |A@i(—k)| p)
= i[P/(¢" — m)F — ird(¢" — m"G + H,
g > 0, ks > 0,

where P denotes the Cauchy principle value, and
the scattering amplitude (42) can be written as

= [1/@x))(G + iF). (44)

The first part of the statement follows from the
fact that

ImT =1

(43)

q2 ~ m2’ k2 — mZ’

lim [(¢" — m)p’ |A@i(—B] )] 43)

k'2=m?

is a finite quantity. More precisely, the asymptotic
condition states that (& — m®){(p’ |Af(q)j( m| p)
is free of a singularity in the variable ¢ — m’
near ¢¢ — m®* ~ 0. Equation (43) with F, G, and H
being free of singularities in ¢° — m” at ¢* — o~ 0
is an immediate consequence of (45).

The second part follows from the following com-
putation:

13 For example H. Lehmann, K. Symansik, and W.
Zimmermann, Nuovo Cimento 1, 425 (1955).

B. SCHROER

1‘1:12 @ |AnOF—k) p)

= lim

t—o

(2_,.-133/7 f ' |A®EDH~E)| p)
[k + (k’2 + m')i] exp [(k’2 + m2)§ W dR

= lim

P > 2
o (2 )5/2f{q2_m2F"‘ﬂ'5(q —m)G—I—H}

kg + &2+ mHY exp (B2 + m®)F — ko)t dk}
= 122)7F F iG),

and

4T = @1;)—; lim (' |4,:(05(~P)| p)

(2 @ 1/2(F — 1G).  (46)
For t - — » we obtain
(2*;); lim @ |An OF—h)| p)
(2 >3 1/2(F + 1G) = iT*, 47
which is in accordance with
‘Eu_li <p, |Af(t)(Am(_h) - Aout(_h))l p)
= W | phy — W [ phy*.  (49)

During recent years, it has been recognized that
the asymptotic condition is not an additional re-
quirement, but rather a consequence of a local quan-
tum field theory. It can be shown that the stationary
scattering formula (42) as well as (43), (44) are ob-
tainable from Haag-Ruelle’s collision theory, which
is valid for any local field theory fullfilling nonzero-
rest-mass spectrum conditions.’ This has the in-
teresting consequence that causality and spectrum
conditions are the only boundary conditions which
one has for the differential equation of the amplitude
(40) mentioned in the beginning of this section. There
is no additional boundary condition like an ingoing
or outgoing condition in Schrédinger theory.

Nonlocalizable field theories of the first kind as
defined in Sec. IT lead (like localizable field theories)
to Wightman funetions which are analytic and sym-
metric in spacelike points. This property of the
Wightman function, together with the spectrum
conditions, leads to the asymptotic convergence of

¥ A proof of this statement inside the Haag-Ruelle col-
lision theory can be given analog to K. Hepp, Acta Phys.
Austriaca 17, 92 (1963).
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fields and hence the scattering formulas (43), (44) are
valid. Formula (42), however, would break down due
to the faect that the multiplication with ¢ inside
the integrand cannot be defined.

V. NONLOCALIZABILITY AND
EINSTEIN CAUSALITY

The feature which makes quantum field theory
most distinctively different from any other quantum
theory is the postulate of Einstein causality, namely,
the requirement that local observables' belonging
to spacelike separated region commute.

For a Hermitian field A(z) which commutes with
all the superselecting quantities of the theory,'® the
local observables ©y4(A) generated by 4 and belong-
ing to a four-dimensional space—time region B are
the smeared-out fields:

0s(4) = {f A@)f(2) dx - f(x) € 538}1

when Dy is the set of all smooth functions which
have their support in 8. In order that Einstein
causality can be formulated, these local observables
must exist, which amounts to saying that A(z)
must be a localizable field. Einstein causality does
not put any (explicit) restriction on nonobservable
fields, i.e., fields which do not commute with the
superselecting quantities. The best known example
for this state of affairs is quantum electrodynamics
in the Coulomb gauge. Neither the potential nor
the electron spinor field commute (anticommute)

18 The notion of local observables has been most concisely
introduced by H. Araki, Zurich lecture notes, 1962.

18 In g theory which admits a gauge group, a field generat-
ing local observables must naturally be also gauge-invariant.
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for spacelike distances (the renormalized spinor
field does not even anticommute for a fixed time'").
There is, however, no violation of Einstein causality,
since all the observable fields like currents, field
strength, ete., commute for spacelike distances. In
the special context of nonrenormalizable theories,
it has to be stressed that even the occurrence of
nonlocalizable fields is not in disagreement with
Einstein causality, as long as these fields are un-
observable. This seems to be true for all realistic
models which play a role in weak interactions. Of
course we do not know if the observable fields (like
currents) are localizable. Hence it seems to be not
possible at the moment to decide whether realistic
nonrenormalizable models are still inside the usual
field-theoretical frame or not.

The models studied in the first section are not
of much help in the pursuit of this problem. The
violation of Einstein causality for the Hermitian
field [Eq. (21)] is a consequence of the occurrence
of an elementary length, but this mathematical
model unfortunately does not have any physical
consequences, since it suffers from the common
disease of having a trivial S matrix.
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It is proved that the linearized gravitational field can be described by means of a first-order rela-
tivistic wave equation with matrix coefficients, obtained in a simple way from the generators of the

full linear group in five dimensions.

INCE the beginning of relativistic quantum

theory, many approaches have been made to
the problem of casting the field equations of all
known elementary particles in the same form as
the ordinary Dirac equation, i.e.,

(Pkpk - )\)\b = 0, (1)
where
P = _lh a/axk,

(Latin indices = 1, 2, 3, 4).
As is well-known, the covariance of (1) requires

Zs = 0l

[qkll Fr] = 6lrFk - 61:1'1-‘1) (2)
[ka, >‘] = 0~ (3)

Here
grt = —Qu 4)

are the infinitesimal generators of the Lorentz
transformation

Vo= Q¢ = (1 + %e.q.)¥, ®
where
€y = €k, (6)
The g, satisfy the group condition of the orthogonal
group:
[gees @] = OraGri- )

For spin %, 0, and 1 the following special con-
nection between I'; and g¢,, is satisfied:

Pi = Di -+ eupy,

6qukc - Bqula + 6lsqﬂc -

gir = [Tk, T4l 8
As pointed out by Klein' in 1936, the assumption
F m — 'iq,,.5 (9)

makes the Egs. (2), (7), and (8) immediate conse-
quences of the group condition for the 5-dimensional
orthogonal group, i.e., (7) with Greek indices, taking
the values 1, 2, 3, 4, 5.

* Submitted in honor of the seventieth birthday of Prof-

essor O. Klein. .
1 0. Klein, Arkiv Mat. Astr. Fysik 25A, No. 15 (1936).

Moreover, Klein has devised a procedure (de-
scribed in Ref. 2 for the case of spin 0 and 1) to
derive natural representations for the T', matrices
for integer spin particles by means of the irre-
ducible tensor representations of the 5-dimensional
orthogonal group. In this method the components
of ¥ are identified with the independent components
of the corresponding irreducible 5-dimensional ten-
sor. The condition that the infinitesimal transforma-
tion matrix of ¢ has to transform each component
of ¥ as the assumed tensor component, gives an
explicit representation of ¢, and thus of q,,, and T,
from (9).

The idea of Klein to utilize the 5-dimensional
orthogonal group is accordingly very adequate to
describe spin-0 and -1 particles. Moreover, as shown
by Brulin and Hjalmars®'* these methods ‘can also
be adapted to the case of spin-0 and -1 particles in
external gravitational fields.

For higher spin particles, the 5-dimensional aspect
gives in general particles with a mass spectrum
Bhabha® investigates, e.g., the case When X in (1)
is a constant times the unit matrix. Equation (8)
is then shown to have the consequence that all
components of ¢ do not satisfy the same Klein—
Gordon equation, but only a higher-order equation
containing a product of Klein-Gordon operators
with different mass parameters. However, as shown
by Brulin and Hjalmars’”’ the condition (8) admits
higher-spin particles with unique mass, if the term
A in (1) is assumed to be a more general matrix,
satisfying (3).

For spin-2 particles, deseribed by (1) and (8),
the commutation relations for the T, have been
constructed by Madhava Rao.® The component dif-
ferential equations for the case of A being pro-

2 8. Hjalmars, Arkiv Fysik 1, 41 (1949).

3 0. Brulin and S. H]almars, Arkiv Fysik 5, 163 (1952).

+ S. Hjalmars, J. Math. Phys. 2, 663 (1961).

s H. J. Bhabha, Rev. Mod. Phys 17, 200 (1945)

8 Q. Brulin and S. Hjalmars, Arkiv Fymk 14, 49 (1958).

7 Q. Brulin and S. Hjalmars, Arkiv Fysik 16, 19 (1959).

8B). S. Madhava Rao, Proc. Ind. Acad. Sci., Al5, 139
(1942).
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portional to the unit matrix have been given by
Tsuneto, Hirosige, and Fujiwara.’"*° The component
equations for the most general A are given by Brulin
and Hjalmars in Ref. 6 and as special cases of the still
more general formalism, developed in Refs. 7 and 11.

As ‘well-known, the graviton can be considered
as a zero-mass limit of a spin-2 particle, just as the
photon can be considered as a zero-mass limit of
a spin-1 particle. Neither in the spin-1 nor in the
spin-2 case this zero-mass limit can be obtained by
simply putting A = 0 in (1). As shown by Harish—
Chandra,” the photon case can be obtained from
(1) only by considering the most general A, satisfy-
ing (3). This A turns out to be a linear combination
of two'projection operators and only one of the two
arbitrary constants in this combination has to be
put equal to zero in order to obtain the photon
case.” A first attempt to obtain the graviton in a
similar way would be to start with a spin-2 equation
(1), satisfying (8) and with the most general A,
satisfying (3), and then to make some of the arbi-
trary constants of A equal to zero. As can be scen
from the treatment in Refs. 6, 7, and 11 such a
scheme is not sufficiently general to contain the
graviton case.

In order to desecribe the graviton by means of a
spin-2 equation of the type (1) it is in fact necessary
to widen the scheme and make use of the generators
of the full linear group in five dimensions instead
of the orthogonal group, used by Klein. This
generalization was worked out in Refs. 7 and 11.
It was shown there, that if the matrix coefficients
of (1), constructed from the generators of the full
linear group, were to have the closest possible
analogy with the coefficients, obtained from the
orthogonal group, preserving the condition (8), it
was not possible to obtain the graviton case directly.
In fact, it was in this case necessary to introduce the
rather artificial trick of multiplying the coefficient
matrices by suitable projection operators, satis-
fying (3).

It will be shown below that if the close connection
with the generators of the 5-dimensional orthogonal
group is abandoned, ie., the freedom of the full
linear group is utilized, it is possible to obtain the
equations of the linearized gravitational field in a
straightforward way.

According to (5) it is only the antisymmetric

9 T. Tsuneto, T. Hirosige, and I. Fujiwara, Progr. Theoret.
Phys. (Kyoto) 14, 267 (1955).

10T, Tsuneto and I. Fujiwara, Progr. Theoret. Phys.
(Kyoto) 20, 439 (1958).

11 Q. Brulin and 8. Hjalmars, Arkiv Fysik 18, 209 (1960).

12 Harish-Chandra, Proc. Roy. Soc. (London) AlS86,
502 (1946).
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part of the generators, which plays a réle in the
orthogonal transformation, whereas the symmetric
part is completely undetermined. The simplest
assumption as to the symmetric part is of course
to put it equal to zero, according to (4). We now
generalize the scheme by allowing a symmetric
part in the generators, putting

Q=1+¢.Q., (10)
where the antisymmetric part
Qra = Qrc - er (11)

has to satisfy (2), (3), and (7).
Evidently, we are able to satisfy (2) by the follow-
ing two alternative assumptions:

[an 771]

— 6lr”u (12)

or

[Qray 1.91] = &9, (13)

where 7, and ¢; are two possible sets of I';.
Consequently, the condition of covariance is satis-
fied for a wave equation of the form

[(@m + b3)pe — AlY = 0,

where a and b are arbitrary constants.

Now, consider the full linear group in five di-
mensions, where a vector is transformed according
to the formula

(14)

AY = A" 4+ &A°. (15)

The infinitesimal group generators @,’, defined by
v o=Q¢ = Q1+ e, (16)

satisfy the group condition of the full linear group

Q. @] = ¢Q." — 9."Q. amn
We now notice, that with the definition
mo= —iQs, (18)
& = 1Q, (19)
Q. =@, (20)

Eqgs. (12), (13), and (7) with (11) all follow from
(17). Moreover,

[, m} = [B, ] =0 (21)
and
Qe = [01:: 771] + [ﬂk: 191] ["71: + &, M + 01], (22)

which is the counterpart to the special condition (8).
It follows from the preceding arguments, that
every irreducible representation of the full linear
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group in five dimensions gives rise to a possible
wave equation (1). Now these representations can be
obtained as tensors with symmetries in the indices,
corresponding to the different primitive idempotents
of the Frobenius algebra for the symmetric group
of permutations of the indices. When the com-
ponents of the wavefunction ¢ are assumed to be
the independent components of such a tensor, the
identification of Q¢ with the tensor transformation
of ¢ gives, just as in the orthogonal case, an explicit
representation of the Q. and thus of ., %, qu.

For spin 2 there are three possibilities, i.e., the
tensors

Vo = (N, (23
bor = (M), 29
bour = (2)on, (25)

where the brackets denote the standard Young
tableaux operating on the indices of the subsequent
tensor. It may be noted that the symmetry (25)
is the same as that of the Riemann—Christoffel
tensor.

As can be seen from Refs. 6, 7, and 11, only the
case (25) is able to give the graviton equations from
(14). In this case the procedure of constructing the
matrix representation gives the following result:

(M) aprs = —1(8saWisrs + OssW¥aiqs

+ 85y Vaprs + Oss¥apys),  (26)
e agys = WBka¥spys T Ora¥asys

+ SiyVapss + SksVasys).  (27)

The matrix A consists of projection operators,
projecting into the subspaces, spanned by the com-
ponents of the different types of 4-dimensional ten-
sors, into which ¢, ; decomposes.

Using for short the notation 4/4z, =

Yorrr = \bkly

Prr = @, Ipran = lp!

d, and

Yskim = Prim, VYiist = Pirs

(28)
¢5rkr = Qrkr = @k, ¢5r5r =
we obtain the following field equations by putting
a = 0in (14):
ak¢lmn - alﬂokmn + amsonkl - anﬁpmkl
= Cl‘sznm + Cz(‘/’zn5km — Y0inbin
+ 'pkmaln - ‘pknalm) + Oa‘l/(akmaln - 6kn6lm)

+ C4(¢’ln6km - ‘leakn + ‘pkmsln - ‘Pknalm)

O. BRULIN AND S. HJALMARS

+ Cs¢(5km5zn - 6kn61m>v (29)
3@im — Onprs = Coprim + Cole10km — ¢m5kl). (30)
0= C8¢kl + CQ¢5H + Cm‘h:z + Clﬂpaku (31)

where the constants C, ... C,, are to be suitably
chosen.
The simplest identification with the linearized

theory of gravitation is

e = (1/9(ges — 8x1),
Putting

(e small). (32
Ca = 1, C7 = 0)

Eq. (30) defines ¢;., as a superpotential. With

01=4y 02=03=C4=Cs=01 (34)

Eq. (29) defines .., as the Riemann—-Christoffel
curvature tensor R;;,.,. Thus, we obtain the ordinary
definition of the curvature tensor:

Rklmn = %(akamﬁom — 040:01m

+ 8:0.01m — alam¢kn)- (35)

As is well-known, the gravitational field equations
with cosmological term for empty space,

(33)

Ru — 3guR + kgu = O, (36)
give
k=1iR. (37)
The field equations can thus be written
Ry — 1gu.R = 0. (38

These equations in the linear approximation are in
our scheme obtained from (31) by putting

Cs =C, =0, Co=1, ¢, = —% 39
The extra condition
k=0, (40)
giving the ordinary Einstein equations
Ru — 3guR =0, (41)

is obtained in the linear approximation from (31)
by changing the choice of constants (39) into

Cs = Cg = 0, CIO =1, Cu = (42)

It has thus proved possible to deseribe the gravi-
ton as a massless spin-2 particle by means of a
first-order wave equation with matrix coeflicients,
obtained from the generators of the full linear group
in five dimensions.

—1
2.
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The dispersion relation is obtained for the ‘“hose’ instability in a modulated beam of charged par-
ticles traveling through a finite ohmic plasma channel. For a relativistic beam, the low-frequency
mode obeys a dispersion relation of the same form as for the unmodulated beam, but it involves a
constant which will have to be obtained by machine computation. For large enough modulation
frequency the dispersion relation is identical to that for an unmodulated beam.

1. INTRODUCTION AND SUMMARY

N this article we present a mathematical deriva-
tion of the dispersion relation for the “hose”
instability in a modulated beam.' The unperturbed
system consists of a beam of charged particles with
mass m and charge e, moving with velocity » in
the z direction, through an ohmic plasma channel
of radius R and conductivity o. The density of beam
particles is assumed to be of the form

n(r) Z foexp [isple —ot)] (=1, (1.1)
where pv is the modulation frequency, the f, are
Fourier coefficients with s = 0, =1, 2, ete., and
n(r) is some smooth cylindrically symmetric time-
averaged beam particle number density.

The instability is assumed to have two charac-
teristic features:

(1) The beam moves rigidly from side to side,
with a displacement in a fixed lateral direction
having z and ¢ dependenqe of the form

e ™ Z d(x — sp) exp [i(k — sp)z — v0)].  (1.2)
We can loosely refer to « and € as the wavenumber
and frequency characterizing a particular mode.
The assumption of rigid beam displacement is
essential, and is made throughout.

(2) The plasma conductivity ¢ is much larger
than |Q|, pv, or . This assumption is less essential,
and will not be used until Seec. 7.

Our conclusion is that the dispersion relation must
be found by solving a set of coupled linear equations:

[Q° — wiF(Q + w0 — sp)]d(xk — sp)
= w5 2 for-f5(Q + 0 — spv)

— Fo([s" — slp)ldk — s'p),

* Alfred P. Sloan Foundation Fellow.
1 Earlier work on the hose instability by M. Rosenbluth,
Phys. Fluids 3, 932 (1960), dealt with an unmodulated beam.

1.3)

where wg is the betatron frequency determined by
the average beam density

wi = 2m{n)e’’ /myc, (1.4)
y =1 -0/, (1.5)
(n) = f drn(r)? / f d’rn(r), 1.6)

and F(w) and F,(w) are functions defined by
5w) = F(@) — T [HO @R/ TR o, (1.7)

Fw) = F() — T H (GR)/TiaRe ol
(=1, (@18

= zF(“’) ('Y > 1) ’
() = 4wiow/c’, (1.9)
F(g)
—2g [Crar [ armOBP @) g )

f i n()’r dr ,
(1.10)

plg) = j: n(r)Jo(gr)r dr/ [f;m nl(r)r dr]i. (1.11)

The characteristic beam functions F(¢°) and p(q)
are discussed in detail in Appendix B.

Sections 2-7 are devoted to a derivation of
(1.3)-(1.11). In Sec. 2 we solve Maxwell’s equations
for the unperturbed electric and magnetic fields.
The beam current density associated with a small
beam displacement is calculated in Sec. 3, and used
in Sec. 4 to find the perturbed electric and magnetic
fields. (Details concerning the effect of the finite
plasma channel radius are presented in Appendix A.)
These fields and currents are used in Sec. 5 to find

1371
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the total force per unit beam length, and the exact
general dispersion relation is derived from Newton’s
second law in Seec. 6. The high-s approximation is
invoked in Sec. 7, yielding (1.3)-{1.11).

If there is no beam modulation then (1.3) gives
the explicit dispersion relation

0 = WwiF(Q + ko). (1.12)

This dispersion relation is discussed in detail in
Sec. 8. Our conclusions are similar to those of
Rosenbluth,’ except that we encounter no log-
arithmic divergences, even if the plasma channel
radius R is taken infinite.’ In particular we find
that for @ 4 ke sufficiently small, (1.12) becomes

0 = —iw(Q + k), (1.13)
where
wiroa’ n (Csz)

Wy = ;) Z
c 47,

X (ifi’i‘fJ%,ﬁLﬁl & ¢~ and R“’) ,

(1.14)

- WemoQ ic
@o ¢ In (471-5(9 + kv)*ri)
X (if R?« i”i’-i%zi—k—”i & a“2)-

Here In C = 0.577 --
teristic beam radii:

(1.15)

-, and a and r, are charac-

a= V2 f: nlr)r dr/[j: nlr)r d’r:r (1.16)
Inrl = [)m In (022) d
X [j: a{r’ dr'/‘[: n{r)r dr]z. {1.17

Even if the beam is modulated, we still get a
dispersion relation of the same form for both Q
and @ + «v sufficiently small, provided that v > 1.
We show in Sec. 9 that in this case

@ = —1w,(Q + «), (1.18)
where
2 2
o = w0+ T Y juge),  (119)
840

the coefficients u, being determined for s = 0 by
the linear equations (with s # 0)

2 (3. Ascoli and H. Chang have inde?enden’dy obtained
this result for the special case of an uniform beam. In this
case, {1.16) is just the radius of the beam.
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—_—F(— = :}M &
iF( spv)us - 4,7!'0'0,2 fa
+ 2 fo- BB — 5@ — spolur. (1.20)

The nonrelativistic case is somewhat more com-
plicated, and is also treated in See. 9.

In Sec. 10 we show that the dispersion relation
for a modulated beam is precisely the same as for
an unmodulated beam, provided that the chopping
frequency pv is large enocugh so that

w ool 5 5]

where I is the logarithm in (1.14) or (1.15), and
b is another effective beam radius

b = f: n(r)r dr/f: [@ﬁg]sr dr.

This conclusion is quite reasonable, since the relaxa-
tion ra,te for the perturbed fields is roughly of order
2noa’/c’.

For definiteness we have derived the boundary
conditions on the unperturbed and perturbed fields
by assuming a finite uniform plasma channel with
nothing outside. However, our work can be adapted
very easily to any other boundary, such as a con-
ducting tube outside a finite plasma channel, by a
simple modification of the function F(w) introduced
in (1.3).

A program of numerical computation of the fre-
quency w,; in the dispersion relation (1.18) has been
started at Stanford Research Institute.

(1.21)

(1.22)

2. THE UNPERTURBED BEAM

The beam particles have mass m, charge ¢, and
veloeity v in the z direction. Their number density
is of the form

nolr, 2, £) = alr)flz — vi). 2.1

Here and throughout, r will be understood as a
two-dimensional vector {z, y, 0}. We are assuming
cylindrical symmetry, so n only depends on the
distance r = (z° 4+ 3%)! to the beam axis.

The beam electric current corresponding to (2.1} is

Jou(r, 2, 1) = evn(nf(z — vi). 2.2
In addition the plasma contributes a current
JoP(ry 2, t) = O'Eo(r; 2, t)' (2'3)

The electric field E, and magnetic field B, are
determined by three of Maxwell’s equations
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¥ xBy(t, 2, 1) = (1/0)E(r, 2, 1)

+ (477/C)U0B(r; 2, t) + JOP(r} 2, t)]) (24)
v xEO(rJ 2, t) = —(l/c)Bo(r, 2, t); (25)
VB, 2, &) = 0. 2.6)

We do not use the fourth Maxwell equation, because
the plasma charge density is implicately determined
by (2.3) and charge conservation.

To solve these equations we will Fourier-analyze f:

i — vt) = f_ T e gk,

We then find that

2.7

Eo(r,2, 0 = [ B, D0 dk,  28)

Bot, 2, f) = f Bo(r, B dk,  (2.9)

4ref(k)

Eo(r, k) = (L% dnio ko] (V. — t0q(k)/kloo(r, k),
(2.10)
By(r, k) = [4wef(k)/c][v x V Joo(r, k),  (2.11)
where
ok) = =K1 — @/0)*] + 4mickv/®,  (2.12)
v =v/w=1{0,0,1},
and
[V + @®)go(r, k) = (). (2.13)

The most general solution for ¢, which stays
finite at the beam axis is

oo(r, k) = fo Gor, v; E)r'n(r’) dr’, (2.14)

where ( is a cylindrical Green’s function

Go(r, r'; k) = (—5im)J o(qoll)r )H. 1(11)(90(k)r>)

— ao(k) (@I o(quk)).  (2.15)
Here ¢,(k) is the root of (2.12) with
Im qo(k) > 0, (216)

and as usual r. and r. are the greater and lesser
of r and 7. The parameter ay(k) is to be determined
by imposing a boundary condition on ¢, outside the
beam. [Taking g,(k) with opposite sign would just
be equivalent to a redefinition of «,(k).]

It is very important at this point to recognize
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that (2.8)—(2.16) give the correct solution for E,
and B, only where the plasma conductivity ¢ is
constant. It is safe to assume that o ¢s constant
inside the beam, which is where we need to know
E, and B,. But outside the beam ¢ may drop to zero
sharply or gradually, or may become infinite at the
walls of the system. These different possibilities
will be reflected in our choice of boundary condi-
tions on ¢,, and hence in the value of (k). In
order to calculate a,(k) we will assume that there
is a region just outside the beam where n is negligible
but ¢ is still constant. The potential ¢, in this
region is given by (2.14) as

dolr, k) = [—rH (go(k)r) — ao(k) I o(go(E))]
X f " @) d (@.17)

so we must find a,(k) by using Maxwell’s equations
to integrate out from this region through the region
where ¢ varies with r, and then impose the correct
boundary condition at infinity or at the system walls.

For example, if ¢ is actually constant every-
where, then (2.17) gives the fields everywhere out-
side the beam. We must choose the exponentially
decaying solution; so in this case

ao(k) = (. (218)

On the other hand, suppose that the plasma con-
ductivity o stays constant only out to some plasma
radius R, and then drops sharply to zero. In this
case the fields outside the beam are given by (2.10),
(2.11), and (2.17) for r < R, while in the vacuum
r > R they are given by setting o =0in (2.10)—(2.13):

Eo(t, k) = 4nef(k)[V, + iy *¥loo(r, k)  (2.19)
Bo(r, k) = [dnef(k)/c][v x V. ]bo(r, k) (2.20)

(VI — By ?lgo(r, k) = 0. (2.21)

As usual, v = [I — (s/c)"|"%. Observe that the

beam cannot radiate light into the vacuum, because
ke is greater than the “frequency” kv. Instead, we
must choose the exponentially decaying solution

éo(r, k) = Ko(rk/v). (2.22)

The conditions required for matching (2.17) and
(2.22) at r = R are given by the usual discontinuity
relations at the surface of a cylinder of finite con-
ductivity:

AE,) = 0, (2.23)
AE,) =0, (2.24)
A(E, + 4xoE,) = 0, (2.25)
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A(By) = 0, (2.26)
A(B,) = 0, 2.27)
A(B,) = 0. (2.28)

Conditions (2.23), (2.27), and (2.28) are satisfied
trivially. Condition (2.24) gives

gaB)[1 + 4xic/kv] " '$o(R — ¢, k)

= ~kv"6 B+ ¢, k). (2.29)
Conditions (2.25) and (2.26) both give
VB —~ &, k) = ¢(B + ¢ k). (2.30)

Our boundary condition on (2.17) is therefore

(R, k)/do(R, k) = — qo(k)Bo(k) 2.3
Bu(k) = gollIv{[1 + 4mio/kv)k}™
X [KikR/v)/Ko(kR/v)]. (2.32)

Using (2.17) and solving for a.(k) gives finally

) = (S2) H GOR) + BOH )
. 2 ) TUgWR) + BT (aok)R) |
(2.33

We see here again that if B is so large that
|Im go(k)} R >> 1, then a,(k) is exponentially small,
as in (2,18). On the other hand if £ — 0 then

Bo(k) — v’8°[ge(W)R In (CKR/20)],  (2.34)
InC=05772 - B = (v/c).
Using (2.34) in (2.33) gives the limit
o) > l@%@?ﬁﬁ + In[—iCq(R/2]  (2.35)
or neglecting terms of order unity
ak) = (1/¥’6* + 3) In k. (2.36)

If the whole system of plasma plus beam is
surrounded by a conducting tube of radius greater
than R, then we can still use (2.33) and (2.32),
with the proviso that the function K, in {2.32) must
be replaced by some appropriate linear combination
of K, and I,, chosen so that the fields (2.19), (2.20)
satisfy the correct boundary conditions at the inner
tube surface. We will not pursue this possibility
further.,

[It may be worth mentioning that the time-
averaged fields (E,;), (Bo) are obtained by setting
k = 0 everywhere above. In this case we have

qo(k) — 4wickv/¢* — 0,

and the boundary-value parameter oo(k) can be
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calculated from the approximate formula (2.36) as
aky ~Ink — ». 2.37)

This seems very odd, particularly since we know

that «(k) = 0 if the plasma is infinite. However,

the infinity (2.37) is entirely spurious, for (2.14)

and (2.15) give ¢4{r, k) in the limit &k — 0 as

ol k) — f P Inrs & — aolk).  (2.38)
(]

The constant term does not contribute to the fields,
which are given by (2.10) and (2.11) for k = 0 as

(Er)) = 0, (2.39)
B = 2 [y x V. Jutr, 0)
47re [v x{] f "no(r’)y dr’. (2.40)

This is of course just the solution we would have
obtained if we had started with f(z — ) constant.
Together with Ohm’s law (2.3), Eq. (2.39) shows
that the time-averaged plasma current is zero. This
is not necessarily the most general case, but we
will not consider the possibility of a constant plasma
current in this artiele.]

3. THE PERTURBED BEAM CURRENT

We suppose now that the beam axis can move
transversely by an amount d(z, ?), in such a way
that every beam particle maintaing a constant dis-
tance from the moving beam axis, and keeps a
constant velocity » in the z direction, Then the
modified beam density will be

it 2, ) = n(lr — dG, YDfe —v1).  B.D)

A beam particle at a (fixed) distance p from the
beam axis moves in time d¢ from

{9 + d(z: t))z}
to
{o+dz+vdt, t + db), z -+ vt},

and hence its velocity is

¥z, §) = v + [8/9t + 0(3/92)]d(z, ). (3.2)
The modified beam current is therefore
Jur,2, ) = en(jr — Gz, YDz — v1)
X [v 4 [8/3t + v(9/82)1d(z, D)], 3.3)
&(r, 2, 1) = en(|r — d(z, DI — vi). 3.4)

It is straightforward to check that (3.3) and (3.4)
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still satisfy the continuity condition
V-Js + 9es/0t = 0.

We will next assume that the beam displacement
d is so small that

d-Vn|<n |d<Kv |0d/32] L 1. (3.5)

We can then expand (3.3) and (3.4) to first order
in d:

Jot,2, ) = Jon(r, 2, ) + Jis(r, 2, 1),  (3.6)
e(r, 2, 1) = eno(r, 2, £) + e3(r, 2, 1), (3.7
where
Jis(r, 2, £) = —ev(d(z, 1)-V)n(r)i(z — vt
+ en(r)f(z — v)[8/9t + v(3/92)1d(z, 1), (3.8)
as(r, 2, 1) = —e(d(z, t)-VIn(@)fz — vi). (3.9

It is very important at this point to realize that
the unperturbed beam is uniform in time from the
point of view of a beam particle. Hence d(z, ?),
and all quantities of first order in d, can be written as
a function of z — vt times an exponential exp (—:Q¢).
We will also assume that the beam displacement is
always in the same direction d, so that

d(z, &) = d(z — vi) exp (—iQ)d.  (3.10)
Therefore (3.8) and (3.9) give
Jis(r, 2, £) = ed(z — vt)f(z — vb)e* ™
X [-v(d-V) — iQdln(),  (3.11)
&s(r, 2, t)
= —edz — v)fe — v *(d-Vn@r). (3.12)

The instability frequency seen in the beam frame
is Q.

4. THE PERTURBED FIELDS

The first-order perturbations E, and B, in the
electric and magnetic fields are determined by Max-
well’s equations

V xBl(ry Z, l) = (I/C)El(r7 27 t)

+ @n/c)Jisr, 2, 1) + Jue(r, 2, 9)],  (4.1)
V xE,\(r,2, ) = —(1/c)Bi(r, 2, 1), (4.2)
VB, 2 &) = 0, 4.3)

where the perturbed plasma current is
Jip(r, 2, 1) = 0B\, 2, 0). (4.4)

To solve these equations we Fourier-analyze the
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beam displacement,
dlz — vt) = j: d(k)e* " dk, 4.5)
so that
de —ofe — o) = [ g0 dk,  4.6)
o) = [ oo —kyaw. @
We also write
Tl s 0 = &% [ Tr, DA ak, @)
aslez ) = [ el BV a, @9)
where, according to (3.11) and (3.12),
Jin(t, k) = —eg(k)v(d-V ) + i0dln@),  (4.10)
an(r, k) = —eg(k)@-V . )n(). (4.11)

The solution of Maxwell’s equations (4.1)-(4.4)
can now be written

Edrz0) =" [ T B B0 dE, (4.12)
Bir,z ) = " [ "B, BT dk, (4.13)
Er, ) = 40 {[z(ﬂ + k)
— __10_7102___ V}(&-V) (r, k)
Q + kv 4 4wic b (T
a cz
- 9[(9 t R} + T T 4
X (a'V)V]qS(z)(T, k)} ) (4.14)

Bi(r, k) = [4meg(k)/cl[— (v x V)(@d- V) (r, k)
— i9(d x V)¢, (1, k)]

The symbol ¥V now denotes the three-dimensional
vector

(4.15)

V = V. + k¥, (4.16)

The two “potentials” ¢, and ¢, both satisfy
(VI + @b, k) = nl), (4.17)
k) = =k + (Q + k)(Q + kv + 4wie)/c’.  (4.18)

It is necessary to distinguish ¢, and ¢, because
in general they are subject to different boundary
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conditions outside the beam.* The most general
solutions of (4.17) that are finite at r = 0 are

b0, B = [ Gl i) dr,  @19)

Gin(r, k) = —¥ind (g(k)r)Ho(g(ko)rs)
— am®)Jg®JSo(gk)),  (4.20)
where ¢ is 1 or 2, and ¢(k) is the root of (4.18) with
Im gq(k) > 0. 4.21)

The boundary-condition parameters a, (k) are to
be determined by continuing the solutions {(4.20)
out to infinity or to the system walls, just as we
did for the unperturbed beam in See. 2. However,
the calculation of « is now much more complicated,
and we have relegated it to an Appendix. We will
just mention here that if the plasma conduectivity
¢ is constant out to a distance R which is so large that

R |Im q(k)] « 1,
then the plasma is effectively infinite and

am(k) = an (k) = 0.
5. FORCES ON THE BEAM

Originally the beam was kept in equilibrium by
the balance between E,, B, and pressure forces.
Hence when displaced it becomes subject to forces
of two different kinds: the perturbed fields E,, B,
act on the unperturbed charge and current densities
¢, Jo; and the original fields E,, B, act on the
perturbed charge and current densities €5, Jis. S0
the force per unit beam length is a sum of two terms

(4.22)

Fz, t) = Fulz, 1) 4+ Fiolz, 1), (6.1)
Fule, ) = [ drensr, 2, 0
X {Eir, 2, ) + (v/o) xBi(r, 2, 1)},  (5.2)

Fm(z;‘t) = fdz?"{fxs(r, 2z, DE(r, 2, O

+ (1/0)].s(r, 2, t) xBy(r, 2, D}. (5.3)

From (2.1) and (4.12)~(4.15) we find

2 ©
FQI(Z) t) = %rzf_ e—i ﬂtf(z — Ut) f dkg(k)eikls—n]

kve® } }
2 . 2
X f d m@({’m + [” O+ o AoV

¢ That is, there are two modes, “TE," and “TM,” coupled
by the discontinuity conditions at r = R. It is therefore neces-
sary to use two distinet potentials in {4.14) and (4.15), though

the particular separation of ¢¢) and ¢(z used here is not
unique. .
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0

X [d-V)ou(r, k) + {“de - m

X @)V pountr, B) 6.9

while (2.10), (2.11), and (4.8)-(4.11) give
Fm(z: t)

= dnde™ Mdle — o)fle — v0) [ dRfRe

x [ dﬁr(@-w@{—(l 4 i)™

X (V. — ?ﬁqg(k)/k) + %’2 V.L}‘Ibo(r: k)

— S )Vt ) ) 65

Observe that the fields E,, B,, E,, B, are needed
here only within the beam, where ¢ is constant and
our formulas are reliable.

We can now use the eylindrical symmetry of the
beam density n(r) to simplify (5.4) by making the
replacement

V.@-V.) —3dvi, (5.6)

while all terms linear in V7, infegrate to zero. We
have

Folz, ) = 4ne’de* flz — vt)

X I: dkg(k)e’*!* ! f d’rn(r)

1 02 kv 2
X <§ {E’z‘ — m}vwm(ﬁ k)

1 2
o+ L s Vi b) 6D

After integrating by parts we can simplify (5.5) in
the same way, and obtain

Fiolz, ) = 4né'de " f(z — vt)d(z — vt)

x [ akgae = L [ dtemtr)

4xio) " P 2
X [(1 + —W) - ?]VL%(T; k). (5.8

It will prove very convenient at this point to
introduce three dimensionless functions of k that
completely characterize the size and shape of both
the beam and the plasma channel:

L) = a® [ e, 1) / [ doneey
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= oy o7 dr Jo 7 dr'n()Go(r, r'; kn(r)
%) Jo n(@)’r dr

Lo® = 4@ [ Emootr, 1) / [ doney

, (6.9)

= q(k)2 I: rdr .[(T r! d:’n(r)?“)(r’ 3 k)’n(r’)
fo n(f) rar

G=12. (510

Using (2.15) and (4.20) allows us to rewrite these
functions as

Iyk) = F(ga(k)) — aok)qo(k)’p(q(k))®,  (5.11)
Iy(k) = F(@*(K) — awm®)a®)ple®)?,  (5.12)
where o(g) is the Bessel-transformed beam shape

b@ = [ n)arr dr / [ [ ntyr ozr]i (5.13)

and F(q®) is the “beam form-factor”

F@) = -5 ¢

fo rdr [o ' dr n("')-]o(q7'<)Ht§l)(qT>)"(T )
[5 n()’r dr

(5.14)
The functions p(g) and F(¢®) are discussed in detail
in Appendix B.

Using these definitions and the field equations
(4.17) and (2.13), we can now rewrite (5.7) and (5.8):

Folz, ) = —41re=d[ f Prn(r)’ ] =500 )
x [ : ARgRe™™ " gk (5.15)
Fiolz, ) = —47rezal: f d’m(r)z:le"“'

X f(e — vt)ie — vi) [ " AR dk, (5.16)

where

D U R
Ak) _2{02 9+kv+41ria}

et

X Uw® = 1+ (2 ) Tw®
i 2 _pp.m-1 61
2Q+ kv + 4mwic - @ ‘
Ao(k) = {(1 4 o)™ _ 22}[10(@ — 1. (.18)

Putting the two forces (5.15) and (5.16) together,
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and using (4.5) and (4.7), gives the total force per
unit beam length as
Fi, 0)

= —m’a[ f d’rn(r)’:le"‘ iz — vt) f dke'*!*~*"!

X f_ dk'fe — kNAEDAR) + Aok — &)
(5.19)
6. THE EXACT DISPERSION RELATION

Newton’s second law reads here
F(z, t) = ( + v—) dez, o f d'rmyn.(t, 2, 1)

= —myQ(z — vt)d(z — vi)e " ™d f drn(r). (6.1)

Comparing (5.19) with (6.1) yields the dispersion
relation as an integral equation for the unknown
function d(k),

@) = o [ " Ak — KA

X [A(k) + Aok — E)].  (6.2)
Here w; is the “transverse beam plasma frequency”

wr = 4n(n)e’/my, 6.3)

® = [ dmey / [ dnd.

If we assume that the beam modulation function
f(z — ot) is periodic, with period 2x/p, we may
express it as a Fourier series:

f(z - Ut) = E f- €xXp [isp(z - vt)]’ (64)
the sum running over a finite or infinite set of
positive and negative integers. We will normalize
n(r) so that the beam modulation function f(z — vt)
has average value unity, and so

fo=1. (6.5)
Also f(z — vt) must be real, so
= f_,. (6.6)
The Fourier transform of (6.4) is
1) = 1.5 - op) ©)
and the dispersion relation (6.2) becomes
d(k) = o7 Z f.d(k — sp)lA(k) + Aosp)]. (6.8)

Equation (6.8) provides an infinite set of coupled
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linear equations for the unknowns d(%), d(k == p),
d{k + 2p), ete. We can define the wavenumber «
for a particular normal mode by specifying that
the only nonzero values of d(k) are d{(x), d(x & p},
d{x & 2p), --- . This definition only involves the
value of x mod p, s0 we can always take

0 <« <p.

Replacing & in (6.8) by « — sp gives the explicit
eigenvalue equation

de(’( - -577) = w?l‘ Z ja’—xd("( - 3’?9)

X [Ak ~ sp) + A — sip)}. 6.9)

The general exact dispersion relation for Q) is
obtained by solving the secular equation

det [@ — w2M )] = 0 (6.10)
M, () = fio-afdk —sp) + A" —slp)].  (6.11)

This would be a formidable task without further
approximations. [It may be well to remind the reader
at this point that I,(x), I (), A), and M ()
all have an implicit & dependence.]

7. THE HIGH~ PLASMA-CONDUCTIVITY
APPROXIMATION
We will now assume that the plasma conductivity
¢ is so much higher than either @, kv, or pv, that
we may neglect all ferms in (5.17) and (5.18) of
order 1/s. They then become

Ak) = 30 /AN o (k) — 1], 7.1
Aok) = —30°/eH) k) — 1]. (7.2)

In evaluating 7,,(k) and I,(k) we are to use (5.11)
and (5.12), with ¢(k) and g,(k) given by the limiting
formulas for ¢ ~—> o

g(k)® = 4ria(Q + kv)/c’, (7.3)
go(k)* = dmickv/c*. (7.4)

However, we will notf set ¢ and ¢, infinife within
the argument of ¥ and p, because we do not nee-
essarily want to assume that ¢ is so large that
dre |@ + kv| o°c® > 1 or that 4dwopra’/c® > 1.
Furthermore, in evaluating a(k) and ay(k) we shall
specifically assume that R is of order 1/¢, in the
sense that 4ro Q@ + kv R?/c¢° and 4woppR’/c’ are
of order unity. This last assumption is certainly
not satisfied for all interesting values of | -+ kv
and pv, but when {gR| >> 1 or |g.E| >> 1 the param-~
eters a and «, will be exponentially small, and any
approximation which reproduces this exponential
fall-off will be adequate.
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It is shown in Appendix A that the limit ¢ — =,
oR’ constant, gives the boundary value parameter
ay (k) as

aw (k) = —FirH"(gBR)/J(g®k)R).  (7.5)

The function 8,(k) appearing in a.{k) is given in
this limit by (2.32) as

Qv s
Bl = iokR n (CRR/27) ~ qu(WE T (ChR/27)

8 = v/c; InC = 05772 ... (7.6)
Using (7.8) in (2.33) gives

0(RE In (CER/2V)H” (¢(k)R) + v*8°H;"(qo(k)R)
%R In (CkR/2v)J(q(B)R) + v*B°Jo(@:(W)R)

7.7)
We can therefore distinguish two simple cases
(a) Extreme Relativistic (ER): v > 1, 82 1,
aolk) 22 —Yin[H  (go(DR)/ T (g (W)R)].  (7.8)
(b) Nonrelativistic (NR): v = 1, 8 K 1,
ag(k) = —Fin{H" (go(BR)/ Tilgo(IR)].  (7.9)

The NR approximation cannot be used for k — 0,
in which case we have already seen that

a(k) = A1/76° + ) Ink. (2.36)

However the ER approximation reproduces this
behavior, except for the term 1/°8°. For |g,(k)] R > 1
both the ER and NR approximations give the
correct factor

exp {—2 Im g (R)R],

which in this limit makes a,(k) negligible,
Using (7.5) and (7.3) in (5.12), we see that
I 1y (k) is now a function only of the frequency Q-+kv:

Iy(k) = 5(Q + k), (7.11)

(7.10)

where
Fw) = Fg") — 3in[H" (gR)/ Jo(gR)d o(g)’,  (7.12)
(@) = 4miow/c’; Im glw) > 0. (7.13)
Also, (5.11), (7.4), and (7.8) show that in the ER
limit, Z,(k) becomes equal to the same function of kv:
I(k) = 5(kv) (ER). (7.14)
In the NR limit, 7,(k) is a slightly different function
of ku:

I(k) = Folkv) (NR), (7.15)
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Fo(w) = F(¢") — Fin[Hs" ' (aR)/T3(aR)1d’p(g). (7.16)

Of course I,,(k) has had an explicit 2 dependence
all along, which we have now made explicit. The
form factor F(¢°) and Bessel transform p(q) are
discussed in Appendix B.

We will now use these results in the exact disper-
sion relation derived in the last section:

Pdx — sp) = ot 2 furmudlc — §'p)

X [Ak — sp) + A(s" — sIp)].  (6.9)
We have defined f, = 1, and will show in the next
section that

AO(O) =32
Hence (6.9) may be rewritten to isolate the term
s = s
[2° — Wi(Al — sp) + 36Y]d( — 5p)
= w’zl' Z fer—od(k — 3'27)

88,0

X [Al — sp) + Ao([s" —slp)].  (7.17)

Using (7.1), (7.2), (7.11), and (7.14) in (7.17) gives
the dispersion relation for the high ¢ extreme rela-
tivistic case in its final form:

[2° — wiF(2 + @ — spv)]d(x — sp)
2 foreudlx — 5'p)

a'>g, 0

X [6(2 4+ ww — spv) — F([s" — s]p)], (7.18)
where wg is the betatron frequency
wi = B%n = 2r(n)e’B/my. (7.19)

In the nonrelativistic case, the last F in (7.18) must
be replaced by F,.

8. THE UNMODULATED BEAM

Before trying to solve the general dispersion
relation (6.8) or (7.18), we will first examine the
important special case of an unmodulated beam.
Here f(z — ot) is constant, and consequently all f,
vanish, except for f, = 1. The exact dispersion
relation (6.8) becomes

@ = wr[A(k) + A,0)].
We will now show that

(8.1)

A0) = o*/2¢%. (8.2)
In the limit ¥ — 0, Eq. (5.18) gives
Ao(k) = — @ /2¢)To(k) — 1]. 8.3)
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Also, as & — 0, Eqgs. (2.12), (2.36), (B9), and (B4)
give

qo(k)’ — 4mickv/c, (8.4)
ao(k) = /4’8 + $) Ink, (8.5)
F(qi(k) — —i(dmickvd’ /c®) In k, 8.6)
p(quk) — o/ V2. ®.7)

Therefore (5.11) shows that, as £ — 0,
I(k) — (4xickva’ /") —% — 1/4°6°] In k; 8.8

)

1,(0) = 0, 8.9)

and (8.3) gives (8.2).
The exact dispersion relation for an unmodulated
beam is therefore

o = AlA®) + 0°/2)], (8.10)
or, using (5.17),
v= “’T{z ()70 + [ e ] Ly(®)
T Te® — 1
- %ﬁk—ﬁmﬁ; Lo (k) — 1]}- (8.11)

If we now make the high-o approximation described
in the last section [either directly in (8.11), or using
(8.10) and (7.1)] we find that the dispersion relation
simplifies to

@ = WiF(Q + k), (8.12)

with F(w) given by (7.12) and (7.13), and the
betatron frequency wg given by (7.19).

We now distinguish three limiting cases of interest,
characterized by the relative magnitudes of the
transverse wavelength |g(@ + kv)|”!, the plasma
channel radius R, and the mean beam radius:

a= V2 ‘/: n(r)r dr/[fam n(r)’r drjr.

1 1@+ k)|aeK1; |g@+ k)| RKLI
(8.14)

In this case the beam form factor F(q) is given
by (B9) and the Bessel transform p(g) is given by
(B4), so (7.12) gives

19()’a’ In (4r5/C°RY),

8.13)

Flw) = (8.15)
where

C=178-.-,
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and r, is another effective radius given by (B10)-
(B12) for any n(r). For example:

n(r) = n exp (—r*/26°), a=2b, 1, = 0.90q;
n(r) = n exp (—r/b), a =243b, r, = 04la;
n(r) = {n < a), ro = 0.69a.

0 (r>a),

The dispersion relation (8.12) is now a quadratic
equation

@ = iwe(Q + ), (8.16)
where
wo = (Wrod®/) In (C°R*/41%) > 0.  (8.17)
The roots are
Q. = (—3w)[l & [1 + 4tkv/wo}'].  (8.18)

The root Q,(k) corresponds to & decaying mode for
all &, with limiting behavior

Q. (k) — —wo ([kv[ < wo),
— (1 — (ko] 2wo) (ko] > wo).

The other root 2_(k) corresponds to a growing mode,
with limiting behavior

Q_(k) = —kv + 1(v)’w, (lkv] < wo),
— (=1 + (kv 300 (ko] > wo).

The fastest growing mode evidently occurs for %
as large as possible. If [kv] >> w, then

*(Q + kv) — 4nokv/c’;

(8.19)

(8.20)

(8.20)

80 (8.14) sets an upper limit on kv and hence on
the growth rafte.

2 lg@+kek, |gQ@+k)|RE>1

(8.21)

The beam form factor F(q°) is again given by
(B9), but now the second ‘boundary-value” term
in (7.12) is exponentially small [because Im ¢ > 0];
8o (7.12) gives

5(w) = g(@)’a’ In [—g(w)*r3]. (8.22)

The dispersion relation (8.12) is now rather com-
plicated

@ = (iwsmea® /YD + kv)
X In {—4xic(Q + kv)ri/c™]. (8.23)

However, for very small |gal, the logarithm becomes
essentially a real negative constant, and we find
ourselves back in Case 1.

STEVEN WEINBERG

®3) |¢(@ + kv)al > 1, |g(@ + W)R| > 1

(8.24)

Now the beam form factor F(g¢°) is given by (B13)
a8 unity, while the second term in (7.12) is again
exponentially small. Hence (7.12) is now just

Fw) = 1, (8.25)
and the dispersion relation (8.12) is

There is no growing mode, but only a stable oscilla-
tion at the betatron frequency.

It may be illuminating to compare these results
with the groundbreaking work of Rosenbluth.’ In
our notation, his result for the ease |qa] < 1 is

Q@ = wig(dric(Q + kv)/c%) (8.27)
where 9(¢°) is defined by

st@) = ¢ [ dmwe) / [ dmey,  ©29)

V2yr) = nf). (8.29)

At first sight 9(¢°) looks like a reasonable approx-
imate version of our formula (5.10) for I, since
¥(r) is just what ¢, (r, k) would be if we dropped
the ¢°(k) term in the differential equation (4.17)
for ¢(,. In physical terms, Rosenbluth’s result
differs from ours by the neglect of the effect of
plasma currents on the perturbed fields.

But, as Rosenbluth recognized, this leads to
mathematical nonsense. For example, if we calculate
(8.28) for a square beam of radius a we find that

2 2 @
o _ _gd (1 @).
(g) = 2 (4+./,: r

Rosenbluth guessed that the integral should be cut
off at r = ro & |q|77, giving

8(¢") = —3(da)% + In (ro/a)].

In contrast, our answer for I, is always perfectly
finite.? In fact, a comparison with (8.22) and (B30)
shows that our answer agrees with Rosenbluth’s for
lga] < 1 and [gR| > 1 if we take the cutoff . as

re = (2¢/Cq)(C = 1.78 -+ ). (8.32)

(8.30)

(8.31)

In this case, Rosenbluth’s guess ro & |g|™" is almost
perfect in magnitude but wrong in phase. On the
other hand, if Jga] < 1 and |¢R| < 1, then our
result (8.15) agrees with Rosenbluth’s if we take
the cutoff r; as the plasma channel radius,

(8.33)

TC=R.
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This is entirely reasonable, since with [gR| < 1 the
limit on the magnetic field energy (Rosenbluth’s W)
is set by the finite channel size, rather than by the
induced plasma currents.

9. LONG WAVELENGTHS

Let us now return to the general dispersion relation
in the approximate form (7.18):

(0" — «35(Q + @ — spo)]d(c — sp)
= w: .Z’“ fl'—l[g:(ﬂ + Ky - 8271))

—~ §([s’ — slpv)ldx — s'p) (ER). (9.1)
For ¢ = 0 this gives
(2" — wiF(Q + w))d()
= wj g}) £I5(Q + @) — Sep)ldk — sp).  (9.2)

For s % 0, (9.1) can be rewritten to isolate the term
with & = 0:

[Q" — wiF(Q + w — spv)]dk — sp)
= wsf3[F(Q + w — spr) — F(—spr)1d(x),
+ wi D fouuF(Q + w0 — spv)

#’540,3

- (s’ — slpp)]d(x — s'p). 9.3)

Equation (9.3) may be regarded as an inhomogeneous
linear equation for the quantities d(x — sp)/d{x)
with s # 0. Using its solution in (9.2) will give
the desired dispersion relation.

We will now specialize, and look for a mode with
Q@ and «v sufficiently small so that

dred’ |Q + ]/ K 1, 9.4
|2 + w| < pv, 9.5)
|9*] K wj. 9.6)

These conditions are imposed partly because of our
experience in Sec. 8 with the unmodulated beam,
but mostly because they are needed to put the
dispersion relation into manageable form. Of course
we will eventually have to check back to make sure
that (9.4)—(9.6) are consistent with the dispersion
relation. .

We showed in Sec. 8 that assumption (9.4) allows
us to approximate F(Q -+ «v) as

F(2 4+ ) 2 —3¢(Q + w)’a’L = —ir(Q +w), (9.7)
where

r = roa’L/c?, (9.8)
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and L is a logarithm

212 2
L= (.C__Ri_) , M_ng>> 1, (9'9)

4rh
. 2
L= _m[_ﬁgﬁ) (g.}_w):l , 4&@%2&.-*;@_1<<1
(9.10)

[see (8.15) or (8.22), and (8.4)]. Also, assumption
(9.5) allows us to approximate F(Q <+ «v — spv),
for s # 0, as

F(Q + w — spv) = F(—spv), 9.11)
and also
F(Q2 + w — spr) — F(—spv)
= (Q + w)F (—spv). 9.12)

Finally we note that all F(—spv) for s # 0 are
roughtly of order unity [unless 4ropra’/c® < 1,
which is not expected to be the case]. Hence (9.6)
and (9.11) give

|| K wj |2 + v — spv)| (alls = 0). 9.13)

If we now use (9.13), (9.12), and (9.11) in (9.3),
we find that for all ¢ ¢ 0

—F(—spv)d(x — sp)
= (Q + Kv)f:kﬁ:,(—spv)d(") + "; fl'—l

X [3(—spv) — 5(s" — slpp)ldlx — s'p).  (9.14)
Thus d(x — sp) has a very simple dependence on
Q -+ ww:

dxk — sp) = (4wica’/c”)(Q + whu,d(), 9.15)

where #, is a dimensionless constant coefficient
defined by

c2

4drioa® 135’ (—spr)
+ 2 fo-d5(—ep) — 508’ — spo)fu...  (9.16)
It follows from (9.4) and (9.5) that

—F(—spru, =

[F(Q + )| < [Folspr)]  (alls 5= 0). 0.17)
Using (9.17) and (9.7) in (9.2) gives
[2° + wo(@ + w)1d ()
= —w; 2 [5Gpo)dlc — spr),  (9.18)

where w, is the characteristic frequency introduced
in Sec. 8 for the unmodulated beam

(9.19)

wp = 1w = woa’Lug/c’.
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The dispersion relation now follows immediately
from (9.18) and (9.15):

0 = (2 + w) (ER), (9.20)
where w, is the frequency
droa’wy
w; = wg + l%z—wﬁ ;) fouF(spv). ©9.21)

So we see that the dispersion relation in the high o,
extreme relativistic, low-frequency case s precisely the
same in form as for the unmodulated beam.* Further-
more, the conditions (9.4)-(9.6) are evidently con-
sistent with the dispersion relation, since (9.20)
allows us to take Q@ and @ + «v as small as we like.

Matters are rather more complicated in the non-
relativistic case. The functions F(= spv) in (9.2)
and (9.3) must be replaced by F,(% spv). Making
assumptions (9.4)-(9.6) then yields, in place of
(9.14), for s #£ 0,

—F(—spv)d(x — sp)
= [HF(—spv) — Fo(—spv) + (@ + )F'(—spv)]d(x)
+ 20 fonF(—sp) — Fol(s” — slp)ldc — s'p).

e 9.22)

We see now that d(x — sp) takes the form

dix — sp) = [v, + (dwiea®/c®)(Q + w)u,]d(x), (9.23)

where v, is a second dimensionless coefficient

—F(—sprlo, = filF(—spv) — Fo(—spv)]

+ 2 fo-d5(—spr) — Folls — sl

8'#0,s

9.24)

Also, u,. is given by (9.16), with the last F replaced
by &, Using (9.23) in (9.18) [with F(spv) replaced
by Fo(spr)] gives the dispersion relation

Q= —iw(Q +w) — oy (NR), (9.25)

where w, is given by (9.21) (replacing ¥ by &F,) and
wg 18 a second characteristic frequency, given by
Wy = wh Z f . Fo(spv). (9.26)
8740

Whether or not (9.25) is consistent with the assump-
tions (9.4) or (9.6) depends on how small wj is,
a point that cannot be decided without detailed
computation.

It should be mentioned that the ER and NR cases
yield the same dispersion relation if pvr and/or B
is large enough to give

* A. Sessler has shown that the second term in w, is real,
so that modulating the beam can, at most, affect the scale of
the growth rate.
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dropoR®/c* > 1. (9.27)

In this case the boundary-value parameters o, and
o are negligible, since they contain the factor

exp [—2(4noR%pv/cH). (9.28)
We therefore have
Flo) = Folw) = F(g'(); (9.29)

go (9.20) is the correct dispersion relation, with
(9.29) used for F(w) in (9.21) and (9.16).

We do not go into details here concerning the
solution of Eq. (9.16) for u,. However, if the modula-
tion coeflicients f, for s # 0 are sufficiently small,
then (9.16) may evidently be solved by iteration

U, = —(¢*/4mica’) i (—spv) /F(—spy) + O(F). (9.30)
Using (9.30) in {9.21) then gives

0 2wy + wh 2 L5 (—spr)/F(—spp).  (9.31)

Preliminary ealculations at Stanford Research In-
stitute indicate that (9.30) may be a quite reasonable
approximation even for strong modulation, and that
the second term in (9.31) is a small real correction
to w,.

10. FAST CHOPPING

As an example, let us now consider the case of
large modulation frequency pv, with

e = ¢ /droprb® K 1, (10.1)

where b is the effective beam radius defined by

fom n(r)r dr/fom [Q%QTT dr.

This assumption implies the validity of (9.27), so
the dispersion relation is given here by (9.20), with
w; given by (9.21), (9.16), and (9.29).

Assumption (10.1) also lets us evaluate F(g?) and
F'(¢®) by employing the asymptotic limit (B13),

F(gy =1+ 1/¢° (lgb]* > 1). (10.3)

Letting v, = — (dwopvab/c®)’u,, (9.21) and (9.16)
now become

B = (10.2)

= o = s 2, (10.4)
Y = (ft/SQ) - ée E fs'—s(i - s _1 S;)’)’sv- (10.5)

87#0,8

Clearly, (10.1) lets us solve (10.5) by iteration,
v = (J%/s)
+ie D (oif¥/ss’s — &N+ - .

8'#0,8

(10.6)
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Using only the first term in (10.4) gives

> I+ o)
> .

870

6603

T gy

o

Hence the condition on the chopping rate for the
dispersion relation to be unaffected by the modula-

(10.8)

tion is
e<<|: () ;'fs'] (10.9)
or explicitly
2 +3}
v > (2wba) oyt [§ J——] . (10.10)

This condition can be rather stringent if the modula-
tion is either very strong (i.e., large f,) or very
complicated (i.e., many f,).
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APPENDIX A. BOUNDARY CONDITIONS ON
THE PERTURBED FIELDS

We suppose that the plasma conductivity o is
constant out to some plasma radius R, and then
drops sharply to zero. For r < R, the fields are
given by (4.14)-(4.21). It is our task here to find
the parameters a,(k) and «a(,(k) appearing in
(4.20), by connecting this interior solution to an
appropriate solution in the vacuum r > R, just
as we did for the unperturbed beam in Sec. 2.

For r < R, but outside the beam, the fields are
determined by (4.14) and (4.15), with ¢, and ¢,
given by (4.19) as

iy, k) = [_% Hél)(Q(k)T)

— awE)J o(q(k)r)] fo " og(B) e’y dr’. (A1)

For r > R the fields are again determined by (4.14)
and (4.15), but with ¢ now set equal to zero, and
with ¢, and ¢, proportional to the exponentially
decaying solution of Bessel’s equation:

beiy(r, k) = £y (R)H  (h(K)r),
—k* +(Q 4+ kv)’/c®, Im k() > 0.

(A2)

h(k)? = (A3)
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The conditions for connecting (A1) with (A2) are
again provided by the discontinuity relations (2.23)-
(2.28). The relations AB, = 0, AB, = 0, AB, = 0,
and AE, = 0 give, respectively,

Adlyy = 0, (A%)
Algly — (k)R] = 0, (A5)
Alvplyy /R + ikQoy + vg’ (k)] = 0, (A6)
and
fwwa)-w9w»ai__
A[ o+ T +drie |0 @AD

The relation AE, = 0 gives a condition which can
be deduced from (A5) and (A7), while A(Q + kv
471i0)E, = 0 gives a condition which follows from
(A4) and (A6). In all of these conditions, ¢ and ¢*
are to be taken, respectively, as 0 and +A° for r
just outside R. Condition (A6) can be rewritten
with the aid of (A5) as a condition on ¢,, alone:

Al2¢0,,/R + qz(k)¢(l)] = 0.

In order to solve for «(;, and a(,, it will be con-
venient to introduce coefficients

(A6)

k) = 200T4a0R) + ok Ta®BR,  (AS)
ax(k) = g THa®R), (A9)
a(®) = (eI (BRE, — (AL0)

) = [a9/(@ & ko + 4nilTiGOE), (AL

o® = —(22) 10— Jiwm. @)

We will also define another five coeflicients b,, b,,
bs, bs, bs by the same equations, making the replace-
ment:

Jo — —1Gx)H" . (A13)

And we will define a further five coefficients c,, c.,
s, €y, €5 by the same equations (A8)-(A12), but
now making the replacement

Jo— H", q(k) — h(k), o—0.

(A14)

Then (A6’) gives the normalization of ¢, outside
the plasma by

(bl(k) —

E(l)(k) = al(k)am(k))

Cl(k)
X f " TRy d, (A1)

and (A4) gives the normalization of ¢, outside the



1384 STEVEN WEINBERG

plasma channel as by — am@s + by — (285
- (2B = e () - [_Iz_—__cs_] [2_—_%]
E(’)(k) = ( cz(k) ¢ Ca + Cs Cs

by — awas + bs — Q205

- [bl - al"l(l)]c4 + [bz - aza(n]cs‘

Cy Ca

X fo " Iy dr. (A16)

Using these definitions and (A15) and (A16) now
allows us to write (A5) and (A7) as two linear [We are omitting the argument % because of fatigue.]

inhomogeneous equations in a(;, and o,,: The solution for a(,;, and «,, is thus
aw = : p R : 2 a9
— Dl — &l | _ — Wl _ %ol
l:a2 ¢ ...aa C; | _a, G :H:as C3 :'
aw = : P e B : =@
— %l — %G5 — Al _ &L
l:az ¢ _aa c; | _04 C; :”:as Ca :I
We can see immediately that aq, and a@, will is of order o:
be exponentially small if (k) — 4wio(Q + )/, (A19)
Im g(k)R > 1, (A1)  but we keep |q(k)R| of order unity. In this case

for then all the a’s will be of order exp [Im g(k)R], @1 @2 @s, by, by, and b, are of order g, while as, as, bs,
while all the b’s will be of order exp [—Im ¢(k)R], and b; are of order 1/¢. Furthermore, ¢, ¢, ¢, and
and hence a(;, and «(, will be of order exp (—2Im ¢s are of order 1/R ~ g, while ¢, is of order B ~ 1/g.
q(k)R). This conclusion does not depend on the Neglecting as, as, bs, bs, and c; in (A16) gives

particular boundary conditions chosen at R, since byca 0Ca [bs — b,/2]
a plasma radius R satisfying (A18) is effectively *m — by, — e / P [as — a1/2]
infinite from the point of view of the beam. o HY(0R
We will be primarily interested in having formulas = __;_235 —‘-,Q—(qujz (A20)
0

for @, and a(, in the ‘“high-c approximation”
described in Sec. 7; we let ¢ — o, 50 that ¢(k) The same approximations made in (A17) give

[b _be b_C][a _ ﬂ] _ [b _ b_CJ[_a_g]
ey ¢ & C 2 ¢ 2 ¢ Cs
%]
2 ¢ s

ir [(@ + RWHP(GR) — (WogR/ZHS (qR)]
— 3 YU ' (421)

— —aq)

Our result (A20) for a(;, just expresses the fact that e, in this article, but we have calculated it here
¢, given by (A1), must vanish for » = R. This because it might be needed in further work.
could have been seen more directly by letting ¢ — « For |qR| > 1, (A20) and (A21) give o) and aqs,

in Eq. (A6’), which gives of order exp (—2 Im gR). This is in agreement with
the estimate we made before using the high-o

247 — = hZ4’! .
CoB — O = kéw® + o; approximation. Hence we may safely use (A20) and

80 ¢/,,(R — ¢) is of order 1/g°. We will not need (A21) for any |¢R| not much less than one, even
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though they were only derived for |¢R| of order
unity, since when |[gR| > 1 both «(, and a, are
8o small that they make no contribution to the
fields or to the dispersion relation.

APPENDIX B. THE BEAM FORM FACTOR

The size and shape of the beam enter into the
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dispersion relation only in two functions introduced
in Sec. 5: the Bessel transform of the beam shape

o) = fo ) n(@)Jo(gr)r dr / I: fo " n(r)’r dr:|i -

and the “beam form factor”

F(g) = —HmC [Srdr [ ! dr’f:(r)Hé”(qr>)Jo(qr<)n(r’),
Jo n@)rdr

[We are interested in these functions when ¢ takes
the complex value go(k) or ¢(k), with Im ¢ > 0,
so this definition of p(g) is really only adequate if
n(r) falls off faster than any exponential as r — .
However, if n(r) behaves like exp (—r/a) then p(q)
may usually be defined by analytic continuation
from the values given by (B1) for Im ¢ < a™'.]

The properties of p(g) are easy to deduce. It is
normalized so that

f o(DPLdl = 1. (B3)
0
For ¢ — 0 it approaches a finite limit
p(0) = a/V'2, B4)
where a is a mean beam radius defined by
a=vV2 f n(r) rdr / I: f nir)’r dr:l, (B5)
[} 0

the factor /2 being inserted to agree with the
radius of a ‘“square” beam. Finally, it is real, in
the sense that

p(@)* = p(g*). (B6)

The general properties of F(q) are easiest to
establish if we re-express it in terms of p(l). We use
the well-known formula

—HnHP @) = [ DI v, @)

and obtain

) =a [ E;’—(_’)—’F L. (B8)
A number of its properties are now apparent:
(i) Aslg| —0,
F(¢) = 1¢%a’ In (—¢"r)) + O(g"),  (BY)

where a is the mean beam radius (B5), and r, is
another characteristic beam radius. We can get (B9)

B2)

either from (B8) and (B4), or directly from (B2);
the latter method also gives an explicit formula for r,,

Inrl = fo "I (sz) dur), (B10)
where
wor=| [newar [ [wora|  @w
InC =0.5772 --- ., (B12)
(i) As Jg| - =,
F@) — 1+ ¢, (B13)

where b is yet another effective beam radius, defined
by

b = fo " %P d. (B14)
Using (B1) gives
2 __ ® 2 ® dn(r) 2
b _fo n(r)ralr/f0 [7]“#. (B15)

This incidentally shows how important it is to avoid
basing qualitative conclusions on unrealistic ex-
amples like the “square” beam; the discontinuity
in n(r) at the beam edge would give b = 0!

(iii) For ¢” real and negative,

F(g") > 0. (B16)

(iv) For ¢’ complex, the imaginary part of F(g*)
cannot vanish, and in fact must have the same
sign as —Im ¢

We now turn to specific examples. The most
realistic one we will consider is the Gaussian beam
shape

n(r) = n exp (—r*/2b%. (B17)

The radius b here is chosen to agree with that
defined by (B15). The Bessel transform (B1) is

p()) = V2 b exp [—3(b°¢)]. (B18)
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The form factor (B2) can be written as an integral beam

o g
F(¢") = qusz —-——qu2 _xx- (B19)

The effective radii appearing in the low-¢ limit
formula (B9) are
= 2b,

a (B20)
re = C*b = 1.800.

(B21)
The Gaussian beam has the disadvantage of not
allowing the expression of F(g) in elementary func-

tions. We can do better with an exponential beam
shape
n(r) = n exp (—r/b). (B22)

Again, we are choosing b in (B22) to agree with
the formula (B15). The Bessel transform (B1) is

plg) = 4b[1 + "1 (B23)

The beam form factor is

2 272 1 1
F@) = 200 50 g + T
In (—¢°b?) }

[Despite appearances F(¢°) is analytic at ¢°b° = —1,
taking the finite value F(— b7%) = 2.] The effective
beam radii in (B9) are

a = 8%, (B25)

ry = b. (B26)

It is easy to check the properties (i)~(iv) for both
the Gaussian and exponential beams.

For the purpose of comparison with previous
work,” we will also give some results for the “square”

nfr) = {" r<e (B27)
0 r>a.
The Bessel-transformed beam shape is
o(@) = V2 Ji(ag)/q, (B28)
and the beam form-factor is
F(¢") = 1 — inJ\(ga)H;" (ga). (B29)

The behavior of F(q) as ¢ — 0 is given by (B9), with
ro = (C/2¢%)a = 0.69%4a. (B30)

But as already remarked, (B15) gives b = 0. In fact,
the sharp beam edge invalidates (B13), and instead
we have here, for |g| = o,

F(¢®) — 1 — i/qa. (B31)

There is no doubt that (B13) will be more reliable
in practice than (B31).

One remaining touchy point is the asymptotic
behavior of p(g) as [g] — . It is obvious from
(B1) that p(g) will vanish as ¢ — « along the real
axis, but the case of greatest physical interest is
for ¢° — « along the imaginary axis. In order to
find the asymptotic behavior of p(g) in this case
we would in general need to use the method of
steepest descent, which depends very much on the
particular form of n(r). The best we can do is to
look at our most realistic example, the Gaussian
beam. In this case the p(q) given by (B18) just
oscillates as ¢ — ¢ . We only need to assume
that p(g) grows no faster than a polynomial in g.
[The exponential beam is less realistic than the
Gaussian, because its sharp cusp at » = 0 can give
a spurious behavior as |g| — «. The square beam
is even worse.]
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The magnetic configuration of a eylinder with infinite conductivity is computed numerically for
different values of the height 24. The calculation indicates that the current density j(z) diverges at
the edges as I(h)/(h?—22)} and permits the evaluation of the function I(h). The regular part of j(z)
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seems to be approximated by an elliptical profile. The case of a cut cylinder is also discussed.

I. INTRODUCTION

N a number of experiments on magnetic com-
pression of a plasma, a cylindrical coil is used,

in which the current circulates in the (x, ¥) sections
(Fig. 1).! Its conductivity can be considered infinite
at the frequency used. The current density j(2),
therefore, is determined by the condition that the
radial component B, of the magnetic field vanish
on the conductor. We would like to compute j(z)
for a given total current and show the relevant
points in the magnetic configuration. In the last
paragraph we discuss the case of two (or more)
coaxial cylinders, whose separation is much smaller
than their height and their radius.

When R/h reaches the extreme values (0, «),
it is possible to integrate analytically Laplace’s
equation for the magnetic potential ¢ with suitable
boundary conditions, When B/h — o, the problem
corresponds to plane, incompressible flow around a
strip (Fig. 2); its solution is®:

(s, 2) = 2L, Re {sin™" [(z + is)/h]}; s >0,

where I, is the total current flowing.
The current density, therefore, is singular at the
end points |z| = h:

1.1

i) = = 2 [(0%, 2) — o0, 2)]

14d I,

= ﬂ%(p(O-F’Z) = m- (1.2)

1See, e.g., W. E. Quinn, “Studies of Plasmas in Fast
Magnetic Compression Experiments,” in Plasma Physics
Thermonuclear Research, edited by C. L. Langmuire, J. L.
Tuck, and W. B. Thompson (Pergamon Press, Inc., New
York, 1963). The same mathematical problem arises, of
course, in hydrodynamics and corresponds to the flow around
a cylindrical vortex.

2 E. Durand, Electrostatiqgue et Magnetostatique (Masson
& Cie, Paris, 1953), p. 302.

2d b L—-—Z—z'———> P

A S am A
S ————

"

Fic. 1. The coil geometry.

When R/h — 0, the problem, in the neighborhood
of the edge, corresponds to that of a cylinder
extending from z = 0 to 2 = — = and can be solved
by the method of Wiener-Hopf.® If the current
density for 2 — — » is j, (which in our case is
I,/2h), for small negative values of z we find

i) > (=2)7Ho/ (). (1.3)

II. THE INTEGRAL EQUATION FOR i(z)

The magnetic field B(p, z) can be represented as
an integral of the elementary field B%(p, z) created
by a coil of radius R, in the plane z = 0, carrying
a unitary current:

B(p,9) = [ : @i )B o, 2 — ). (2.1)
j(2) 1s then determined by the integral equation
BR,2=0= [ hh 42§ )BYR, & — 2');
le| < &, (2.2)

3 B. Noble, Methods based on the Wiener—Hopf Technique
(Pergamon Press, Inc., New York, 1958), p. 110; H. Levine
and J. Schwinger, Phys. Rev. 73, 383 (1948).
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Fia. 2. The limiting case of a current strip.
with the normalization condition
»
[ aiey =1.
—k

In the following, the radius R is taken equal to unity.
B°(p, #) is known and can be expressed in terms
of elliptic functions*

2.3)

BJ(p,2) = B0, 0) i i AT
x| Ko + 2 EEE S p | o
BE(P’ z) = Bg(oy 0) [(1 + :)3 + 22]§
[K(k) + -~——-;——4—_—£5 E(k)]
K == 4p

A+ +7
The integral equation (2.2) is solved numerically.

Considering the singularities at the edges when
R/h — = we can reagonably write

i@ = I/(® — 2 + *@), (2.5)

where I is a constant to be determined and j*(z)
is the new unknown function; at the end, in fact, we
find that j*(z) is numerically everywhere bounded.

To obtain an approximation to the integral equa~
tion (2.2), we demand that the magnetic flux be
zero on a succession of elementary cylinders of
height 2d, centered at z = 2z, = (2s — 1)d (Fig. 1).
They are N = h/2d in number; j* is supposed to
be constant on each interval. From (2.2), (2.3),
and (2.5) we obtain, then, a system of N + 1
equations in the N -+ 1 unknowns *(z,) = j*and I:

N
IC, + 2. #4(Cas + Camd)
N
+ z‘:c (Ea.- + fa.—-:) = Or

N N
4ad Y, i+l +22, 6 =1, (2.6)
3 1

a=1,2 -, N.

+ W. R. Smythe, Static and Dynamic Electricity (McGraw—-
Hill Book Company, Inc., New York, 1950), p.
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The terms e,, e.,, stem from the neglect of variations
of j*(z) within each interval 2d; they can be con-
sidered as errors of the numerical method and are
neglected. The coefficients C,, C,., are given by
the formulas

tatd A 0
= [ * vB,(1, 2* — 2)
Ce sa—d dz j:-«h dz (hz - 22)
sa+d A [733(1, z* —2) — f_ z:]
= * L ]
®a—d dz B dz hz - zk)i
[’ny (1,2, —2) — ]
o 2df dz ( — 2 )} A ’
-
2.7
= e
Y= B0, 0)’
c,-hi 2s4d
Cae = f . dZ'}'Bo,(l,z*—-z)
Sat+d Satka 1 ]
= * 0 * —
f"_d de fw dz['yB, (1,2* ~2) —
sa+d sadd 1
+ dz* dz
2a~3 Ke~d z* — 2
Byt+d
~od [ [—yB: 1,2 — 2) — l_z] 28)
sg+d — 2z
+ sa—d x — d -2

~ 2 0 — — 1
~ 4d [73, R z.]

+ [e — 2, + 2d) In |z, — 2, + 2d|
— 20, — 2) In |z, — 2|
+ @ — 2, — 2d) In |z, — 2, — 2d|].

The singular part of B) has been subtracted out and
integrated analytically; in the case of ', it does
not give any contribution.

The work is done in three steps: first, compute
the integrals C., C,.; next, solve the linear system
(2.4); finally, show the relevant points in the mag-
netic configuration.

The integrals €', cannot be computed numerically
in a straightforward way, since the integrands are
unbounded at |2| = A, and at z = 2, their second
derivatives have a logarithmic singularity. The new
variable of integration & given by

e g1
z=hgin(gin"" 2z, + expd) for z < z,, ©.9)
z = hsin (sin™ 2z, — exp¥) for 2z > 2,,

removes both difficulties.
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The method is intrinsically approximate to within
terms of order d°, which for N = 80 and h = 5,
is 9.6 X 107*. The integrals occuring in the expres-
sion for C, have been computed with a numerical
percentage error not larger than 107°.

The system (2.6) was solved inverting the cor-
responding matrix with the ‘rank annihilation”
method. The currents j* turned out to be stable,
while N varies up to 80, to within a percentage error
of about 10™* (as the constant I) at the center and
about 107% at the edge.

III. RESULTS

The problem was solved on an IBM 7090 for
some values of h; the function j*(z) was always
found to have a maximum at the center and to
vanish at the edges |z2| = h; as expected, the contri-
bution of j*(z) seems to be approximated with a
good accuracy which improves with the decrease
of h, by

*@) = C* — 2%, 3.1)

where

¢ = [A/m) — 1I2/R?).

The error is less than 19, for b = 1. Figure 3 shows
the behavior of the current density i(z) = j(2)2h
when the mean current is kept equal to unity; the
current profile approaches unity over most of the
range as h — . In Fig. 4 are plotted, as function of
h, the constant I(h) and the coefficient of the sin-
gular part of the current 7(2), i.e., I(2h)*; the numeri-
cal results check with theoretical values lim,_, I(h) =
1/7 and lim,... (2k)} I = 1/(x)? that one can obtain
from (1.3) and (1.4). Figure 5 shows that the longi-
tudinal magnetic field is a monotone function of
2z along the axis and of p on the median plane; note
that (8B.(p, 2)/0p)sm1,1z1-» = 0, as it follows from
(VxB), = 0and B,(1, z) = 0 (2| = h). Figure
6 shows how the inductance ¢ = 27 [} pB.(p, 0) dp
varies as function of the height h, when the mean
current is equal to unity.

IvV. THE CASE OF A CUT CYLINDER®

Since the current flows in parallel planes, one
would expect that the operation of cutting a cylinder
at a given plane and leaving the same current in
the two pieces would not change the magnetic con-
figuration. We would like to know, however, what
happens when in the two cylinders currents 7, and
I, are circulating, whose intensities are different than

5 The content of this paragraph is due to Dr. J. E. Allen.
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Fia. 3. The current density #(z) as a function of z/h. The
dashed curve represents the limiting case A — 0.
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Fi16. 4. (a) the behavior of I&h)- (b) the behavior of the
c?ehﬂicxent of the singular part o i(z), ie., (2h)}, as function
of h.
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Fic. 5. The longitudinal component of the magnetic field
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equal to unity.
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F1c. 6. The total flux through the cylinder.

F1G. 7. Another configuration.

the fractions «(l, + I,) and (1 — a)(I, + I,)
that one would have for a whole cylinder (Fig. 7).
If the cut is small enough so as to prevent any mag-
netic leak, the solution should be the same as to the
one computed before and one wonders where the
extra currents are lost. Clearly there is no answer
to the problem unless one admits the presence of
two equal and opposite current lines at the facing
edges of the cylinders, which neutralize each other
as far as the magnetic field is coneerned. If 4, and —<,
are their intensity, we must have

IL—i=aol, +1); I/JU, + ) > a. 4.1)
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The properties of the ‘“local representations” of the rotation group corresponding to complex angular
momentum are further developed. Completeness and bi-orthogonality relations are derived and a
reduction of products is carried out, giving a generalization of the Clebsch-Gordan reduction. The
connection with the representation theory of the group SL(2,R) is considered and a generalization of
Regge’s use of the Sommerfeld-Watson transform is made to the case where three momentum transfer
variables occur in the description of scattering amplitudes.

1. INTRODUCTION

ECENT investigations' ™ into the connection
between stable particles and Regge poles have
suggested examination of the following problems:
Given a certain set of particles all of which are
Regge particles, i.e., they are represented by poles
in scattering amplitudes, which lie on Regge tra-
jectories, how can one define scattering amplitudes
for these particles taking nonphysical values of the
spin variable? Are these amplitudes uniquely defined,
and how are the analytic and unitary properties
related to those for physical scattering amplitudes?
In this series of papers, we develop first some of
the basic techniques required in attacking these
problems and use them to provide partial answers
in certain important cases. The definition of an
“off-spin-shell” amplitude is based here on the
factorization of residues at Regge poles, in complete
analogy with the corresponding definition of un-
stable particle amplitudes. (See Gunson’s “Ana-
lyticity and Unitarity”,* hereafter referred to as A).
In one sense, these amplitudes may be regarded as
“off-mass-shell” continuations, but differing from
the more usual versions in that the spin is continued
simultaneously with the mass, so as to follow a
Regge trajectory. The other important difference is
that of uniqueness. We expect the Regge particle
amplitudes to be unique, being defined entirely in
terms of on-mass-shell amplitudes without any extra
external parameters (see Sec. 6.5 of A).
Before we can investigate these amplitudes in
detail, we have to develop suitable mathematical

1§, C. Frautschi, M. Gell-Mann, and F. Zachariasen,

Phys. Rev. 126, 2204 (1962).

2 M. Gell-Mann, and M. L. Goldberger, Phys. Rev.
Letters 9, 275, (1962).

3 M. Gell-Mann, ¢f al., Phys. Rev. 133, B145, B161 (1964).

4 J. Gunson “Unitarity and On-mass-shell Analyticity as a
Basis for S-Matrix Theories,” Birmingham Preprint (1962)
(to be published).

tools for handling the transforms of many-particle
amplitudes to and from the complex angular mo-
mentum planes. The two main obstacles met are
(i) the extension in full of the representations of the
rotation group to complex angular momenta and
(ii) the problem of “‘complex singularities” in the
momentum transfer variables. Our solutions to these
problems are given in the first and second papers
of this series. In the third paper, we treat unitarity
and analyticity.

For a physical interpretation of states involving
particles with nonphysical spins, we refer the reader
to papers by Regge’ and Ford and Wheeler.® In
many senses, these states have the same status as
unstable or virtual particle states. Both are some-
what ephemeral and wavefunctions representing
them cannot be constructed without violating the
usual boundary conditions. In the case of particles
with nonphysical spins, the relevant condition is
that of single (or double) valuedness over the unit
sphere. However, it often occurs that the physical
effect of the violation of the boundary conditions
is small. The linking of mass and spin variables on
a Regge trajectory demonstrates the complementary
nature of these two forms of ephemeral state. In
the boson case, the transformation properties under
rotations of the states with well-defined complex
spin j in the rest frame are those of the Y; ..(6, o).
These and related properties have been studied
from a mathematical standpoint in terms of “local
representations” of the rotation group in three di-
mensions in an appendix to A. In particular, defini-
tions were given for functions D7'™'(R), of rotations
R, which gave a natural extension of the well-known
unitary representations to complex values of j—

z I'I; I‘{x?ggFe, 1§u0v§ ginf;ento 18, 947, (1960).
. W. Ford, and J. A. Wheeler, Ann. Phys. (N. Y.} ¥
272 (1959). ’ v ( )7
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where they are no longer unitary nor true repre-
sentations since the matrix products do not converge
over the whole group manifold; but when they do
converge the group structure is preserved.” Also,
functions of the second kind E7'™ (R) were defined
which bear a similar relation to D7'™ (R) as do the
Legendre functions P;(z) to those of the second
kind Q;(z). In this first paper, we derive further
relations for these representations and, in particular,
develop further the observation made in A of the
connection with the representation theory of the
group SL(2, R). The main results are:

(1) A generalization of the Regge—-Sommerfeld—-
Watson transform [Eq. (14.6)] to the case where
three momentum transfer variables necessarily occur
in the description of scattering amplitudes. The re-
strictions on the nature and locations of singularities
in these variables are too strong for immediate
application but the result is generalized in Paper II.
This transform is closely related to the Laplace
transform on SL(2, R).

(2) A generalization of the Clebsch~Gordan form-
ula for the reduction of tensor products of repre-
sentations in terms of irreducible representations
(Sec. 13). We have found that the most convenient
form is obtained in terms of products of functions

M. ANDREWS AND J. GUNSON

of the second kind, expressed as a series of similar
functions. This formula is closely connected with
the usual reduction formula for the unitary repre-
sentations of both SO(3) [or SU(2)] and SL(2, R).
As the unitarity or nonunitarity of a representation
is of no particular physical significance here, the
series expansion possesses definite advantages over
expressions involving contour integration over a
continuous range of representations, as in the usual
reduction formulas.® In particular, the domain of
convergence is here much larger and the terms are
uniquely determined.

Results equivalent to some of those presented in
the early parts of this paper were given by Charap
and Squires® and Kibble.'

As in A, rotations are parametrized by the Euler
angles «, 8, v and the « and y dependence of the
(local) representation matrices D™ and those of
the second kind E7'™ is factored out as follows:

Di™(e, B,7) = ¢™"d"™ (cos Be™ ",
E;n.m’(a, B, 7) — etma m,m’ (COS ﬁ)elm 7

(1.1)

In all that follows, j and z are arbitrary complex
numbers unless otherwise specified, while m and m’
are either both integers or both half-odd integers.
We often write M for max (|m|, |m']).

2. THE FUNCTIONS OF THE FIRST KIND

To give a definition of d7'™ () in terms of hyper-
geometric functions, it is appropriate to divide the
space of m and m’ into four regions A, B, C, D as
indicated in Fig. 1.

In region A, the appropriate relation is

TG+ m 4+ HIG — m’ + 1)}*(1 + z)*""*"‘"(l — z)“""”")
2

47 (e) = {I‘(j ¥ FOTG—m+ DI\ 2

wFeitmit+m+l; 1+ m—m:}— 132

Equivalent forms in the other regions are obtained
by use of the symmetry relations given in (1).

@) = (=17 Q).
=~ ).
;™" "(@).

For region B, use
For region C, use d7"™'(2)

For region D, use d™'™'(z) =

7 On this point see, also, E. G. Beltrametti, and G. Luz-
zatto, Nuovo Cimento 29, 1003, (1963).

rd4+m—m) @b

In what follows, proofs are usually given for region
A only. They can readily be extended to the other
regions,

The function d7'™ (z) is branched and we must
specify a principal sheet. The function is a product
of the normalization term ¢™'™' (in region A, ¢™™' =

8 L. Pukanszky, Trans. Am, Math. Soc. 100, 116, (1961).
?J. M. Charap, J. Squires, Ann. Phys. (N. Y.) 20,
145, (1962), 21, 8 1963) 25, 143 (1963).
W.'B. Kib le, Phys "Rev. 131, 2282 (1963).
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{T(+m+1)TG—m/+1)/T{+m' +D)Ti—m+1)}Y),
which is branched as a function of j, and the re-
mainder which is branched as a function of z but
is an entire function of j.

In region A,

Gr"Y =0+mi+m—-1D---G+m +1)
XG—mHYG—m —1) - §§—m+ 1.

so we can cut the j plane as shown in Fig, 2, and de-~
fine the principal sheet to be positive for j large and
positive. Since (¢7""')* = (¢7;") and ¢ ~
for large |jl, it follows that ¢7™ = (—1)""™¢m;m.
Then since F(—j +m,j+m -+ 1;1 4+ m — m":
1 — 12) is unchanged under j — —j — 1, we have

e = (~)™dNE = R, (2.9

As a function of 2, (3 + 32)'and (3 — ) have
cuts which we extend outwards from —1 and -+1;
and we give these functions their positive values
in the physieal region —1 < 2z < 1. The hyper-
geometrie function has a eut from —1 which we
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Fra. 2. The cut j-plane for region A.

extend to — =, taking the principal sheet to be
positive in the physical region.

3. THE FUNCTIONS OF THE SECOND XIND

From the d7'™ (z) which are analytic in —1 <
z < 1, but which have a eomplicated branch at »,
we can construct ‘“functions of the second kind”
e7'™'(2), which have simple behavior at z = .
In view of the linear relation between hypergeometric
functions given, for example, in Sec. 2.9, Eq. (2.6)
of HTF," a suitable definition is

—
2sinw(j — m)

X (Y — (=), G
where we take =F for Im z 2 0. For then we have

& (@) =

7™ @) = HIG+ m + DIG — m + DTG+ m’ + UG —~ m’ + D)}

ciewa FG+m+ 1,54+ m 41,2/ 4+ 2:2/1 —2)
TQ + 2) *
where we put the same cuts in (3 + 12)! and (3 — 12)! as above, and cut the remainder from +1
to — o, giving it its positive value for z > L
From the hypergeometric identity

Fla, bje:2) = (1 — 2 °Flg — a,¢6 — b;c :2)

X G+ #2G - 297G - 4 32

we have

" @ = 3{rG+m+ HrG — m + DG+ m' + HrG — m’ + 1}

e FG—m+1,j—m'+1;2) +2:2/1 —2)

X G+ 327G ~ )70 — 3

From (3.2) and (3.3) one sees that
e = (=) R
— (__l)mum'e;m,—m'(z) = e;:-m’.wnl(z). (3‘4)

From (2.2) and (3.1) we obtain the important
relation

() — s (2) = cob w(§ — m)dT™ (). (3.5)
Also, from (3.1) we have
e (—2) = et T )
(= for Imz 2 0). (3.6

In the region —1 < 2z < 1, the discontinuity
across the cut in z can be found directly from (3.1):

7™ (e + 10) — P (2 — 0) = —ind7"(@. (3.7

T@; +2) @3

4. RELATION TO JACOBI POLYNOMIALS AND
LEGENDRE FUNCTIONS

For j — m an integer, we can relate ™™ (z) to
the Jacobi polynomials PZ#(z) as defined, for ex-
ample, in Sec. 10.8 of HTF.

In region A, the relation is

a7 (@)
=G+ ™G — MG+ m) G~ m)
X G+ 380G - ORI ),

j—mzﬂslszy"“ (4:.1)

1 Baternan Manuscript Project, Higher Transcendenial
Functions, edited by A. Erdelyi, (McGraw-Hill Book Com-
pany, Inc., New York, 1953). (Referred to as HTF.)
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TasLE 1. Behavior for § — m an integer.
Region d;ym () g™ m(2)
1 Iml, Im’} <17+ 1] — 15 Finite: the series Finite for j > 0.
reduces to a polynominal. Pole of residue di™ ™'(2) forj < —1.
I iml, mf} > 17 + M4 — 14 Finite Pole of residue id;™"/(z).
and mm’ > 0.
I fml, ] > 17 + 1) — 14 Zero Pole of residue

v One of jml, Im’| < |j +
and the other > |7 + 14

“Square-root zero”’

(_l)j-—m + 1 %dim,-'m’( .,,.2).
“Square-root pole”

Similarly e"™ (z) can be related to the Jacobi
functions of the second kind @*'#(z). For region A,

e ()
= (=)""G + G — mYG+ m)G - m)1
X G+ 380G = 2T R,
j—m=0,1,2 . (4.2)

When m = m’ = 0 we obtain, for arbitrary com-
plex j, the Legendre functions; thus

G =P, '@ =Qk. 43

5. BEHAVIOR FOR INTEGER VALUES OF j—m

In considering the behavior of d7™'(2) and
e™™ (2) for integer values of j — m, it is appropriate
to divide the space of m and m’ into regions I-IV
as shown in Fig. 3. To cover the case of negative
j as well as positive, we should replace j by |j+3| —3.

The hypergeometric function in (2.1) is analytic
in § for all j and finite except for special values of 2.
The normalization factor can then be seen to give
to d7™ (2) the behavior indicated in Table I. It
is elear from (3.2) that '™ () has no poles for
j > M, where M = max (Jm|, |»’}).

It follows from (3.1) that

) = (=17 (=),
j—M=0,1,2,---
From this, and (2.2), we can deduce that
&) = —(=)d T (=),
i+ M= -1,-2,-3,

(GRY)

Mee] M

.ﬂli‘iJL"l_
s Fra. 3 Regions of different be-
ot W!E:HW ™ havior for integer values of j—m.

KR

Hence ¢7"™ (z) has a pole for j — m an integer with
7 < —M — 1, the residue being d7'™ (2). The other
regions can now be readily dealt with using (3.1)
or (3.2). The results are given in Table I.

6. ASYMPTOTIC VALUES

The asymptotic values of d™ (2) and e7™'(z)
for fixed j, 2, m, and large |m'| were given in A.

For fixed j, m, m’ the hypergeometric series of
Eq. (3.2) immediately gives the behavior of e7'™ (2)
for large 2|

er™ @) ~ HIG + m + 1)
X P — m+ DTG+ m' + DTG — m' + D}
X gt TP (A==l g L 9)
(£ forTmz 2 0).  (6.1)

For d7'™'(2) we then use (3.5).

For fixed z, m, m' and large |j| the relevant theory
was given by Watson.'? The result is quoted in
Eq. (16) of Sec. 2.3 of HTF. From this we deduce

1

o . geii(r/‘z)(m—m’) [Z - (2‘2 — 1)%}1‘4—%
“re~ (2> N

—r +e<arg) <am — e

(= forTmz 2 0). (6.2)

The last term is cut along the —ve z-axis only and
is taken positive for z > 0.
Again, for d7™ (2) we use (3.5).

7. OPERATORS WHICH CONSTRUCT THE REP-
RESENTATIONS FROM LEGENDRE FUNCTIONS

The functions d7 ™ (z) and '™ (z) ecan be built
up from P;{z) and §;(2) by use of the operators

It and K% of Riemann-Liouville and Weyl frac-
tional integration, respectively. These are defined

2 G, N. Watson, Trans. Cambridge Phil. Soc. 22, 277,
(1918).
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13-14

by the equations

L@ = 505 P [ T i) — 9 da,

p#F0, -1, -2, .-, 7.1
—n -n dy
K@) = 11w - () ),
n=012---, (7.2)
B 1 ” a1
K@) = 5 P [ 10 — " do,
wFE O 1, =2, (7.3)

We will show that, in region A,
7@ = TG+ m+ 1)
X TG —m + /TG + m' + DTG — m + D}
X G+ 3G - =
X IVG + 327 THPE = I [P(@)]
and
er™E) = (TG — m+ 1)
X TG+ m + /TG + m+ DTG — m’ + D}
X (34 827G - R (-
X K [G + 327K "[Q:)] = K»™'[Q,2)]. (7.5

The steps involved in establishing (7.4) are as
follows: Using the Riemann—Liouville transform
given in Eq. (94) of Sec. 13.1 of IT*® we find

IP@] = (=2"G — )"
XF(—j,j+1;1+m:%—3)/TA+m). (7.6)

The simple hypergeometric identity given in HTF
2.9(2) leads to

74

[ anm e e i
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G+ PR = (297G - )7

XF(=j+m,j+m+1;14+m:5—32)/T1 4+ m),
(7.7

and then
V(G + 37 P,@]
= (=2""G = W)TF (=i m, w1
1+m—m':3—3)/Tl+m—mnw), (7.8

from which (7.4) follows.

To establish (7.5), we use Eq. (78) of Sec. 13.2
of IT. The equations corresponding to the above
three are

K:"[(Q:2)]
=27"rG 4+ DTG+ m+ DG~ 7

XFG+m+1,j+1;2j+ 2:2/1 — 2)/T(2j + 2),
(7.9)

3 + PK"QE)]
= 27VTG + DTG + m 4+ D — 57

XFG—m+1,7+1;2+ 2:2/1 —2)/T(2j + 2),
(7.10)
K213+ 3K Q@)1 = 270
X TG —m 4+ DTG+ m+ D&z — Him?
XFG—m+1,j—m +1;2 +2:
2/1 — 2)/T(2j + 2). (7.11)

As usual, the symmetry relations lead to analogous
expressions for regions B, C, and D.

Using these results, we can evaluate a certain
integral. We will show that, in region A for example,

{P(jx + m + DTG, — m/ + DTG — m + DTG, + m’ + 1)}%
', +m + DG, — m + DTG, + m + DTG, — m’ + 1)

(jz - Jx)(]z + jl + 1)
Using (7.4) and (7.5) the integral becomes

,  Rej: >Rej > 0. (7.12)

{r(a; + m 4+ DTG, — m 4+ DTG — m + DTG, + m’ + 1)}*
F(jx + mi -+ I)F(jl — m + l)r(jz “+ m -+ 1)P(j2 - ‘m! + 1)

X f1 K6+ $2)"K QL@ (G + 327 PLE)]) de.

18 Bateman Manuscript Project, T'ables of Integral Transforms, edited by A. Erdelyi, (McGraw-Hill Book Company, Inc.,

New York, 1954), Vol. II (referred to as IT).

141, Schwartz, Theorie des distributions (Hermann & Cie, Paris, 1959).
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Integrating by parts first for K™ and I™, and

theu for K™, I™, we obtain the required result on

using

[ @.0P.@ d = (G: — )s + i + D}
Rej, > Red; > 0.

which is Eq. (4) of HTF 3.12.

(7.13)

8. RECURRENCE RELATION

We first prove a relation between hypergeometric
functions. For brevity, since we are here considering
z, m, m’ to be fixed, we write F; for F(j + m + 1,
4+ m 4+ 1; 2 + 2:2/1 — 2). We prove that
G+m+DG+m +DG~m+DG—m +1)

X {i/@j + 2@f + 3)}(2/1 — JF i

+ (G + 1D242j + DIA — 2F;-

= (2j + D{2iG + DIA —2) + mm’ — i+ l)g’ ;
d

This could presumably be derived by repeated ap-
plication of the relations between contiguous hyper-
geometric functions, but we give a more direct
proof. For % |1 — z| > 1 the hypergeometric series
converge and equating coefficients of (2/1 — 2)"
it can be seen that the above identity is equivalent
to the algebraic identity

G+ m+DG+m + D/ +n+2)
+G-mi-m)G+DE+n+D/e+ D
=@{—m+n+DG—m+n+ D@ +2
X 2iG + D/le + D2+ + 2)
+ {mm’ ~ jG+ D} + D. 8.2)

This can readily be verified for n -+ 1 = 0, 27
n 4+ 2 = 0, and n = 0 (three values of n clearly
being sufficient).

From the relation (8.1) we obtain
{G+m+Di—-—m+DG+m + 1)
X (G — m' + DIG + D7RE)

+ {G+ mG ~ mG + m)G — m)}
= (2§ + Die — mm'/iG + D)™ @),
which is the required recurrence relation.
Changing j to —j — 1, m to —m, and m' to —m/,
and using (3.5), one can see that d7 ™ (z) satisfies
the same recurrence relation.

i@

8.3)
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9. COMPLETENESS RELATION

If we take first the recurrence relation (8.3) writing
u instead of j, secondly take the relation obtained
fromthishbyuy— —p— I, m— —m,m — ——mf,
2 — t, then multiply the ﬁrst equation by &2 7™ (1),
the second equation by 7™ (z) and add, we obtain
(& — D@ + Del™ @elii™ ()

= Rut (2 ) — RI'™ (@, B, @.1n

where
RY™ (@ ) = (G + mG = m)G + m)§ — m)}
X ™ @er ™ @) — TRl (9.2

We can explicitly sum this for x ranging in integer
steps from say j to v (¥ — j an integer). Thus

) 2 @u + Ve @eli™ (1)

BRI @ &) — RT™ (@, 0). 9.3)
In view of the asymptotic relation (6.2), we have
for large |»|,

m.m - @ — DY
Rr™(z, t) ~clz, b “———“—*-I)*; . 9.4)
So if 2 Hes outside the ellipse E{f) which has foci
at =1 and which passes through ¢, then
> @u o+ D @en () = L ED

g

(9.5)

the convergence being uniform in z for z on any
compact set lying wholly outside E(t).

We will see that (9.5) can play the role of a com-
pleteness relation for a certain class of functions.

10. SOME PROPERTIES OF R/ »'(z,f)
We first show that

# tanx(j — MBI ™ (z,2) = 1 (10.1)
Putting 2z = ¢ in (9.3}, we see that
7+£ (Z 3} = Rm - (Z, Z} (is*z)

When j — m is ——add-mteger it is clear from {3.5)
that ef™'(2) = 77" (2), and it follows that
R?™™(z, z) vanishes at these points. Therefore
" tan #(j — m) RI™'(z, 2) is analytic for all
finite j, except possibly for —M < 7 < M. But
from the periodicity (10.2) it must then be analytic
for all finite 7. From the asymptotic form given in
(6.2) we find that, for large |7}, =~ tan w(j—m)R™"-
(2, 2) ~ 1. A function analytic for all finite j and
bounded for large |j] must be constant and (10.1)
follows.

Secondly we wish to evaluate =™ tan »(j — m)-
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R7™ (2, t) for j = M, since this leads to a sum over
physica.l values of j. Only the term in 3™ ' (2)-

e-™ "™ (t) contributes, and the second factor of this
has a pole of residue —= d%™ (£). But in view of its
relation (4.1) to Pi™™"!>!™*"! () which is a constant,
we can write

™ () = [+ /A + P!
X [(1 — 8/ — 2P ™""dw™ ().
Then from the above property (10.1) we have

x tanx(j — m)-RP™(z, ¥)
= [ + /@ + ]!
X [ —9/Q =2}, for j=M. (10.3)
The relation (9.5) then leads to
_Z 2j + DT ™ @d7™ ()
$im+m’| . $im—m'}
-GE)TTEE) T e o

which agrees with Eq. B.33 of A.

11, EXPANSIONS IN SERIES OF FUNCTIONS
OF THE SECOND KIND

Suppose f;(z) is such that z’*'f,(z) is analytic in
some neighborhood of z = «. Consider the integral

szf(t) m) RT"™ (2, 1) dt,

z—1

where z and ¢ lie outside the closed contour C and
where =1 and all the singularities of f;(f) (except
the branch at «) lie inside. It can be seen that
f:(ORT™ (2, ¢) is analytic for all ¢ outside or on C,
and tends to zero for large |¢{|. The value of the
integral is therefore given by the residue at the
pole for ¢ = z. Thus, using (10.1), we see that value
of the integral is just f;(2).

When the series given in (9.5) converges uni-
formly, we can insert it and integrate term by term.
We thus have the following result.

tan 1r(y

Theorem. If 2'*'f,(2) is analytic for all z (including
z = «) outside the ellipse E with foci at =1, then
for z outside E,

:
5

=1

1@ = o™ @,

where

ar™ = —@2u + Da ' tan a(u — m)(2m)™

x [z a,
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the contour C enclosing 1 and all the singularities
of 2'*'f,(2).

The sum can be extended to negative u — j
since the coefficients a, vanish then, as can be seen
by deforming the contour to infinity.

12, BI-ORTHOGONALITY RELATION

By the above theorem we can expand el (2),
where r is any integer, as

3 e @

gm—

enT(e) = (s integer).

But the functions e7,™'(2), r = 0, £1, +2,
are clearly linearly independant so we must have
= §,,. Hence

lf@ﬂwamqu
xmeotw(j — m)
204+ +1"

where r and s are any integers, and the contour C
encloses =+1.

=—3 (11.1)

13. THE REDUCTION OF PRODUCTS OF
FUNCTIONS OF THE SECOND KIND

The theorem of Seec. 11 immedia.tely enables us
to expa.nd the product ef*'™ (2)e>"™ (2) as an in-
finite series over the functions e'™(z), where

=m +my,m =mj+mjand j — (ji + ) =
1, 2, 3, , the expansion coefficients being given
as a contour integral of a product of three functions
of the second kind. The series converges over the
whole cut z-plane. Burchnall and Chaundy'® have
conveniently given an explicit formula for the re-
duction of products for a class of hypergeometric
functions which includes our functions of the second
kind. This gives the expansion coefficients in terms
of generalized hypergeometric functions (;F,) of
unit argument:

F(a,bjo:0)F(a, B;v:7) = 27‘! (G)'(gazi'_(?'_i’_yif_ .

><3F2|:a’ 1—06-—r, —r]
v, 1—a~—r
xan[ﬁ’ 1—~c—r, —r:|
v, 1—b—r
Xz Fa+a+r,b+B8+rot+v+2r:2). (13.1)

15 J, L. Burchnall and T. W. Chaundy, Proc. London
Math. Soc. (2) 50, 72, (1944).
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From this it can be seen that the coefficients for
the reduction of a produet of two functions of the
seeond kind can be written as a product of two terms,
one involving the m’s and the other the m'’s. Thus

o5

by

Fe=farigtl

e @™ @) = E(jy, 237 2 ma, my)

X E(fi, jo; 7 2 mi, mDer™ (). (13.2)

Equation (13.1) then gives an algebraic expression
for these H-coefficients. The oceurrence of the nega-
tive integer —r in the parameters of the ;F, means

Clis da; §2 My, M)

¢@+mﬁﬁm@~%+n
r{.};l - m; + E)P{fz “+ m. + 1}

M. ANDREWS AND J. GUNSON

that it is no more than & finite sum over ratios of T-
funetions. We will see that the E-coeflicients are
closely related to a complex generalization of the
Clebseh—Gordan coefficients. In fact,

B3y, fa; 51 my, ma)
_ { = tan #{j — m) }*
T lan w(§; — m) tan w{d — m,)
X O{—4 — 1, =fp = 1} —j — 1t —~my, - 1y),
(13.3)

where

H
TG —m+ DG+ m + z)}

X {{23' +1

X 31&)[“?’1 + m};
i=h = ms+1,

"j% — g,

~§~@+1
j"jz'f‘ml*f“l

Hﬁ~ﬁ+i+ﬂﬁ—&+ﬁ+f+ny 1
TG + o — 7+ DTG+ §o + 4+ 2)

TG —h+m+ DTG~ f — m + 1)

(13.4)

= {T(G + m + DTG — m + DTG + my + DTG — mo + DIG + m A DTG — m + D}

X {(2;? + 1D

mﬁ+ﬁ~f+nmﬁwﬁ+§+nm~ﬁ+@+§+ny
TG+ +7+2

X (0T +h—d—s+ DTG —m ~s+ DTG + m; —s 4 1)

Xr{f“§2+m:+3+l}r{§‘“fz*mz'i’*s'i“i}}_lr

which reduces to Wigner's form for the Clebsch~
Gordan coefficients for integer values of j;, — m,
and j, — Ma.

This relation ean be derived from (13.1} by trans-
forming the ;F, by means of the relation

Flio:, 1—c¢—r, m?}~('}’—ai}r
3+ 2 —
v l—a—r tv)-
><3F{ & T @ T 1 (13.6)
l~y4a—r, 1—a—r

This is given, for example, by Bailey.'® It can be
verified directly by using Gauss’s formula [HTF,
2.8 (46}] to replace (1 — ¢ — #),/t!(1 — a — 7}, by
St (=D — a),/sit — 1 (1 — a — 7),, then
interchanging the order of summation (the sum being
finite) and finally performing the { summation by
Gauss’s formula. Straightforward manipulation of
the many I'-functions involved in the resulting ex-

1 W, N. Bailey, Cambridge Tracis in Mathematics and

Mathematical Physics {Cambridge University Press, Cam-
bridge, England, 1935), No. 32, p. 22.

{13.5)

pression for the E-coefficients leads to the above
relation to the C-coefficients.
The relation (13.3) shows that the functions

b7 = —r " tan w(f — Ml (@) (13.7)
reduce according to o
W@ @) = X0 Ol g i ma, mo)
X Cljsy Jo; 12 mi, mpDbT™ (). (13.8)

This is a direct complex generalization of the
Clebsch-Gordan reduction, sinee the b7"™ (z) reduce
to the d7°" (2) for positive integral values of j — M.

The reduetion to the Clebsch—Gordan decomposi-
tion for the physical cases can also be seen from the
integral expression

E(jl! 32; j: M, mﬁ)E(jh 32; j: 7?3{1 mé)

tana(j —m) 1
2me

- -@j+1

X § e @Er ™ Qe @) dey,  (13.9)
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which follows from the theorem of Sec. 11. For
j. + M, and j, + M, negatlve 1ntegers er ™ (2)
has a pole of residue d7*'™' = d::",‘_l‘"“ Further-
more the dlscontlnulty of eZ7:7™ (2) across (—1, 1)
is —ir dZ7 ™ (2) [Eq. (3.7)].

So

tan w(j, — my) tan =(j, — m,)

xtan 7(j — m)
X E(jl) ]27 j: my, m2>E(jl) ]2; j: m{y mé)
= —@j+ D(=D""}

1
X TR @) AT @) d0E) de

-1
=C(—fH — 1, —fo — 1; —j — 1: —my, —my)

X C(”’]l - 1! _j‘z - 17 _m{r _mg)y

(13.10)
using the well known integral expression for the
Clebsch—Gordan coefficients. (See, for example,
Edmonds'® 4.6.2).

All the above results can be trivially amended to
apply to the functions E7™ (o, 8, v), D™ (a, 8, )
instead of €™ (2), d™™ (2).

—j — 1:

14. RELATIONS WITH THE REPRESENTATION
THEORY OF SL(2,R)

The unitary representations of the locally com-
pact group SL(2, R) have been much studied.'®***'*
Those representations which occur in the expansion
of an arbitrary square-integrable function defined
on the group, the discrete series and the principal
series, are closely related to the local representations
of SO(3) as noted in A. The connection is made
more explicit by letting SL(2, C) be parametrized
in the following manner:

1 ti(aty) t 1 Fi(a—7y)
cos 3B3-e sin 383-¢
26 26 , (]4.1)
—sin 8- cos 18- H (T
a, %, v arbitrarily complex, where z = cos 8. Then

(a) The subgroup SU(2) is given by restriction to
—1<zL;-2r L a+t+v,a—v < 27

(b) The subgroup SL(2, R) is given by restriction
0l £2< 0; —o <t iy < .

(¢) The subgroup G is given by restriction to
1<z< o; 2rLaty,a—v < 27

17 A, R. Edmonds, Angular Momentum in Quantum Me-
chanics, (Princeton University Press, Princeton, New Jersey,
1957).

18V, Bargmann, Ann. Math. 48, 568, (1947).

19 R, A. Kunze, and E. M. Stein, Am. J. Math. 82, 1,
(1960).

20 R, Takahashi, Japan J. Math. 31, 55, (1961).
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The group @G is isomorphic to SL(2, R)'® and is the
most convenient choice to take here. If, in the group
(local) representation formula (Eq. B.7 of A), we
set Re j = —3, restrict m — m/, m 4+ m’ to be
integers and «, z, ¥ to lie in the manifold of G,
then the convergence restrictions (Eq. B.14 of A)
disappear. This gives directly the principal series
of unitary representations of G. The discrete series
appear in conjunction with the finite-dimensional
(nonunitary) representations of G when we set
m — m', m + m’, § — m integers. For this case the
representations appear in the fully reduced form
described in Sec. 5.

From the completeness relation of See. 9, we
obtain an elementary proof of the completeness of
the above unitary representations of G. Setting
1 <2 < « in (10.4) and using (5.1) we can express
the sum as a contour integral

<1 + t>%|m+m’\<1 _ t)%[m—m’l
1+z2 1 —z

z—1

1

M-}—iw o d(n'—m’_ m,m’
=Z[ di2j + 1% (=8el"™ (2)
M—}+ic

sin w(j — m)

larg (1 — &) < «], (14.2)

of the Sommerfeld-Watson type.

Let us now take the difference of the limits on
each side of the boundary of the region of con-
vergence in ¢ of this integral, given by |arg (1—¢)|=.
In the integrand the dependence on ¢ is given by
dr ™ (—t) whosa discontinuity in 1 < { < « is
obtained immediately from (3.1) as

a7 (=t — 4 — A (= + 49

= ZUsina(j — m)d"(), 1<t< o, (14.3)

where we have ignored the cuts in (1 + &? and
(1 — &) which clearly cancel in (14. 2).
In view of the relation

fe—(+i9}7 — {2 = (1t — i}
this leads to

= 2ird(z — 1),

o — ) = 5= f e T aiei + 1 e,

z,t € [1, =]. (14.4)

Using Table I we have

jmie
e =0 =5 [ aiei+ v arTwee
1 M=lm—m’| , ,
ts . }: AR LA

or 1/2, 3/2 5/2
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1 e ' |
f d] (2.7 + 1) cot 1r(] — m)d',."-"' (t)d”"-m (Z)

- ;1—7' ~}+iw

M—|m-m’|
+% =0 2 @+ DdrTOdT™ @), (14.5)

or1/2,3/2,6/2,°**

This may be compared with the Plancherel formula
for G.">*' We thus obtain the following fundamental
theorem:

Theorem. Let f(e, 2z, v) be a square-integrable
function defined on @, and f~™'(z) the Fourier
component obtained by projection onto e and
e'™"”. Then we have the expansion

—}-iw

2]+ DFT(G) a6

—4+4

6 = 5

31 I, Ehrenpreis, and F. Mautner, Ann. Math. 61, 406,
(1955); Trans. Am. Math. Soc. 84, 1, (1957); 90, 435, (1959).
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1 M—Im—m'| . e .
+5 X @+ DETR)ATTE), (14.6)
or 1B B
where
o (g) = f @™ (@) dz, Rej=—}% (14.7)
and
G = [ derTe e 14

are the projections onto the principal and discrete
series, respectively.

In the second paper of this series the theorem is
extended to cover a much larger class of generalized
functions on @, so as to include cases of physical
interest.
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Statistical Mechanics of Quenched Solid Solutions
with Application to Magnetically Dilute Alloys*
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The arrangement of atoms in solid solutions and alloys, prepared at high temperatures and cooled
nonadiabatically, is not the one which is thermodynamically most stable. In establishing theories of
phenomena related to the internal degrees of freedom of such a system, such as magnetism, one must
be careful to account for this nonequilibrium distribution of atoms. In this paper, systems are treated
with the aid of a fictitious equilibrium system. This fictitious system is constructed such that its thermal
equilibrium properties are the same as the properties of the non-thermal-equilibrium system. Thus
one can treat nonequilibrium systems by applying well known thermal equilibrium techniques to the

fictitious system.

The method is illustrated via the example of a magnetically dilute alloy. Brout’s result for a very
dilute Ising system is obtained with the aid of the theory of classical fluids, without collecting diagrams.
A method for applying the higher approximations developed for classical fluids to the present problem
is suggested; calculations and discussions of which are retained for a forthcoming paper.

INTRODUCTION

HE motion of atoms in solid solutions, or

alloys prepared at high temperatures and cooled
nonadiabatically, will be quenched at a certain
temperature. The atoms will not be able to attain
their thermal-equilibrium distribution at lower tem-
peratures, although the system will come to thermal
equilibrium with respect to other degrees of freedom,
such as magnetism or lattice vibrations.

In order to investigate such a system one has to
know the distribution of atoms as well as the poten-
tial energy,’ while for a classical system in its
equilibrium state, the latter knowledge is sufficient.
Let X and x be the sets of variables which deseribe
the distribution of atoms and the internal degrees of
freedom, respectively. Then the probability of a
system in its equilibrium state having a configuration
(X, z) is known to be proportional to exp —&(X, ),
where (X, z) is the potential energy associated with
the configuration (X, x), and 8 = 1/kT; k is the
Boltzmann constant and 7 is the temperature of
the system. Thus the equilibrium properties of the
system can be calculated.

The system of interest in the present calculation
is not in thermal equilibrium with respect to the
distribution of X; though it is in equilibrium with
respect to z for a fixed value of X. Let P(X) be the
probability of the atoms in the system of interest
having configuration X. Then the probability of
the configuration (X, z) will be proportional to

* This work was supported by the U. S. Office of Aero-
space Research under Contract No. AF-AFOSR-445-63.

JapL r(l)n leave of absence from Shizucka University, Shizuoka,

. !For clear understanding, a classical system is considered
in this introduction.

P(X)-[exp — B¥(X, z)/ 2. exp — BB(X, 1))

The second factor is the conditional probability for
variable z in thermal equilibrium for a fixed value
of X. Brout’ and Mazo® discussed the calculation of
free energy of such a system. They pointed out that
one must be very careful in averaging over X and z,
because of the two factors in the probability.

The purpose of this paper is to present another
approach to the investigation of such systems. Let
us define ¥(X) by

exp — f¥(X) = const X P(X)/ 2. exp — B&(X, ),

and consider a fictitious system described by the
potential energy ¥(X) 4+ ®(X, z). Then the proba-
bility of the fictitious system having an equilibrium
configuration (X, z) is the same as the probability
of configuration (X, z) in the non-thermal-equi-
librium system. Hence to investigate the non-
thermal-equilibrium system one must determine
¥(X) and investigate the equilibrium properties of
the fictitious system.* The general method of doing
this will be sketched in Sec. I, and the application
of the method to magnetically dilute alloys will be
given in See. II.

1. GENERAL THEORY

Solid solutions and alloys in which the distribution
of the constituent atoms is given, but in which the
constituent atoms have internal degrees of freedom,
are systems of the type to be considered.

Let X and z be the sets of coordinates which

2 R. Brout, Phys. Rev. 115, 824 (1959).

3 R. M. Mazo, J. Chem. Phys. 39, 1224 (1963).

4 This avoids the need for special cautions in averaging
over X and z.
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assign the distribution of atoms and the internal
degrees of freedom, respectively. For instance, if the
system is composed of N, atoms of species 1, N,
atoms of species 2, --- , N, atoms of species o, X
stands for the set of all N(=>7., N,) atoms:
R,,-- -, Ry, for atoms of species 1, Ry, .1, -, Ry, v,
for atoms of species 2, -+ , Ry_y,41, -+ , Ry for
atoms of species ¢. In the following the probability
of configuration X, P(X), is assumed to be pre-

seribed; and [ dX stands for

—ﬁ,—lw—]\”fdzzlfd&,---fd&v

or

1
I v, Z Z ;
according as the coordinates are continuous or dis-
crete variables.

First consider a classical system which is described
by the potential energy ®(X, x). If one knew the dis-
tribution of atoms, X, for the system, the expecta-
tion value of any physical quantity A (X, z) would
be caleulated from

[1/Z(X)] 2. AX, z) exp —B3(X, x),

where 8 = 1/kT as usual and

Z(X) = 2. exp —p®(X, ). 1.1)

However, only the probability distribution of X,
P(X), is given; so that the expectation value of
A (X, z) for our system is given by the average of the
above expression:

4y = [ ax P<X>'Z(1—X> 3. A, )

X exp —B®(X, x). (1.2)

Introduce ¥ (X) by’
P(X)/Z(X) = (1/Z) exp —p¥(X),  (1.3)

where Z is a constant to be determined by the norma-
lization condition of P(X), so that

Z = de Z(X) exp —B¥(X). (1.4)
This determines ¥(X) uniquely except for an arbi-
trary additive constant. Substituting Egs. (1.3) and

(1.1) into Egs. (1.2) and (1.4), respectively, one
obtains the following expression for (A4):

8 One should not confuse Z with Z(X); Z will be shown to
be the partition function for the fictitious system to be in-
troduced below.
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) = [ax T oiX. 94X, 0, (1.9
where
o(X, ) = 27 exp —B¥(X) + O(X, 2)]  (16)
and
Z=[dX T, ep - + oX, 9. (D)

This is the average value of A(X, x) for a system
described by the potential energy ¥(X) + ®(X, x).
The properties of this system can be discussed by
applying the methods of classical statistical mechan-
ics, once ¥(X) is known. In order to apply the
techniques of classical statistical mechanics it is
convenient to determine ¥(X) in the form
N

YX)= X YPRy + X

i=1 N>i>j21

\bl('?l,(R” [i,) + RECRC I
(1.8)

Now it is convenient to consider the variational
problem where the integral

[ dx 5. 0, DBeX, ) + In pu(X, )] (19)

is minimized with respect to variations of p,(X, x),
under the conditions that

1= [dx . o, ) (1.10)

and
PX) = Y. pdX, 2).

The variation can be easily taken by introducing a
Lagrange multiplier for each restriction. If the
Lagrange multipliers for Eqgs. (1.10) and (1.11) are
denoted as In Z* — 1 and S¥*(X), then as the result
of the variation of

(1.11)

[ 4% . 0X, 982X, 2) + In p(X, )
Fanze - 0{f ax 5o 0 - 1)

+ [ dxev (T 0X, 0) — PO}, 112

one obtains
p(X, z) = (1/Z*) exp —B[¥(X, ) + ¥*(X)], (1.13)

where p(X, z) is the p,(X, z) which minimizes inte-
gral (1.12). The Lagrange multipliers, Z* and
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BY¥*(X), are determined by
7* = f dX 3. exp —B[(X, z) + THX)] (1.14)
and

P(X) = 75 2.. exp —B[@(X, z) + ¥*(X)]. (1.15)
Comparing Egs. (1.13), (1.14), and (1.15) with
Egs. (1.6), (1.7), and (1.3), it is obvious that g¥(X)
can be considered as the Lagrange multiplier which
secures the distribution to be the preseribed one,
ie., P(X).

When the one-, two-, --- , particle distribution
functions, p,(,l)(R), e (R R"), and so on, are given,
instead of P(X), restriction (1.11) in the above
variational problem should be replaced by

pil)(R) = de Zx P(X; x) Zliv=1 Bv,v.‘ 6R,R.~y
(1.16)
(2)(R R/)
- [ax Z.ox,)

N N

ZZB,“ 8, .v; Or.r: Or". R4y

i=1 §=1
(i=7)

and so forth. If Lagrange multipliers for these
restrictions are denoted by

YOR), 2R, R, ete.,

then p(X, z), which is the p,(X, z) that minimizes
integral (1.9), is given by Eq. (1.6), in which ¥(X)
is given by Eq. (1.8). Hence y{" (R), ¢‘2 (R, R), etc.,
introduced by Eq. (1.8), can be taken to be Lagrange
multipliers which secure the distributions p{* (R),
(R, R'), ete., to be equal to the given ones.

Asa consequence, one finds that to investigate the
properties of a system in which the distributions are
prescribed, one must calculate the properties and
the distribution functions of the system which has
potential energy given by

(¥ (X) expressed by Lg. (1.8)] + ®(X, z).

Then ¢V (R), ¢2(R, R’), -+ must be determined
such that the dlstrlbutlon functions obtained are
equal to those which are preseribed.

In treating quantum systems the Hamiltonian,
H(X, x), which contains X as a parameter, will be
given. For such a system one can argue in the same
way as was done above by replacing &(X, z) by
H(X, z), and D, by tr,. In this case one must in-
vestigate the properties and distribution functions
of a system which has a Hamiltonian given by

[¥(X) expressed by Eq. (1.8)] + H(X, x).
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II. MAGNETICALLY DILUTE ALLOYS

As an example, an Ising system of N magnetic
atoms randomly distributed in a paramagnetic
lattice of L sites will be considered. X will be taken
as the set of coordinates of N (=pL) magnetic atoms,
R,, -+, Ry, each of which runs over the L lattice
sites; and « as the set of their spin wvariables,
81, -+ , Sy, which take on the values +1 or —1. In
this notation the N-particle distribution function,
P(X), is independent of R,, --- , Ry; and hence the

one-, two-, - -- , particle distribution functions are
given by
p(R) = p = N/L, 2.1)
p(2)(R) R’) = {pZ for R ;é R,’
0 for R =R,
and so on, and (X, x) is
N
@(X, x) = - Z H(Ri)si - Z J(Rn R )8 iSj.
i=1 >i>i21
2.2)
Following Eq. (1.8), ¥(X) is introduced by as
N
¥(X) = 2 ¥ OR) + \ 2 VOR,R)+ -
i=1 V>i>721
(2.3)

Now, following Sec. I, the thermodynamic proper-
ties and distribution functions of the fictitious system
described by the potential energy

[¥(X) given by Eq. (2.3)]
+ [#(X, z) given by Eq. (2.2)]

must be investigated. Then v (R), v** (R, R"),- - -,
must be determined such that the distribution func-
tions obtained are equal to those given by Eq. (2.1).
The grand partition function, =, for the fictitious
system is given by®
© ZN L
—ENLA A

X 2, exp —BI¥X) + &(X, )],

eN==%1

2.4)

where 2 is the fugacity, which is to be determined
such that the total number of particles calculated is
equal to the given value, N. The functions z*(R),
2*(R) and b,.. (R, R’) are introduced by

Nz — g¥X) + X, v)] =

2

N2i>i21

Zlnz “(R)

+ In [buai(Rn R:) + 1] + - ) (25)

¢ FPor mathematical convenience, the grand canonical en-
semble is used in this part.
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In 24(R) = In2*(R) + BH(R)s,

Inz%R) = Inz — 8¢V (R),
In [b,.-(R, R’) + 1]=—B¢y”(R, R’) + BJ(R, R")s¢’,
b, (R, R’) = exp —BY®(R, R’) cosh BJ(R, R’)

X [1 + s’ tanh BJ(R, B)] — 1. (2.7)

It is known that, using Eq. (2.4), the one- and two-
particle distribution functions can be expressed as’

p.(R) = 6 In E/6 In2%(R) 2.8)

2.6)

and
pu)(R R’) =6In ’-'/6 In [bu (R R’) + 1] (29)

It is also known that this set can be transformed
to’

nE= 323, e®nzAR) — InpR) + 1]

+ Sum of all the more than singly connected diagrams com-

posed of black circles @ and bonds _ b, (2.10)
0 = 6 In E/6p.(R), (2.11)

and
pS(R,R) = 6 E/6In[b,R,R)+ 1] (212

[cf. Egs. (4.6)-(4.8) of CF]. The functions p(R) and
MR) are introduced by

pR) = 2. p.(R) and MR) =

or

2. p(R)s  (2.13)
p(R) = 3[p(R) + s\(R)]. (2.13")

Using Eqs. (2.13) and (2.13’), Eq. (2.8) can be re-
placed by

p(R) = §In 5/6 In2¥R) 2.8
and

MRB) = 6 In 5/6BH(R),
and Eq. (2.11) can be replaced by
0=456InE/6p(R) and 0 = §In E/0NR). (2.11")

Retaining only that diagram in Eq. (2.10) corres-
ponding to & bond is analogous to retaining terms
up to the second virial coefficient in the nonideal-gas
expansion. In this approximation, substituting Eqgs.
(2.13') and (2.7), one obtains

= 3% 3. 0B)In2AR) — In p,(R) + 1]
+ % ZR ZR’ E- Zn' p,(R)p,'(R,)b,,'(R, R,)

7 T, Morita and K. Hiroike, Progr. Theoret. Phys. (Kyoto)
25, 537 (1961), to be referred to as CF.
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= D2z p(R) In2*(R) + X BHERNR)

~ 3 X 2. [0(B) + s\(RB)]

X {In [p(R) + sA(R)] — In2 — 1}

+ % 28 2r exp —BY(R, R’) cosh BJ(R, R')
X [p(R)p(R’) + NR)MB') tanh BJ (R, R")]

— 3 2e 2or o(R)p(R). (2.14)

Substituting this expression into (2.11°) and (2.12),
one gets

0=Inz—-B¢"R) — 3 In[pR) — MR)]
+ W2+ 14 D pR) exp —B¢P(R, R')
X cosh BJ(R, R’) — D or o(B),

I ”—glng’—;gg + T B

X exp —W‘”(R, R’) sinh BJ(R, R'),
and '
pr'(R, R') = p,[R)p, B)(1 + b..(B, R)]
= i[o(®) + s\NE)][p(R") + 'ME")]
X exp —By (R, R’) cosh BJ(R, R’)
X [1 + ss’ tanh BJ(R, R')]. 2.17)
The conditions that H(R) = H, MR) = A and

p(R) = 22, p(R) =

(2.15)
0 = BHR) —

2.16)

(2.18)
and
PR, R) = >, 2. 2R, R

_ {pz for R # R/,
0

for B =R/,
determine y*' (R, R’) as
exp By (R, R") = cosh BJ(R, R’)
X [1 + (\*/p) tanh BJ(R, R")], (2.20)

for R # R’ and ¢y*® (R, B) = . Substituting the
thus determined ¢® (R, R’) into Eq. (2.16), one
obtains

(2.19)

1, 14 )Np
ln 1= Mo
tanh 8J(R, R")
1 + (\/p)* tanh J(R, R")’

0 =BH —

2.21)

+\ 2w

(R'¥R)

which is the expression determining the magnetiza-
tion X as a function of the external field H. This is
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the same expression Brout® obtained by collecting
many diagrams. The value of ¢’ (R) can be deter-
mined by substituting the results of Egs. (2.20) and
(2.21) into Eq. (2.15).

The above approximation is considered applicable
only to very dilute systems in which J(B, R’) is of
short range. In order to consider systems of higher
densities, or in which J (R, R’) is of longer range, one
must use the higher approximations applicable to
less dilute gases. This can readily be done if ¢, ¢*,
etc. are neglected. In this approximation the above
system is analogous to a multicomponent system in
which the equations determining the one- and two-
particle distribution functions p{"’ (R) and {2 (R, B")
are given in the form

Inz — BeR) = F"{R; p,”(R), p.'(R, R))}, (2.22)

—Be.. (R, R) = F2{R, R'; o’ (R), ps (R, B")},
(2.23)

where ¢,(R) and ¢,,. (R, B') are the potential energies
of the multicomponent system, and F{(R) and
F2 (R, R') are some functionals of p{"(R) and
o (R, R"). Applying this to the present problem, in
which ¢,(R) = —H(R)s — ¢y"V(R) and o2(R, R’) =
v® (R, R") — J(R, R)ss’, one obtains

Inz -+ BH(R)s — B¢ (R)

= F"{R; p."(R), (R, BN},  (2.24)
BJ(R, R")ss' — BYV(R, B’
= FO{R,R; p’(R), o0 (R, RD}.  (2.25)
In addition to these six equations, one has
oB) = 2. nV(R), (2.26)
PP@®,B) = 3, . 0B R). (2.27)

The eight functions p{* (R), o2 (R, R"), vV (R), and
v (R, R') can be determined from these eight equa-
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tions.® In practice, it is more convenient to use the
set of equations which are obtained by applying
Z. and Z, sto Eq. (2.24) and Z. E,:, Z. E,: s,
3. 2. & and 2, >, ss’ to Eq. (2.25). The
equations which are obtained by applying 3, and
> 2. to Eq. (2.24) and Eq. (2.25), respectively,
are equations determining ¢’ (R) and ¢* (R, R’).
The other six equations determine pf*’'(R) and
p®(R, R’). The expressions for F{(R) and
F®(R, R') are obtained from the right-hand sides of
Eqs. (4.22) and (4.18) of CF by using the translation
indicated in See. 6 of CF, which must be done to
apply them to the case of a multicomponent system.
The Bethe approximation is obtained by neglecting
the contribution from the diagrams in Eqgs. (4.22)
and (4.18) of CF. The hypernetted chain approxima-
tion can be obtained by taking into account the
contributions from the chain and ring diagrams in
these equations. Any approximation in which equa-
tions determining o’ (R) and p2(R, R’) can be
written in the forms of Egs. (2.22) and (2.23) is
applicable to the present problem. Calculations and
discussions of such improved approximations will
be the theme of a forthcoming paper.
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The Mandelstam representation is a statement about the region of analyticity and asymptotic
behavior (polynomial boundedness) of a scattering amplitude. In virtue of the unitarity condition,
however, these two are not completely independent. Some physical consequences, e.g., uniqueness,
polynomial boundedness of the total cross section, etc., which have been already derived from the
Mandelstam representation, are shown to be preserved, even if the polynomial boundedness is replaced
by a somewhat weaker assumption. By making use of unitarity, analyticity, and crossing symmetry,
the following type of scattering amplitude F = E < M, where E is an entire function in both variables
s and ¢, while M denotes a Mandelstam-type function with finite number of subtraction, is shown to
be ruled out. Similarly, F = EM is also ruled out, if one imposes the additional restriction that E
should increase less fast than an exponential in one variable while the other is finite.

I. INTRODUCTION

N the Mandelstam representation,’ the following
two distinet assumptions are made:

(A) analyticity of the scattering amplitude in two
complex variables s and ¢, with singularities only at
the poles given by

s = const, t = const, and u = const,
and cuts given by
s = 44" + A\,
F =47 + No, A, A, Agreal > 0, (1)
u = 44" + N,

where u = 4u° — s — t. For simplicity, we consider
the case of spinless equal-mass particles; however,
the results of this paper can easily be extended to
more general cases.

(B) boundedness of the scattering amplitude by a
polynomial in s, ¢, and u for large values of two or
three variables among s, ¢, and «. This latter assump-
tion enables one to write explicitly the Mandelstam
representation, as a sum of three double dispersion
integrals plus a finite number of subtraction terms
including one-dimensional integrals and polynomial.
It is clear that these two assumptions are indepen-
dent. However, the physical amplitude being sub-
mitted to the unitarity condition, they are no longer
completely independent of each other, e.g., the
polynomial boundedness in the physical region
follows from a much weaker assumption than (B).

* This study was supported by the U. S. Air Force Office of
Scientific Research, Grant No. AF-AFSOR-42-64.

t+ On leave of absence from CERN Theory Division,
Geneva, Switzerland.

1S. Mandelstam, Phys. Rev. 112, 1344 (1958).

The question, which we wish to investigate in this
paper, is to see to what extent one can release partly
or completely the assumption (B). In fact, Mandel-
stam® himself has recently found a class of graphs
whose sum does not satisfy (B). It has also been
suggested by Freund and Oehme’ to introduce an
entire function (with faster growth than any poly-
nomial in some directions) in the Mandelstam repre-
sentation in order to explain high-energy scattering
data.

Of course, we can no longer write down explicitly
the Mandelstam representation, if the assumption
(B) is dropped. However, by making use of the
assumption (A) together with the unitarity, many
of the physical consequences of the Mandelstam
representation turn out to be still valid.* For
instance, the scattering amplitude is still analytic
in the cut ¢-plane, for fixed s. Then, for fixed s real
> 44°, we can define an absorptive part of the
scattering amplitude A,(s, £) and define the double
spectral function in s > 0,¢ > 0 as the discontinuity
of A,(s, {) across the positive i-cut.

The unitarity condition, for s below the first
inelastic threshold,

A (s, cos 0y.) = f dQ;F (s, cos 0,5)F*(s, cos 0,), (2)

can still be analytically continued outside the physi-
cal region, by inserting in the right-hand side a finite
contour integral for F. Thus the Mandelstam equa-
tion' for the spectral function in the s elastic strip
will be preserved. Furthermore, the double spectral

¢ 8. Mandelstam, Nuovo Cimento 30, 1148 (1963).

3 P. G. O. Freund and R. Oehme, Phys. Rev. Letters 10,
450 (1963).

4 See, for instance, A. J. Dragt and R. Karplus, J. Math.
Phys. 5, 120 (1964).
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function defined to be the discontinuity of A4,(s, t)
for ¢ > 0 will still coincide with that one defined as
the discontinuity of A.(s, t) for s > 0. So we still
get the familiar picture of the support of the spectral
functions, with the same boundary curves as in the
ordinary Mandelstam representation.

In view of the vast possibilities of replacing the
condition (B) by a weaker one, we want to consider
the following two simple ways of alteration of (B),
which we nevertheless hope, would turn out to be
useful in further discussions of more general situa-
tions:

(1) We release the polynomial boundedness
assumption only when all three variables s, ¢, and
# go to fininity. We maintain that for fixed ¢ the
scattering amplitude is still bounded by a poly-
nomial in s, ete. Then, most of the consequences of
the Mandelstam representation are saved. For in-
stance, the one-dimensional dispersion relations
hold, the Froissart bound® holds, and the theorem on
the uniqueness of the scattering amplitude,’ when
the spectral function is given in a substrip of the
elastic strip of one channel, is still valid. An open
question is whether one can still write the partial-
wave dispersion relations.

(2) We release (B) by introducing an entire func-
tion. It turns out that this kind of modification is
very difficult to make in such a way that the unitarity
is preserved. So far, we have only been able to treat
the following two rather extreme cases:

(a) F=E+ M,
(b) F = EM,

where F denotes the scattering amplitude and M
denotes ordinary Mandelstam-like expression, while
I is an entire function in both variables s and ¢.
(a) will turn out to be inconsistent with the elastic
unitarity, and should be rejected. (b) will also be
rejected, if |E (s, £)| < exp A|s|®(a < 1) for t <t,(¢,>0)
and the same inequalities with circular permutation
among 8, t, and « hold. In the proof, the positiveness
of the absorptive part of the forward scattering
amplitude plays an essential role and only restricted
analyticity in an ellipse in the ¢ plane is used. Clearly,
these two rather extreme cases do not cover all the
possibilities of introducing entire functions; however,
more conscientious exploitation of the given infor-
mation might lead to a further limitation on the
possibility of modifying the Mandelstam representa-
tion.

& M. Froissart, Phys. Rev. 123, 1053 (1961).
6 A. Martin, Phys. Rev. Letters 9, 410 (1962).
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II. POLYNOMIAL BOUNDEDNESS IN ONE VARIABLE

TFirst of all, let us state that the Froissart bounds®
for the scattering amplitude:
|F(s, cos 8 = 1)] < Cs log® s, 3
|F(s, cos 8)] < Cs*(log s)f, for e< @ <7 —e

are preserved, if, for ¢ = £,(0 < ¢, < 4p"), the scatter-
ing amplitude is bounded by a polynomial in s. This
is obvious from the derivation of the Froissart bounds
presented by one of us.” However, the more refined
nonforward bound®

[F(s, cos 8)] < (logs)! for e < 8 <7 — ¢ “4)

no longer holds, since it is assumed in its derivation
that the polynomial boundedness in s holds for
lcos 6] = |1 + ¢/2k°| < C(C > 1). This assumption
implies that the amplitude should be polynomial
bounded, when both |s| and [t| — « with |s| « |44

Now we come to the uniqueness theorem.® Let
us remind the readers that the scattering amplitude
will be completely fixed if there are pure elastic
regions in two channels, and if the double spectral
functions p(s, ) and o(s, u) are known in 4u® <
s < 44° + e

The first step of the proof of the uniqueness con-
sists in showing that, apart from a finite polynomial
in ¢, the scattering amplitude is completely fixed.
This is established by making use of the fixed energy
dispersion relation which still holds here, and the
analyticity of the partial-wave amplitude in the
angular momentum plane for Re I > L. This follows
also from the fixed energy dispersion relation and
therefore is still preserved. In the course of the proof,
an ambiguity is removed by using fixed ¢ dispersion
relation for the absorptive part in the ¢ channel.
This is again the case here.

The second step consists in showing that the
arbitrary polynomial in ¢ with coefficients depending
on s, has a degree at most one in ¢, by making use
of the Froissart bound in that channel. Hence, it
causes no problem here. Thus the arbitrary poly-
nomial is now reduced to the form A + Bs 4+ Ct +
Dst, by making use of the crossing symmetry. Now,
from the unitarity in terms of partial-wave ampli-
tudes, B, C, and D are shown to be zero. Besides, A
being nonzero leads to an anomalous singularity
of the scattering amplitude at s = 0. At this point,

7 A. Martin, in Strong Interactions and High Energy
Physics, Lecture Notes of the Scottish Universities Summer
School, edited by R. G. Moorehouse (Oliver and Boyd, Ltd.,
Edinburgh, 1963); A. Martin, Phys. Rev. 129, 1432 (1963).

8 T. Kinoshita, J. J. Loeffel, and A. Martin, Phys. Rev.
Letters 10, 460 (1963).
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it is now clear that in the proof the polynomial
boundedness in both s and ¢ has never been used.
Thus the uniqueness theorem is also valid in the
more general framework presented here.

An open question is whether the partial-wave
amplitudes satisfy dispersion relations with a finite
number of subtractions. The left-hand-cut dis-
continuity can still be calculated from the double
spectral functions; however, its energy dependence
is not at all transparent.

I. ADDITIVE ENTIRE FUNCTIONS

In this section, we shall show that a scattering
amplitude F(s, {, u) can not have the form

F(s,t,w) = E(s, t,w) + M(s, t, ), (5)

where E(s, t, ) is an entire function in both s and
t, and M(s, ¢, u) in an ordinary Mandelstam-like
function. Of course, F must satisfy the unitarity, but
not M. In fact M could be of the type considered in
the preceding section, i.e., bounded by a polynomial
only when one variable is held fixed, as it will be
seen in the course of the following proof.

First of all, we notice that E is a real entire fune-
tion, i.e., for s and ¢ real, F is real, since F has to be
real in the so-called “Euclidian” region below the
thresholds of each channel and M is also supposed
to be real there.

Assuming that there exists a pure elastic interval
8, < 8 < & in the s channel, the unitarity reads

Im F(s, cos 6;,) = f dQ{M(s, cos 6,3)
+ E(s, cos 615)} {M*(s, cos 832) + E(s, cos 65)}  (6)
in this interval. From the reality of E(s, t, u), we have
Im F(s, cos 6,,) = Im M(s, cos 6;5). (7

It is clear from (6) that Im F can be analytically
continued into the entire cut ¢ plane as well as the
absorptive part 4,(s, £) in the ordinary Mandelstam
representation. In addition to this, Im F is bounded
by a polynomial in the cut ¢ plane, as it follows
from (7).

Let us now expand M and % in the partial waves:

M(s, cos 6) = (s}/k) 2 (21 + 1)m,(s)Py(cos 6),

)
E(s, cos 8) = (s*/k) D (21 + De,(s)P;(cos 6).
Then we have
lim (m)" = a, lim(E)”" =0, (9
Pt 1=

where « is related to the distance of the nearest
singularity of M to the physical region in the cos 8

Y. 8. JIN AND A. MARTIN

plane. The second equation of (9) follows from the
fact that the partial wave expansion of K converges
in an arbitrarily large ellipse, since E is an entire
function. Substituting (8) into (6), we get

Im F(s, cos 0,0) = f dQ,M(s, cos B,)M*(s, cos 6s)

+ 22 @+ Dim® + mi@ + ex)lePi(eos ).
(10)

From (9) it is clear that the series in the right-hand
side converges in the entire cos 6,,-plane. The inte-
gral is the standard one encountered in the ordinary
Mandelstam representation. M being analytic and
polynomial bounded in the cut plane, the integral
can be shown to represent an analytic funection
bounded by a polynomial in the same cut plane,
while by (7) the left-hand side is also polynomial-
bounded. Consequently, the series in (10) which is
an entire function in cos §,; must be also poly-
nomial-bounded in all complex directions of cos 6,..
Hence, it is in fact a polynomial and the series
must stop, i.e.,

(m, + m¥ +e)e =0, {an

We now proceed to show that from (11) follows
necessarily e¢; = 0. For this purpose, let us consider
the following two situations separately:

(a) The amplitude has a pole at fixed ¢. Then, for
a sufficiently large [, it can be shown that the pole
contribution to 2 Re m, will dominate over that
from the cut, so that lim,.. |m,|"" = a, « # 0.
However, since lim,_.. (¢;)"* = 0, we must conclude
that ¢, = 0 for sufficiently large L.

(b) There is no fixed pole. Then, from the posi-
tiveness of the absorptive part, it is obvious that
there exists a finite interval starting from the bound-
ary of the spectral function, where p(s, ¢) is positive.®
In the completely symmetric case like ours, we have

for 1> L.

Immi(s) = € [ Q1 + 4/2K0ele, D dt, (12)
and from the polynomial boundedness of p(s, 1) for
fixed s, we can show that for large enough [ the
contribution from the region of small ¢ values domi-
nates in (12). From this, it is not difficult to get

lim (Im m)"" = a. (13)

wrco
On the other hand, from unitarity,

Rem; + e)* = Imm; — (Im m,)". (149

? G, Mahoux and A. Martin, Nuovo Cimento. 33, 883
(1964).
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Consequently, we get lim, ... (m, + m*% + ¢;)"' # 0,
and it follows e; = O for sufficiently large I. Hence,
E(s, t) is actually a polynomial in ¢, for any s, <
s < s,. By analyticity, it is also true for any s. Then,
with the assumption of the existence of a pure
elastic ¢ region, by crossing E(s, t) is shown to be
polynomial also in s. Therefore, any additive entire
function should be rejected.

IV. MULTIPLICATIVE ENTIRE FUNCTIONS

In this section, we shall investigate the following
form of the scattering amplitude

F(s, t,w) = E(s, t, wM(s, t,u). (15)

It appears that we are forced to restrict ourselves to
the case where E is order less than one in s for fixed ¢,
if we want to make use of the Phragmén—Lindelof
theorem. Here again, E(s, {, u) is a real entire function
of s and t. To be definite, we shall assume

|E(s, ¢, w)| < exp A [s]”

with a < 1, 2] < t, (16)
where 0 < ¢, < 44°, while |M(s, t, w)] < [s|” and
circular permutations of these conditions. We now
start with the upper bound on the forward scattering
amplitude, using essentially the same technique as

the one used to get the Froissart bound in the case
of E=1"

(a) Upper bound on F(s, 0, 44®> — s). First of all,
we make the following partial wave expansions:

st !
Fs, t,u) = T ; @l + Df.(sP, |1 + 72 - (17

Im F(s, £, w)

for

¢

t
= §k— ; 21+ 1) Im f,(s)P,(l + Ek—z> ,  (18)

where % is the center-of-mass momentum. From
(16), we get

N o
@l + 1) Im f, <J§|_e’£)‘_l§]_

Pa+yady 19
while the unitarity condition gives
lf.? < Imf, < 1. (20)

Combining (19) and (20), we establish that only
Cs*? partial waves contribute appreciably to the
forward scattering amplitude, and consequently we
obtain

|F(s, 0, 4u® — 8)| < C Isf,

and more generally

|F(s, ¢, 4u” ~ s — H| < C |s®’, for ¢ <O0.

2y
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By applying the Phragmén—Lindel6f theorem, this
helds aslo for all compex s directions.

(b) Lower bound on M(s, 0, 4u* — s). In order to
get a lower bound on M(s, 0, 44> — s), we shall use
the technique of the Herglotz function.’® To begin
with, we prove that Im F(s, 0, 4u* — s) for s > 4u°
never vanishes. If it does so, by unitarity, the ampli-
tude itself for any scattering angle at that energy
must vanish. However, from the unitarity in the
t~channel, we can show that there is a region where
the double spectral functions are positive-definite
for each energy.’ Hence, we have

Im F(s, 0, 44> — 8) > 0 for s> 44°.

In addition to this, from (15) and the reality of
E(s, t, w), we have

Im F(s, t,u) = E(s, t,u) Im M(s, ¢, u). (22)

Therefore, E(s, ¢, u) can never vanish for ¢ = 0 and
4 < 5 < »,and

Im M(s, 0,4 —s) > 0 for s> 44°.

By the same argument in the u channel, it turns out
that Im M(s, 0, 4u®> — s) keeps a constant sign for
s < 0 too. As shown in a previous paper,'
M(s, 0, 44> — s) being polynomial bounded and
having a discontinuity with constant sign across each
cut, this can now be written essentially as the prod-
uct of a Herglotz function by a polynomial, namely,

M(s, 0, 4u* — 5) = H(s)Px(s), (23a)

for the case where the discontinuities on both cuts
have the same sign, and

Ms, 0, 44 — 8) = (1/9)H(9)Py(s), (23b)

otherwise, where H(s) is a Herglotz function with
Im H(s)/Im s > 0 and Py(s) denotes a polynomial
in 5. Consequently, we get the following lower bound:

|M(s, 0, 44" — )| > C J-I—E%s—[ for [s| > [so], (24)
where s, is a sufficiently large number, since any
Herglotz function satisfies'

HE)| > C J__JI|rSnI; : 25)

Now combining (21) and (24), we get

8
E(5,0,44° — 5) < C——Ls—[——

[Im s| ’

10 J, A. Shohat and J. D. Tamarkin, The Problem of
M o;gents (American Mathematical Society, New York, 1943),
p- 23.

1Y, 8. Jin and A. Martin, Phys. Rev. 135, B 1369 (1964).
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Fia. 1.

and it_follows that
E(S, 0: 41112 - S) < C 5815! (28}

in any complex direction in the ¢ plane. Hence,
E(s, 0, 44> — ) is a polynomial in s of degree at
most 5.

(e} Power series expansion of E(s, £). The result
obtained above can now be extended to all the deriva-
tives of E(s, t) with respect to t at ¢ = 0. From the
definition (15), we have

). - () (2
(at ,““Mat ,+E at/l,

for s > 44°. Evidently, (3M/di), is polynomial-
bounded. Moreover, (9F/dt), can be shown to be

also polynomial bounded, by means of summing the
partial-wave expansion. For s < 0, we use

)= ), - (%)
M(as),“Mat u M dut,

Then, in both cases, it is now clear that M (9E/at), is
polynomial bounded. Hence, from the lower bound
on M given by (24) in any complex direction, we
conclude that (8F/6f), is a polynomial in 5. One can
repeat the same argument to all the derivatives.
Thus the power-series expansion of E(s, ) around
t = 0 turns out to be

B(s, 1) = 20 I'P.(9),

"

@7

where the P,’s are polynomials in s. By crossing, we
get also

Es, t) = 2 s"Qa(d), (28)
where the Q.'s are polynomials in ¢ This result,
unfortunately, is not yet sufficient to show that
E(s, ©) is actually a polynomial in both variables.

(d) Bound on E(s, t) for complex s. First of all,
we shall show that there exists an ellipse in the { plane
with foci (—#, 0) and semimajor axis t, + C/|sf, in
which F(s, {) is bounded by |s|*. From the assumption
(16), |F(s, §)] < exp M |s|” inside an ellipse with foci

AND A. MARTIN

(=, 0) and semimajor axis §t,. Mapping the seg-
ment (~1,, 0), where (21) holds, on a circle, we map
simultaneously the ellipse on a concentric cirele, and
we are in a position to apply Hadamard’s three-
circle theorem.'” Thus we can find an intermediate
circle on which the upper bound of F is {sI°. By
mapping back this circle to the # plane, we get the
desired ellipse.

We now proceed to prove the following theorem.

Theorem. In the intersection of the ellipse with
foei (—1,, 0) and semimajor axis it, + C/2ls|* with
a circle i < |s|™, we have

|EGs, ] < |sl®
for |s| > s, and |Im s} > |s|™".
Proof: From (24), it is clear that
1M(s, )] > [s|™" for |s| > s, and [Ims| > [s|7"%%,

and [M(s, )] < s for |t] < t, by assumption. Con-
sider the intersection of the ellipse in which |F| < |s}®
holds and the cirele |t] < [s|™", where » is arbitrary
but sufficiently small positive number. Then, around
any point ¢, whose minimum distance to the bound-
ary of the intersection is larger than |s|™®, we can
draw a circle with radius p > |s|™®, lying entirely
inside the intersection (see, Fig. 1). Now, according
to Theorem A2 in the Appendix, there exists a circle
[t — t,] = r < p, on which [M(s, £)] > |s|”%". Hence
we have

1B, ] = |F(s, 0)/M(s, O] < |s[™*".

This implies, by the maximum modulus principle,
that at the center of the circle E(s, f) < |sI*"%. It is
evident for |s| > s and |Im s| > |s|™7*% that the
region in the ¢ plane, where |E(s, £)] < |s]**“" holds,
contains the intersection of the circle [t| < |s|™" and
the ellipse with foei (—%, 0) and semimajor axis
1 + C/2s*. Thus, in particular, we have

E(s, —1/1s19 < ls]°
for |s| > s, and [Im s} > |s|77".

If it were not for the restriction in the s plane,
ie., {Ims| > |s|™", this would have been sufficient to
our purpose. In the next subsection, we shall remove
this restriction.

{e) Bound on E{s, t) for real s. We now consider
the function E(s, —1/s°) in the right half-plane
Re s > 0. This function iz certainly an analytic
function of s for |s] > s, and Re s > 0. Let us con-

12g, C. Titchmarsh, The Theory of Functions (Oxford
University Press, Oxford, England, 1939), p. 172,
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sider this function in the region |s| > s, and |arg s| <
|s|7%. On the boundary of the region arg s = =£|s|™%,
this function becomes

E([Sl etilal"’, __[sl—e e?ielcl“’).

By choosing P larger than 2, we can manage to get ¢
inside the region of polynomial boundedness. We
are now in a very comfortable position to be able
to apply the Phragmen-Lindel6f theorem to this
region, since both boundary curves in the s plane
join together at infinity and E is bounded by
exp A [s|® (@ < 1). Thus it follows immediately

E(s, —1/'s]9) < |s|® s=0.
Exactly the same argument can be extended to
0 < larg s| < [s|™". The left half-plane can also be
treated in the same manner. Qur final conclusion is

Es, —1/]s)] < Js[° (29)

With this, we are now finally in a position to
prove that E(s, t) is in fact a polynomial in both
variables. Let us consider the expansion

B, =™ = T Q™

also for arg

for all [s| > s,.

(30)

where the @.’s are polynomials. Applying the
Cauchy theorem, we get

1 A —in ) —€ n —€
o e "™E(se’’, —|s|7) d8 = |s|"@.(|s]™) < |s|°.
(31)
We now expand @, (t) in power series, i.e.,
QW) = X amt” (32)

Q.(f) being a polynomial in ¢, the only way to satisfy
(31) is to have

Omn = 0 for n > me + Q. (33)
However, by simply exchanging s and ¢, we also get
Qmn = 0 for m > ne 4+ Q. 34)

We can see that (33) and (34) lead to a contradiction,
since we may choose ¢ < 1, i.e., suppose @,, ¥ 0
for sufficiently large m or n, then

me+ Q >n > mle — Qfe,
and hence

m(l/e — ¢ < QL+ 1/, n(l/e — ¢ < Q1+ 1/¢).
Therefore, E(s, t) is a polynomial in both s and ¢.

V. CONCLUDING REMARKS

It is very hard to conclude, from the last two
sections, whether an entire function may be intro-

1411

duced to the Mandelstam representation in a
reasonable way, because those examples which were
excluded do not cover the most general case. How-
ever, it is rather remarkable that to exclude both
F = E + M and F = EM very little has really been
used of the fact that M satisfies the Mandelstam
representation. It is sufficient, for instance, that
M be polynomial bounded in one variable, when the
other is fixed. It is also clear that the presence of
complex singularities, for |s| and || both larger than
164°, will not alter the proofs that E is a polynomial
in s and ¢, since in that case the one-dimensional
dispersion relation in s for ¢ < #,(0 < ¢t < 44°) and
the elastic unitarity in both channels are unaffected.

The main impression one gets from the present
work is that one should be very cautious before
proposing an alteration of polynomial boundedness
in the Mandelstam representation. For instance, a
multiplicative entire function must be of the order
at least one, thereby excluding any possibilities of
replacing the polynomial boundedness by a slightly
weaker one, e.g., s'°%, etc.

Another striking fact is the immense usefulness
of the positiveness of the absorptive part of the
forward scattering amplitude, which is implied by
the unitarity. This point has already been emphasized
elsewhere in different connections'''*; however, it is
our feeling that the exploitation of this information
has not yet been exhausted in previous works.
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APPENDIX

In this Appendix, we shall present the following
two theorems, which are necessary for the proof of
the theorem in the See. IV(d) in the text.

Theorem Al. f(z) is analytic and bounded by
s|" in the unit circle |z| < 1, and |[f(0)] > |s|~". Then,
in the circle |2| < %[s|™" with arbitrarily small
n > 0, we have

@1 > 117 Iz = 2,

where the product H,- extends over all zeros inside
|2;] < |s|™", which are shown to be finite bounded by a
number independent of s.

13Y. 8. Jin and A. Martin, Phys. Rev. 135, B 1375 (1964).
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Proof: First, from the Jensen theorem,' we have
I feil > fs|" 7, (A1)

where 2,, 2,, ---, 2;, +-- are all the zeros inside
lz| < 1. It follows also that the number of zeros in
the circle of radius r is given by

f(ew) -1
£0) )(—-log ). (A2)

As we have [f(2)| < |s|” and |[f(0)| > |s|™", it is clear
that

n(ls|™") < (N + P) log |s - K

n(r) < log (max

1 log |s|
(const independent of 5).  (A3)
For the circle with » = }, we get
(N + P) log |s]
1 .
nd) < S5 (89)

Following Carathéodory,"”” we now decompose

1(2) as

Z"Z,'
1

10) = o [ =2

* !
is1 7 — 2oz}

(A5)

where the product extends over the zeros inside
|zl < %. Then, it is evident that |f(2)| = |¢(2)| on
the circle 2| = % and l¢(2) < |s|", while at the
origin we have

0 _

80 = 5Ol > o) > 5. @6)
2° |22y - - - 2y

Hence, from Carathéodory’s inequality,'® it follows
lo@)| > [s|”", for o] <1, (A7)

since ¢(z) has no zeros in |z| < . It is also clear that

ﬁ l% — 222*»] < (% + lsi—n)uwp) log |s(/log 2
1

i=1
— |s|—(N+P)(1 _|_ 2 Isl—vz)(N+P) log [3]/1log 2

14 B, C. Titchmarsh, Ref. 12, p. 125.

15 C. Carathéodory, Funktionentheorie (Verlag Birkhiuser,
Basel, 1950), Vol. I1, p. 11.

16 R. P. Boas, Entire Functions (Academic Press Inc.,
New York, 1954), p. 3.

(A8)
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for |z| < |s|™” and [s| > s,, so it is bounded by a
polynomial in s. On the other hand, from (Al) and
(A4), we obtain

1k =2l > IT (el — kD

1=Po Po

=ﬁ<l—m—>ﬁ(zil

Po lzll Do

> lSI—N—P(l _ %)(N+P) logls!/log2, (Ag)

where the product [ 2. runs over all zeros 2, in the
ring |s| 7" < |z;| < 4. Substituting (A7)-(A9) into (A5),
we finally arrive at

#@1 > Is[7¢ 1L le — 2] for [o] < 4 Is|”", (A10)

where the product is extended over the finite number
of zeros, bounded by a fixed number for |s| > s,,
inside the circle [2] < [s|7". By making use of this
theorem we shall now prove the following theorem.

Theorem A2. Given any point P inside the circle
2] < |s|7*" for |s| > s, and given p such that |s|™> <
p < |s|7*", there exists a circle of radius p(1 — ¢ <
r < p around P, on which [f(2)| > |s|”% holds, where
@’ depends only on 1.

Proof: Take such a point P and draw the circles
| — zp] = pand |z — 25| = p(1 — ¢). Since the
number of zeros inside |2| < |s|™" is bounded by K
defined by (A3) which is independent of s, we shall
draw (K + 1) equidistant concentric circles around
P between |z — zp| = pand |2 — 25| = (1 — €)p.
Then, in at least one of the rings so obtained, there
are clearly no zeros. Let us now evaluate f(z) on the
median circle of this ring. For the minimum distance
of z on this circle to a zero is ep/2(K + 1), by applying
Theorem Al, we get

sl > 15 I1 e = |

-3 K
> |s]_°<e—|sl——) =(Cs9.

2K + 1) (AL1)

since we have already taken the precaution to im-
pose p > |s| ™.
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Scalar multiple scattering effects due to a random distribution of spheres are considered in detail.
Transformation from a volume to a surface integral allows one to take account of the “hole corrections”
involved in the equation of multiple scattering, and yields a secular equation for the propagation
constant K of the composite medium. In the low-frequency limit a result is given which appears to
be exact over the entire range 0 < & < 1, where § is the fractional volume occupied by scatterers.
Also in this limit, the boundary conditions appropriate to the boundary of the composite medium
are established from examination of the total transmitted and reflected fields.

I. INTRODUCTION

HE problem of multiple scattering of waves

by a random spatial array of scatterers has been
the subject of numerous investigations'™®; an ex-
cellent review of the literature has been given
by Twersky.** In 1945 Foldy' introduced the
concept of ‘“configurational average” and estab-
lished the basis for nearly all subsequent formula-
tions. His successful treatment of isotropic point
scatterers was extended by Lax to anisotropic point
scatterers’ and later to finite scattering regions
randomly distributed throughout a region of space.?
Throughout this work, one attempts to describe
multiple-scattering phenomena by the average
values of certain quantities of interest, and this
leads naturally to the concept of a composite or
scattering medium characterized by certain bulk
parameters, although such a concept has so far
not been rigorously demonstrated in general. An
heuristic integral equation for the exciting field
was first given by Lax,”™ employing a truncation
approximation somewhat akin to the approxima-
tion employed by Foldy for the simpler case of iso-
tropic scatterers." Waterman and Truell’ attempted
to put the derivation on a somewhat more quanti-
tative basis, and gave also a prescription for ob-
taining the total field by quadrature, once the
exciting field has been found, including the presence
of nonzero volume scattering regions. They then
applied Lax’s integral equation to the case of normal
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incidence on a half-space containing randomly dis-
tributed spheres. Kasterin’s representation was em-
ployed for spherical waves in terms of the zeroth
Hankel function,® and the “random analog” [(3.4)
and (3.13) of I] of Kasterin’s formalism for the
periodic lattice of spheres was obtained.

The integral equation was evaluated employing
a “disc-shaped exclusion region” (with thickness
going to zero), leading to a result [(3.25) of I] for
the complex propagation constant which had also
been obtained earlier by Urick and Ament.* Twersky
derived a corresponding result for arbitrary angle of
incidence and arbitrary scatterers®® and discussed
its various limitations; we mention other limita-
tions subsequently.

The present paper starts with Lax’s equation,
employing spherical wavefunctions and correla-
tions in sphere positions deseribed by a distance of
closest approach b of sphere centers, i.e., essentially
with (3.4), (3.16), and (3.17) of I, where P(r,)
now means exclusion of a sphere of radius b when
integrating. Because of the ensuing rather compli-
cated transition region behavior at the boundary
of the volume accessible to spheres, we obtain only
an approximate solution of the integral equation,
which can be regarded as the leading term in an
iteration approach. This solution has the form of a
system of algebraic equations from which the bulk
propagation constant and expansion coefficients of
the exciting field may be determined.

The acoustic limiting case of small spheres is
then considered, in the process taking kb <« 1.
This limit corresponds to employing point scatterers
with a spherical excluded volume, and we note
that the argument following (3.17) of I, in favor
of a disc rather than sphere exclusion, appears to be
incorrect. There is thus no a priori reason for choos-

¢ N. Kasterin, Amst. Koning. Akd. Wetens. Versl. 6, 460
(1898).
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ing one over the other, and one must ultimately
resolve the question by appeal to experiment. The
total field is also examined in this limiting example,
where complexities of boundary region behavior
can be neglected, and a complete medium descrip-
tion is found to be possible in terms of an effective
density and compressibility.

The results obtained below for the propagation
constant in this limit are in agreement with the
earlier work of Rayleigh” and Kasterin,® both of
whom considered periodic arrays of spheres. The
formalism developed by Twersky employing a
“schizoid” single scatterer is also applicable to the
present problem and yields the same results in the
low-frequency limit, provided that Twersky’s gen-
erally unknown ‘“‘available volume” V, is identified
with the volume left unoccupied by scatterers.

The vector extension of the present work has
been performed, in application to the electromag-
netic case. The procedure and results of this ex-
tension will be described in a subsequent paper.

II. SOLUTION OF THE INTEGRAL EQUATION

Waterman and Truell’ examined the problem of
scalar multiple scattering in terms of Lax’s®™ heu-
ristic integral equation for the configurational
average of the exciting field ¢°(r | r,)) at field
point r, acting on a scatterer at r;

W10 = ¥ + [ drne | TEWE | ).
©@.1)

In this equation, n(r | r,) is the conditional number
density of scatterers at r if a scatterer is known
to be at r;; T(r){"(r | 1)) is the field scattered
by a single scatterer at r, when excited by (¢ (r | 1,)},
and can be obtained from the presumably known
scattering behavior of a single scatterer. The inte-
gral is taken over the whole volume r accessible
to scatterers.

The specific problem under consideration con-
sists of a uniform and random array of spheres
(radius a, constant density n,) with centers in the
semi-infinite region z > 0. A plane wave ¢ ne(r) = ¢**
is impinging normally from the left. The condi-
tional density is chosen to be

r ’
@ | 1) = Jlno for [t —r,| > b,2’" > 0andz >0
0 otherwise,
2.2)
2a if interpenetration is excluded; more

where b =

7 Lord Rayleigh, Phil. Mag. 34, 481 (1892).
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generally b(> 2a) represents the distance of closest
approach between centers of adjacent spheres.

For any given “frozen’ configuration of scatterers,
Y*(r | r,) is a regular solution of the unperturbed
Helmholtz equation in k& and r provided r lies in
the spherical region |[r — 1, < b — a. Assuming
that the Helmholtz operator commutes with the
averaging process, (4”(r | r,)) will have the above
properties. Invoking also the planar symmetry of
the problem, both exciting and scattered fields can
be written in the general form

@

W) = 20 @n + DALE)WE r — 1))

n=0

X P.(cos 6,,,); r—n]<b-—oa 2.3)

©

Ta)Y @ | ) = Z 725 + DA;@)Bhi(k |r — r'])

=0

X P;(cos 6,,); |r—1'| > a, (2.4)

where the B, are the presumably known secattering
coefficients of a single scatterer.’ In particular,
f0) = 2 3 @n + DB.P(eos 6)  (2.5)
n=0
is the far field amplitude of a single sphere. In
Eq. (2.3) the A,(z,) give the intrinsic dependence
of (¢*) on scatterer position.

Equations (2.2), (2.3), (2.4), and the well-known
expansion

‘pinc(r) = eilche'ik(z—h)
o

= ¢* 3 oen + ik ¢ — 5.)Px(cos 6,,,)

n=0

(2.6)

may now be inserted in Eq. (2.1). The spherical
wave hj(k |[r — t'|)P,(cos 6,..) inside the integral
is then re-expanded in terms of spherical waves
about the fixed origin r,. This may be accomplished
using translational addition theorems for spherieal
wavefunctions available in the literature,® applied
specifically to the translationr — ' = (r — 1,) —
(r' — r;). In Eq. (2.1) r is restricted to lie within
the sphere |[r — 1, < b — @, and for all points 1’ in
the volume of integration the condition |r — r;| <
|r' — 1| is satisfied, allowing a single expansion
to be used. Owing to the axial symmetry of the
volume of integration only terms independent of the
azimuthal angle ¢,.,, contribute. The following
terms remain inside the volume integral in place

8 0. R. Cruzan, Quart. J. Appl. Math. 20, 33 (1962).
See also 8. Stein, tbid. 19, 15 (1961); B. Friedman and J.
Russek, tbid. 12, 13 (1954).
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of the above original wave:

©

i 30 @0 + 1)k [t — 1,])Pa(cos 6,,,)

n=

X 22 (=9°a(0, §°10, n| plhs(k 1" — 1.)P,(cos 6...),

where p = j+n,j+n — 2, ---,|j — nl|, and,
in agreement with Cruzan’s notation,®

a(0, j |0, n| p)

— (2p+1)(j+n—p)!(j+p*n)!(n+l7_]')!

G4+n+p+ 1)

[ 3G +n+p)]! ]
FG+n—pIEG+p — ]G0 +p — D!

2.7

Note that these coefficients appear also in the
expansion

Pi(@)Py(z) =

; a0, j |0, n| p)P,(x)  (2.8)
for the product of two Legendre polynomials.®

The wavefunctions j,(k |r — r1|)P.(cos 6..,)
may next be factored out of the three terms of
Eq. (2.1) and each coefficient in this sum set equal
to zero, because of the orthogonality of these func-
tions on a spherical surface with center at r,. As a
result the infinite set of coupled integral equations

A”(Zl) = eikz,

+ 7o Z @i + DB T (=i, § 0, | p

X [ drt A = 5 )Pfcos 0,0);

n=2012-- (2.9)

is obtained for the determination of A,(z). The
volume 7,, excluded from the integration, is shown
in Fig. 1. For 2, > b it is a complete sphere of
radius b, center at r,; for 2; < b, however, a truncated
sphere is excluded whose size depends on z,. This
complication strongly indicates the necessity of a
separate treatment of the region 0 < 2z, < b for
finite scatterers. The above equation is equivalent
to Eq. (3.12) in I where Kasterin’s® representation
for spherical waves in terms of h, was used to
carry out the re-expansion of k;P;. The alternate
version given here requires fewer steps and leads
to more compact results.

In order to solve the above set of equations three
heuristic assumptions are made: (1) all 4,(2) are
expressible in terms of the same function ¢(z)
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Fra. 1. Geometry of the half~space. The volume of inte-
gration for Eq. (2.9) consists (in the limit B — ) of the
half-space # > 0 less a sphere of radius b centered at the
point r;.

which satisfies the wave equation
(V? + Kg(e) = (2.10)

where K is a constant to be determined. This
assumption makes {(¢”(r | 1)) equal to the product
of two functions satisfying wave equations in K,
z; and k, r. (2) This representation is assumed to be
valid for all positive values of z;, even in the region
0 < 2z, < b, which was seen to call for special
treatment and where a more complicated de-
pendence on z, should be expected. (3) A third
assumption is made in the course of evaluating
the integral equations, in that the truncated shape
of the excluded sphere for 0 < 2z, < b is neglected.
These assumptions are plausible and will be justi-
fied explicitly in the limit kb, |Kb| << 1. For larger
scatterers, they may be considered as first approxi-
mations in an iteration scheme which will be out-
lined later in an attempt to obtain higher order
corrections.

On the basis of these assumptions an explicit
solution can be obtained. From the planar sym-
metry of the semi-infinite region and Hq. (2.10)
the relations

A, (z) = Ae’™; n=0,1,2, 2.11)

are obtained, where A? are constants. Substitution
into Eq. (2.9) and integration in accordance with
the last two assumptions yields an infinite set of
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linear algebraic equations for the determination

of K and the coefficients AL, The steps are shown
in the Appendix, and lead to the results

A2 =n, 3 (2 + DB,A X (—ira(0, j [0, n| p)

i=0 P
X dk, K | b); n=2012 ... (2.12)
K =k+2Z2F0) = k+ 22 ¥ 2 + 1B,A%:
i=0

extinetion theorem, (2.13)

where F(0) is the forward-scattered amplitude with
multiple scattering effects included, and

iz’ .
oL

— Kh,(kb)ji(Kb)]. (2.14)

The set of equations (2.12) consists of an infinite
number of homogeneous linear equations for the
A?L. For a nontrivial solution to exist the determinant
must vanish, providing the secular equation from
which K is determined. The A? are then determined
using the additional (inhomogeneous) Eq. (2.13).

Because of the three assumptions used in arriv-
ing at these results, they can only be considered
as the zeroth-order approximation in the following
iteration scheme: The zeroth-order result (2.11) is
inserted in the right-hand side of Eq. (2.9) and
new A,.(z,) are evaluated by taking into account
the truncated shape of the excluded sphere in the
region 0 < z; < b. That would be the procedure if
the third assumption was not made. It may also be
noticed that these first-order results add a correc-
tion term to each A,(z,) only in the interface region
0 < 2z, < b, leaving them unchanged for 2z, > b.
This step can be carried out explicitly and gives
rather compact results for low orders (n, j = 0, 1).
For higher n, j, explicit expressions become very
complicated. In principle the first-order values of
A,(z,) can be reinserted in the right-hand side of
Eq. (2.9) and new A,(z,) evaluated, taking again
into account the truncated shape of the excluded
region. It may be noticed that this and similar
subsequent steps affect the values of A,(z;) for
2z, > b. Investigation of the convergence of such
an iteration scheme in the general case appears
formidable and has not been attempted.

dy(k, K | b) = *[oh;(k)g,(Kb)

III. LOW-FREQUENCY APPROXIMATION

For large scatterers explicit results, even to
zeroth order, cannot be obtained. However, in the
limit kb, |Kb| < 1 it is known that only the monopole

G. FIKIORIS AND P. C. WATERMAN

and dipole terms,

i (3, )

~ Wka)® o' — p
3 M’

1= 3 0 T 2PI
are significant, the rest of the B, depending on
(ka)", n > 5. In Eq. (3.1) the explicit formulas of an
acoustic problem were used: p’, M, k' = w(p’/M’)}
are, respectively, the density, reciprocal compressi-
bility, and propagation constant of the scatterer
material (oil or nonresonant air bubbles in water,
for example); p, M, k = w(p/M)* are those of the
supporting medium. In the same limit

B,

11

(3.1)

o~ 4m®  (KY
dv(kJ K | b) - Zk(K2 _ k‘.’.) (k) (32)

as can be seen from Eq. (2.14) using
Jn(x) = 2°pla®/(2p + 1),

hy(x) = —[2p)!/2°pN(E/2").
Substituting into Eqgs. (2.12) and (2.13) and neglect-

ing all B, for j = 2, 3, --- , yields
o 4
Ay = z_k_(Kzi—OI?} [Bods + 3B A1(K/k)],  (3.3a)
o __ 47"77«0__ 0
Al - 'Lk(K2 _ k2) [BOAO(K/k)
+ B, A1 + 2K*/k%), (3.3b)
k(K — k)/2xn, = ByAj + 3B, A°. (3.4)

From the first two of these equations K/k is ob-
tained. Then Aj and A} can be determined using
Eq. (3.4), while A2, for n = 2, 3, -+ , may be
obtained from KEq. (2.12), in which 7 = 0, 1 are
the only terms retained. The results for K, A
and A{ are

(5)2 _ (Lt @/ OB + (rno/iH)B) g o
k o 1 — (87m0/ik3)B1 ’
40 = AK/K)
K/k + 1 + (4mn,/1k)B, 5.6
" AYK k)

T + (47”7'0/7'7‘73)31.

In the acoustic problem, using Eqgs. (3.1) and in
terms of the fractional volume § = #wn, a® occupied
by scatterers,

Kk = (1 — 5 4+ sM/M)
1 -84+ @+ 5)9’//)]
X [1 T2 20— an/e)  ©7
As mentioned earlier, basically the same result was
obtained by Rayleigh and Kasterin,® who con-
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sidered periodic rather than random arrays. This
is a positive definite form of the physically allow-
able values of M, M’, p, o/, 6. For § = (}) the
result K = (/) is obtained, correct at both limits.
For small §, and up to the first power in 8, Eq. (3.7)
yields

(<= v+ 20+ 252). an

ie., the result obtained if formula (3.25) in Ref.
5 is used. This formula had been derived previously*
and later extended to arbitrary angle of incidence
and arbitrary scatterers by Twersky,* who also
considered its various limitations. Certain failings
of Eq. (3.8) are also apparent: Whenever p = p’,
this formula fails at the upper limit § = 1. More-
over with no intrinsic losses, i.e., with real param-
eters for both media, and for certain values p’ < p
it yields the embarrassing result (K/k)* < 0; in
other words, it is not a positive definite form of the
allowed values of 3 and p’/p as would be expected
on physical grounds. The validity of the previous
result, (3.25) of 1, is thus restricted to sparse con-
centrations.

Application of Twersky’s schizoid formalism
for the special case ¢ = pressure, A = A’ = 1,

= p/pett, B’ = p/p’ yields the same result (3.7)
provided that Twersky’s choice, V, = V,(1 —- 3),
is made for the unknown “available volume” V,,
where V, is the total volume available to the dis-
tribution and & is the fractional volume, as used
in this paper. That is, V, is identified with the
volume left unoccupied by scatterers in the dis-
tribution, as suggested by Twersky.

The next step of the iteration procedure described
previously yields for the lowest-order coefficients
(n,j=0,1)

o+

3b—d, ¢

Ay(z) = Aw'™ 4 BoASfo(b — 21)
+ 3B, Ai(b — 2), (3.92)

Al(m) = A% + BoAN,(b — 2)
— B, AY(b — 2), (3.9b)

where, for kb, |Kb| < 1,

fole) = 58 ()1 + O(ka)], (3.10s)
fw) = T80 4 ogay, (3.10b)
) = 2270 oy LK/ 4 T2 Ty gy

(3.10¢)
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The above equations define f,, fi, fz for 0 < z < b;
outside this interval they are identically 0. They
can be used up to x = b, the remainders being of
higher order in kb than the terms given explicitly.
It is obvious that the first correction to A,(z;) is
small of order kb, while for A,(z,) it is of order
unity but confined to the layer of thickness kb
near the interface. Thus, in the present limit, a
volume integral over the scattered field, given in
Eq. (2.4), will not be affected if either the zeroth
or first order values are used for A;(z"). The as-
sumptions made in Sec. I are thus justified ex-
plicitly in the limit kb < 1.

IV. BOUNDARY CONDITIONS AND THE TOTAL FIELD

In acoustics, pressure is given by the product of ¢
with density, which of course may differ for scatterer
and supporting medium. The total average pressure
(p(r)) is given rigorously in terms of (¥*(r | r,))
by the formula®

@y = o040 [,

t''outaide’’r’

dr'n(@)T@'X¥"(x |1')

+ dr'n(@)[o'T' (") — pK¥"(r | 1), 4.1)

PUPSY)
r inside r’

where the various terms are properly normalized
in the sense described in I. The notation r “outside”
r’ means that integration is to be carried over all
points, such that r is outside the scatterer having
center r/, while r “inside” r’ is the complementary
statement. According to this interpretation, for
points r external to the scattering medium and
sufficiently away from the interface only the first
two terms remain in Eq. (4.1), and the integral is
carried over the whole volume accessible to scat-
terers. For points r inside this region, all three terms
are retained in Eq. (4.1). For spheres, in particular,
a spherical region with center at r and radius a
(equal to the scatterer radius) is excluded from
the first integral, while the second is taken over
this region alone. Obviously, the slab region
—a < z < anear and on both sides of the interface
requires special treatment. T7(r'){¢*(r | r')), the
field inside the scatterer at r’ when excited by
(x| 1)), is defined, in analogy with Eq. (2.4), by

o

T'@X¢"@ [1) = g 20 + 1)A)

X Blj k' [t — r'|)P.(cos 8,,-), 4.2

where B/ are the partial wave coefficients of the
internal field of a single scattering sphere. For
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ka < 1 in particular

e 241
T+ 1) /) +n

&K no=0,1,2, - .
“.3)

Evaluation of the total field inside and outside
the scattering region will be based on the assump-
tions made in Sec. II for (4°) and, in addition,
transition region complications of Eq. (4.1) will
be ignored. These assumptions were justified in
the limit kb < 1; additional justification will be
obtained shortly.

For z < —a, Eq. (4.1) yields for the reflected
field

@Oy = o [ dr@TEXSC (). @4
As shown in the Appendix, substitution of Egs.
(2.4), (2.11), and integration yields

(p(r)>ren — pRe—ikz’

where the reflection coefficient R is given by

4.5)

2mney d . ,
R=—k 4o & ("G + DAB,
21,
= WK +m L@, (46

F(m) being the backward multiple scattering ampli-
tude [see Eq. (2.13)].

For z > a, all terms are retained in Eq. (4.1).
Use of Egs. (2.3), (2.4), (2.11), and (4.2) results
in the equation

<p(r)>tr — peikz + noeiKz i (_7/)"(271 + I)A:

n=0

X [pB" f_f hak ¢ — 1) + p'B,ﬁ[ Gk e — )

—r f gnlk |r" — rl):le*K("_”Pn(cos 6,.,) dr’, (4.7)

where 7, is the volume of a sphere of radius a
with center at r. Evaluation of this expression is
carried out in the Appendix yielding

(p(r)>tr — pe“TeiKs’

where the (suggestively written) constant p.: 7T
is given by

4.8)

potsT = dma’n, D (2n + 1A,

n=Q

F oo 3 (—iy'@n + DABAK K |a),  (4.9)
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J. = p'B! k’j.’.(k'a)f,.(Kaz - K/g'n(k'a)jz(Ka)
K —k
kjika)j (Ka) — Kj.(ka)ji(K
— In(Fe@) gl (22 — kg( a)jn(Ka) (4.10)

Under the assumptions made, the above results
for the total reflected and transmitted fields can
be extended in the transition regions —a < 2 < 0
and 0 < 2z < g, respectively. The boundary con-
ditions at 2 = 0, continuity of pressure and normal
velocity, would then require

ol + R) = priT, (4.11a)
k(1 — R) = KT. (4.11b)

The first equation provides a check on the assump-
tions that have been made. If it is found to hold
effective parameters p.¢;, M. can be determined
and a full “medium” deseription attained. Elimi-
nation of 7 between the above expressions yields
pets, While M/M ;¢ = (K/k)2(pelf/p)-l'

In the limit ka < 1,

2mn,

B= =00 £ /B

(B,A? — 3B,A%) = A% — 1
4.12)

and Eq. (4.11a) reduces to po;; T = pA,. To the
same. order d,(k, K | a) = d.(k, K | b) and Eq.
(2.12) shows that the second term in Eq. (4.9)
is simply equal to pA,. Thus,

bl 228 5 on + 1AL, + o3 (@13)
n=0
In the same limit Egs. (4.3), (4.10) yield
J N[ 2'n! } (Kk)"
*=Llen+ D' 2n 43
n 2n+1
' ) 4.14
% p)(n-i-l)p +np (4.14)

Thus J, = 0, while J, ~ (Kka®)"a. So pers T = pAj
and Eq. (4.11a) is satisfied. In the low-frequency
limit the assumptions are completely justified and
effective parameters can be determined:

1—58+ @2+ &p'/p
1428+ 2(1 — 8)p'/p’

M/Meff =1-38 + 6M/M'

These results are correct at both limits, i.e., for

= (O v = (2) 200 = (1),

It is tempting to check Eq. (4.11a) to the next
higher order, i.e., to order (kb)?, by retaining

Pott
P (4.15)
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B,, B, B, but still using 4,(z) = A%‘**. The
attempt fails, indicating the necessity of using
corrected values for A,(z), (¢*), and ), if a con-
sistent treatment to higher order is desired. The
expressions become very complicated, however, and
have not been carried out to the end.

APPENDIX

Substituting Eq. (2.11) into (2.9), and making
the change of variable r' — r, = r inside the inte-
gral yields

Aw’® = o™ 4 et i (2 + 1)B;A;

X X (=iya©,i 10,0l p) [ dreu @, (A1)
where

wy(kr) = h(kr)P,(cos 8) = (—1)°P, ho(kr). (A2)

In the second equality, Kasterin’s representation
is used to expressthe spherical wave (see also
Ref. 5) with P,, standing for P,(1/7k 3/0z). Since
(V2 + BYw,(kr) = 0 and (V* + K*)e'™ = 0it is
possible to write

¢S, r) = g NV, — 0, V%) (43)
and transform the volume integral in Eq. (4.1)

into surface integrals, using Green’s theorem:

iKs — 1 f
fr_“ dre’ "w,(kr) = s s, ds

iKz

X l:eix. (‘9;:"0,; —w, a;nl ]
Here 8§ = limz.., [Si(z:) + S:], S, is a complete
spherical surface of radius b (see assumptions in
Sec. IT), while n’ is the normal outward unit vector
as shown in Fig. 1. The above surface integral can
be split into three integrals over S;, S,, and 8,. The
first is best calculated in cylindrical coordinates
r = (p* + 25} yielding

__1___[ -2
K2_k2 sl—Kz_kz

iz [F . ow ) ]

iKs R P d
X [e ‘/;'0( 0z pap z=—z,
—iK2,

~ g (i + L )P
X (e.'k(R=+u*)* . e;k:,). (A5)

Letting B — o it is noticed that the oscillating
term e*®**#M'  disappears; e*

(A4)

also P =

P, —:z
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P,(—1)e*** = (—1)%"***. Therefore,

=3
1{2 - kz 8,

The contribution of this integral to the right-hand
side of Eq. (A1) can be writen

2ms

T KK — k)

,ipes(k K)n. (A6)

ikz,

2mnqie

K —F) * Z (2§ + 1)B; A}, (A7)

because, as seen from Eq.

2.,a(0,i10,n|p) =

The remaining integrals

(28) for z = 1,

dv(k) K | b) = —1/(K2 - kz)
‘_K'Q_% _ aeiKz]
X . ds[e I Wy o | s (A8)
1 .‘K,_% _ ael'Kl]
% =g —p im | ds[e R~ P or | A9

are independent of z,, and are just constants de-
pending on K, k. On the spherical surface r = b,
with cos 8 = z,

a4k K| b = s |

— h,(kb)iKz] dz,

2 1
o e X0

(A10)

while on S, for large B and with h,(kE)
i *(ikR)'e**", the corresponding result is

"7 i ! i z II
g, = K2 7 }el_xg I:Re R j; dxe'®® ,,(x)(l ~% x)]
(Al11)

In the latter equation P,(z)(1 — (K/k)x) = q(x)
is a polynomial of degree p + 1. Repeated inte-
grations by parts yield

4

2m i
I = K2 k2 }:_I'E Re HE

e Pq(1) — ¢(0)
X [ KR+

=g/ (1) — ¢'(0)
®RE T ]

2 i

- 7 lim S [e (1) — ¢O)] = 0, (A12)

the last result following in the usual manner by

introducing a small positive imaginary part in k.
The integrals in Eq. (A10) can be evaluated

explicitly with the use of the identities®

®P. M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inc.,, New York,
1953), p. 1575.
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[ ep,@) dx = 20i0),
-1 (A13)

1

f i2e" P, (@) dz = 27}(2).
1

The result is given in Eq. (2.14). Substituting all
the above results into Eq. (Al) and equating
separately the factors multiplying ¢*** and ***
yields Egs. (2.12) and (2.13).

For the reflected field, use of Egs. (2.4), (2.11)
in (4.4) yields

@@y = pe™ny 2 (—9)"(@n + 1)AB,
n=0
X fd-r'e‘K"""h,,(k [t — r|)P,(cos 6,.,). (Al4)

The integration can be carried out as before, using
Green’s theorem, to get

[- ]~

_i . tkle’—sl
X [( o T zK)P,../e ].'-o'

With 2’ > z the result is
@ri(—2)/K) e /(K + B));

(A15)

G. FIKIORIS AND P. C. WATERMAN

substitution into Eq. (Al14) leads at once to Egs.
4.5), (4.6).

For the transmitted field the three volume inte-
grals in Eq. (4.7) are transformed into surface
integrals. The first splits into two integrals over
S, and 8§, the last two go over to integrals over S,.
From 8§, the result (A15) is obtained, which, with
2 < 2z reduces to ('* /(K — k)2ni/k")"
The corresponding term in Eq. (4.7) becomes

ke 27N 5 0

and with use of the extinetion theorem, Eq. (2.13),
is seen to exactly cancel the incident field in Eq.
(4.7). There remain three surface integrals over
8., on which |[r' — r| = a. Therefore,

OO = 2rned™ 3 (—iy'@n + 1AL

n=0
U iKee [ khi(ka) — iKzh,(ka)
X j‘_l dxe Pn(x) —an KB — kz
k'jak’a)—iKzj.(k'a)  kja(ka)—iKzj,(ka)
K2 . klz —-p K2 _ k2 .

+0'B,

Integration according to the formulas (A13) results
in Eqgs. (4.8), (4.9), and (4.10).
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The solution of the Fredholm homogeneous equation

1
WE) = f M(E, VY dF,
]

where

cos me do

M ) = [ : o

— 2xz’ cos ¢ + ')t

and z = (1 — #)! is found to be the associated Legendre function P™(¢), n 4 m even, and the
characteristic numbers of this kernel are obtained. The solution of the corresponding equation of
the second kind is also found. The kernel of the homogeneous equation whose solution is P™(f),

n <+ m odd, is obtained.

1. INTRODUCTION
ANY of the integral equations arising in
electrostatics (Collins'), electromagnetic in-
duction (Ashour®®) and in diffraction theory
(Noble*), have as kernel either the function

’ cos me do
o (@ — 2zz" cos¢ + 2)
(m integer)

Kz, z") =

@

or a function which does not differ from K(z, z')
except by a simple factor (depending on z and z’).
Hence, it is of interest to find an exact solution
for an integral equation whose kernel is simply re-
lated to that given by Eq. (1). It can easily be seen
that K(z, ') has an infinity of order log |z — z'|
when |z — 2’| — 0. This kernel may also be expressed
(Eason, Noble, and Sneddon®) as

K@ o) == [ T raew ) du, (@)

where J,,(x) is the Bessel function of order m in z.
In this paper, the solution of the integral equation

WO =10+ [ M o) 0<E<D), @)
when f(£) is even, and

E=Q0 -2, MEe) =K@ ), @

* On leave from the Applied Mathematics Department,
Faculty of Science, Cairo University, Cairo, Egypt.

1'W. D. Collins, Proc. Cambridge Phil. 8oc. 55, 877 (1955).
(19;)6&). A. Ashour, Quart. J. Mech. Appl. Math. 3, 119

3 A. A. Ashour, Quart. J. Mech. Appl. Math. (to be
published).

¢ B. Noble, in Electromagnetic Waves, edited by Rudolf E,
Langer, University of Wisconsin Press, Madison, Wisconsin
(1962), %} 323.

5 G. Eason, B. Noble, and I. N. Sneddon, Phil. Trans.
Roy. Soc. (London) A247, 529 (1955).

is obtained. In particular, the solution of Eq. (3)
when f(¢) = 0 is found to be simply the associated
Legendre function of the first kind P7(§) with
n 4 m even, and the characteristic numbers A, of
the kernel are obtained. The kernel of the homo-
geneous equation whose solution is P7(¢), n + m
odd, is also obtained and the solution of the corre-
sponding nonhomogeneous equation with f(¥) an
odd funetion of £ is found.

2. AN EXPANSION FOR M(t, &)

We first obtain a Fourier series expansion for
(&* — 2x2’ cos ¢ + z'*)”! symmetrical in z and 2.
Hobson® gave a Fourier series expression which is
not symmetrical in z and z’. Sack’ obtained an
expansion as a series in the Legendre functions
P(cos ¢), the coefficients being symmetrical in
z and z’. Neither of these expressions is suitable
for the present purpose.

Let R denote the distance between two points
(¢, ¢, ¢) and (&, ¢/, ¢'), where & ¢, ¢ are oblate
spheroidal coordinates given in terms of cylindrical
polar coordinates 2, p, ¢ as

z = it | 0<¢< =,
p=all -+ ) —1<e< 1. ®)
Hence,
/R =24+ -8 — ¢ — ¢y

~2{(1 — A — A+ A + P

X cos (¢ — ¢)]7%. ®)

¢ E. W. Hobson, The Theory of Spherical and Ellipsoidal
Harznonics, (Cambridge University Press, New York 1951),
p. 443.

7 R. A. Sack, J. Math. Phys. 5, 245 (1964).
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The expression for a/R as a series of oblate sphe-
roidal harmonics has been given by Hobson (Ref. 6,
p. 430). With the present notation (which is the
same as that used by Smythe®), this expression is

% ,,2 Z Nan (li')P (E) cos m(¢ — ¢’)

¢ >0, (T
where
Npw = 62 — 8,0)(—1)"@n + 1)
X {(n — m)l/(n + m)I}*Pr@EcHPRE),  (8)

8.0 being the Kronecker symbol and P7(u), @7(w)
are the associated Legendre functions of the first
and second kinds in u. If now in Egs. (6), (7), and
(8) we take { = ¢’ = ¢/ = 0 and note that

P7G-0) = 0 n + m odd

= (—D)v* 32 : E:i- Z)_ 1) n 4+ m even
9)
W@-0) = —3inP%(-0) n + m even
it is found from (6), (7), (8), and (9) that
{x* — 2zx’ cos ¢ + z° ;—r D2 = bm)
a=0 m=0Q
1-3-5 -
X P;"n+m(£’) COos m- (10)

This is the required expression. From Egs. (1)
and (10) we now readily obtain

M ¢) =5 Z:,) (Un + 2m + 1)
1-3-5 -

X {2-4-6 2n T 2m}

If in (10), ¢ is replaced by » where

cosw = cos 8 cos § -+ sin 8sin 6’ cos (p — ¢’), (12)

P2n+m(£)P2n+m E,)' (11)

we obtain at once an expression (which appears
to be new) for the reciprocal of the distance be-
tween the two points whose spherical polar coordi-
nates are (az, 9, ¢), (ax’, ¢, ¢") (x, 2’ < 1).

3. SOLUTION OF THE FREDHOLM INTEGRAL
EQUATION

We first consider the integral equation (3) with

8 W. R. Smythe, Static and Dynamic Electricity, McGraw-
Hill Book Company, Inc., New York (1950), pp. 146, 148,
152, 158, 166.

ATTIA A. ASHOUR

f(&) = 0. From Eq. (11), and the orthogonality®
of the Legendre functions, we immediately see
that the solution in this case is

¥(E) = Prun(®)

provided that A is one of the numbers A, (n a posi-
tive integer or zero) given by

(13)

22462 246
7135 2n— 1135

- 2n + 2m i
2n +2m — 1
(14)

To obtain the solution of the general equation (3),
we assume that f(£) may be expanded as a series
of Legendre functions of even parity all of the same
order m [note that f(£) is even], i.e.,

A=

> APpn(®, (15)

n=0

&) =

where

(n 4+ 2m 4+ 1)(2n)!
2n 4+ 2m)!

Then, using Eqs. (13), (14), and (15) we obtain
the solution of Eq. (3) as

ALoinl®)
Z — M\

In the same way, it can be proved that the equation

A, =

[ orn.@& o

v = (17)

n=0

[veome e =m0, 08

where f(£) is given by Eq. (15), has the solution

wo = E MAuPsn®). (19)

4. AN INTEGRAL EQUATION FOR P7 (¥), n + m ODD

If {9°R7'/3¢ 9¢'}ietrmgro is found using the
two expressions (6) and (7) for R}, we obtain
after inserting the numerical values for P™'(i.0)
and Q*'(:-0):

© ©

(2 — 22z’ cos ¢ + 2/°)7F = —12—r 2 2 (@ = 8a0)
n=0 m=0
1-35---2n+1 ®
X (n + 2m + 3){2~4-6 T on ¥ Zm}
X P;”n+m+l(€)P;n+m+l(£,) Ccos m¢' (20)
9 3
f PRon() Plavan(®) d = 0 (n = )
]
(271 +2m)! (n - nl).

T @)l (4n F2m + 1)



INTEGRAL EQUATION FOR LEGENDRE FUNCTION

If in Eq. (20) ¢ is replaced by w [given by Eq. (12)],
we obtain a Fourier series expansion symmetrical
in z, 2’ for the inverse third power of the distance
between two points in spherical polar coordinates,
which again appears to be new.”

We now define a new kernel G{¢, ¢') as

New [ cos me dé .
66 t) =& [ e

From Eqs. (20) and (21) we obtain

(21)

66 8) = % )f: (Un + 2m + 3)

{1.3-5
2.4.6 -

Hence, Py, ..., (£) satisfies the integral equation

-2n 4+ 1
o 2m} Piemei@Phrnn®). (22)

v = n [ W66 0 &, @3)

provided that g equals one of the characteristic
numbers u, given by

2246 ---2n
7 1-83:5---2n+1

_ 2.4.6 -+ 2n+2m
Ha 1-3:5

e 2m+1
(24)
The solutions of the equations

WO = 0@+ [ v @)

and
[ verse o) a = g0,

1 The Fourier series expansmn of the general power of the
distance between two points, symmetrical in z and 2’ will be
discussed in another communication [J. Math. Phys. (to be
published)].

(26)

1423
where g(¢) is odd and can be expanded in the form

> B.Ponns(®), @)

n=0

g =

can be found in the same way as before. They are

) ey

respectively.

Pinei(f) and }: #nBoPrnimer(E),

Note added in proof: Another integral equation
satisfied by P7.(8) (n, m integers) is

w=r[ Herwer@w o9
where
nNe [ cos me do
H(E)E) = f (1 . EEI — le cos ¢)§
- V3 L B PP, @9

s=m ( + ),

This can be proved by taking r = ' = 1, ¢ =
cos 8 = ¢ cos ¢ = ¢ in the expression for the in-
verse distance R~ between two points r, 6, ¢ and
v, @, ¢'.*' The characteristic numbers », are then
readily found to be

=0@n+1/2vV2mr0=01--- (30)

The solutions of equations of the form (3) or
(18), with kernel H(%, ¢) and integration interval
—1 — 1, can be obtained in exactly the same
manner as before.

n P, M. Morse and H. Feshbach, Methods of Theoretical

Physics (McGraw-Hill Book Company, Inc, New York,
1953}, p. 1274, No. 10.3.3.37.
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Various types of gyroscopic precessional motion are discussed by the application of operational
methods to the vector Euler equation describing the motion of a rigid body about a fixed point.
Discussed herein are free precession and forced precessions due to external torques both fixed in the

body and fixed in space.

INTRODUCTION

HE well-known Euler equations, describing
the motion of a rigid body, may be written as

Acd +o' xAe" =L, (1)

where A is the inertia tensor, L is the external
torque, and «’ is the angular velocity. The frame
of reference in which the quantities appearing
in Eq. (1) are measured is attached to the body
and the origin is either at a fixed point of the body,
if one exists, or at the center of mass.'

If the body has a constant angular velocity Q
and is in dynamic equilibrium (L = 0), then

QxA-Q = 0. #)]

Equation (2) shows that the rotation must be
about a principal axis, since the angular momentum,
A-Q, must be parallel to the angular velocity.?
This axis will be referred to as the axis of spin of
the rigid body.

If the body were disturbed from its equilibrium
so that the angular velocity became

o'(t) = Q + (f), 3)

the equation of motion, if the disturbance ()
remained small with respect to Q, would be

A-o(t) + QlixA — (i-A) x]o()) = L), 4)

where i is the unit vector along the axis of spin
and Qi = Q. The reader’s attention is called to
the fact that the second-order term o xA:w is
assumed to be negligible. The linear transform
method discussed in this paper cannot be used in
the analysis of nonlinear problems.

The linear transform method discussed in this
paper is an extension of the Laplace transform to
an equation in which the dependent variables are

1R. Becker, Introduction to Theoretical Mechanics
(McGraw-Hill Book Company, Inc., New York, 1954), p. 290.

2 J, Slater and N. Frank, Mechanics (McGraw-Hill Book
Company, Inc., New York, 1947), p. 100.

vector functions of time. This method was used by
the author in the analysis of uniform plasmas.® A
vector function of time f(f) transforms to a new
vector function F(S), via

RS = [ exp (~S0f0) d, 5)

where S represents the tensor time-derivative
operator.

DESCRIPTION OF THE METHOD
Equation (4) can be written as
6~ Ko = AL, (6)

where K = (A)7'[(i-A) x —ixA]. If the time-
derivative operation is represented by the tensor
S, Eq. (6) becomes

(5 — K)a(S) = A-L(S) + oo, (7

where © and L are now functions of S, and «, repre-
sents the initial perturbation. The perturbation thus
has a pole* at S = €K; i.e., has a functional be-
havior of the form exp (KQt), where

exp KOO = 1+ Y. )K", n=1,2,3, -,
®)

and | is the idemtensor.
From the above definition of K it can be shown
that®

®)?* = -k — ii) 9)

where
(A )% = (AT — A Ay + At (10)

In the above expression 4, = i:A-i and 4,, and
A, are the first and third sealar invariants of the

8 S. Silven, J. Math. Phys. 5, 557 (1964).

+ By the use of this term, it is intended to show the
analogy with the analysis of scalar differential equations in
the complex frequency domain.

5 See Appendix.
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OPERATIONAL METHODS

‘tensor A, = A — A,ii. The quantity 4, is, of course,
the moment of inertia about the axis of spin. Making
use of Eq. (9) and noting that (K}’ = —FkK, the
expansion of Eq. (8) leads to

exp (K@) = ii -+ (1 — ii) cos kQ¢ + (K/k) sin kQf,
(in

provided, of course, that k is real. The effect of an
imaginary k is discussed later in this paper.
TORQUE-FREE PRECESSION

If the external torque L(8) were zero, Eq. (6)
would become

a8 = (§ — 97w, (12)
which has the inverse
o) = (ire)i + [wy — (i-wo)i] cos kQ¢
+ [(K-wo)/k]sin kQ:.  (13)

The first term on the right indicates that perturba-
tions parallel fo the axis of spin remain constant,
merely causing & change in the magnitude of the
component of angular velocity -along the axis of
spin. The second and fhird terms indicate an
elliptically  polarized precession; i.e., the axis of
spin generates, in space, an elliptic cone about an
axis of precession, which coincides with the posi-
tion of the axis of spin prior to the application of
the source of the disturbance.

If the rigid body were symmetric about the axis
of spin, the inertia tensor could be written as

A = Aii 4+ A,(1 — ii), (14)
from which it follows that
K= kix, (15)
where
Ak =4, — 4,. (16)
Then Eq. (12) becomes
o) = (-0t + [0y — (H-w)i] cos k¢
+ (i % w) sin kQ2. an

In this case the precession is circularly polarized.

THE EFFECT OF A TORQUE FIXED IN THE BODY

If a torque L, constant in the frame of reference
attached to the body, is applied to 2 body previously
rotating with angular veloeity © about a principal
axis, the transform of the equation of motion
becomes

IN RIGID BODY MOTION 1425

o) = (5 — ;WTATETL, (18

=(5 - 2KTA)T(S L + (AT Ly,
(18a)

where L, is the component of L along the axis of
spin and L, = L — L,.* The presence of L, causes
the angular velocity about the axis of spin to in-
crease without limit. If L, = 0, a “partial fraction”
expansion of Eq. (18) yields '

o(S) = [(S — 2K)™'B — B(S)™']L, (19)

where B is the tensor defined by QB = —K(A)™.
The inverse of Eq. (19) is

of) = —B-L(l — cos k) + (K/k)B-L sin kQz. (20)

The body thus executes an elliptic precession. The
axis of precession passes through the origin of the
system and is parallel to the original direction,
in space, of the vector —B.L. Again, if the body
were symmetric, the precession would be circular.

THE EFFECT OF A TORQUE FIXED IN THE
PRECESSION FRAME

If an applied torque has a constant valus of L,
in the frame of reference attached to the axis of
spin and having an angular velocity equal to the
disturbance o(t), it can be represented by '

L{#} = (i)L, + {1 — iDL, cos @ — ix Ly sin 4,
exp (— Qti %)L, @1
in the frame attached to the body. Under the
action of such a torque, the transform of the equa-
tion of motion becomes

o(S) = (5 — A)HATS + Qix)"Lo. (22

If L, has no component along the axis of spin, the
expansion of Eq, (22) is

ofS) =[5 — 97'C ~ CS + Qix)"IL,  (23)

where it is found that (1 — ¥)C = K(A)™! —
(A)7'ix. Again, the only effect of a spin-axis com-
ponent would be an increase without limit of the
spin-axis component of w. Taking the inverse of
Eq. (23), we get

of{f) = C-L; cos kQt 4 K/k)C-L, sin Q1

~C-Lycos Qt + CeixLosin 6.  (24)

®Since K is degenerate, it yields a zero vector when
operating on a vector parallel to the axis of spin. It is thus
easily verified that the terms on the right in Eq. (18a) are
“partial fractions’”” of Eq. (18).
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The appearance of two elliptic precessions of differ-
ent frequencies indicates that the axis of spin
generates a cone whose right section is a Lissajous
figure centered on the axis of precession.

THE EFFECT OF AN IMAGINARY %

It is noted from Eq. (10) that it is possible for
k to be imaginary. If the quantity k, is defined by

(Ao, = (—A} + A4, — 4, (25)
then
K = k(1 — ii).
Making use of Eq. (26), and noting that (K)® = k’K,
the expansion of Eq. (8) leads to
exp (KQ) = ii + (I — ii) cosh k, Q¢
+ (K/k,) sinh k, Q.

(26)

27

It is obvious that Eq. (27) indicates motion which
increases exponentially with time. Physically, this
means that the original dynamie equilibrium was
unstable.

APPENDIX

If the tensors A and ix are written in matrix
form with respect to a rectangular coordinate
system, i.e.,

SAUL SILVEN

4, 0 0 0 0 O
A=(0 B -D ix =0 0 -—1j,
0 -D ¢ 0 +1 0
the following relationships are readily derived:
Aix J ixA = A4,ix, (28)
AixA = Ay,ix. (29)

From the definition of K, and recalling that
i-A = A,i, we have

K= A;(A7'ix — (A'ixA. (30)

Applying Eq. (29) to the first term on the right
and Eq. (30) to the second yields

A22K = AlixA - Angzl(A)_lix + Azzix,
= (A, — A)ixA+ Azix.

@31)

Upon squaring both sides of Eq. (31), it is seen that
A5 K)? = (A, — A,)°ixAixA
+ A,(A, — Ay)ix(Aix +ixA) + ALixix
= An(4, — Ay)’ixix

+ A21A22(A1 - Agl)i % i X + Aizi xix y (32)

or
ApK) = —(42 — 4,4, + An)(1 — i),

from which Egs. (9) and (10) follow.

(33)
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An iterative scheme is presented for solving the N/D equations in the case where the leftz:hand cut
consists entirely as a sum of poles. At no step is recourse to a matrix inversior_x of an algebraic system
required. A scheme for approximating arbitrary cuts by sequences of poles is also presented.

I. INTRODUCTION

N many applications of the partial wave dispersion
relations one is faced with nonlinear integral

equations which may be linearized by the N/D
method. A left-hand cut discontinuity for the
amplitude is assumed to be of some given form,
and likewise some assumptions are made about the
unitarity on the right-hand cut; usually elastic
unitarity is assumed or the inelastic coniributions
are approximated by several two-body channels.
The resulting integral equations are either of the
Fredholm type or have a kernel which is singular
due only to infinite integration ranges. This difficulty
is usually overcome by the introduction of a cut-
off and the resulting equations lend themselves
to standard numerical solutions, which in practice
usually require the use of a high-speed computer.

Often a more drastic assumption is made about
the left-hand cut, and it is replaced by a series of
poles.® The integral equations are then reducible
to a linear algebraic system. If the number of poles
is large, we are then faced with the inversion of
matrices of large order, which, even if the problems
are solved with the aid of computers, it is the matrix
inversion which consumes most of the time.

In this article an iterative method is presented
by which we may go from an n-pole to an (n 4 1)-
pole problem directly without ever introducing the
necessity of matrix inversion. This method is also
applicable to the following case. Suppose that we
have the solution for a certain left-hand cut, then
we may immediately obtain the solution for a new
cut which is equal to the old one plus a finite number
of pole terms. This method is possible due to the
fact that we have a freedom of choosing arbitrarily
a subtraction point where the D function is normal-
ized to unity.

* Supported by the U. 8. Atomic Energy Commission.
( 3 G) F. Chew and S. Mandelstam, Phys. Rev. 119, 467
1960). -
* J. Bjorken, Phys. Rev, Letiers 4, 473 (1960).

3 See for example: H. P. Noyes and D. Y. Wong, Phys.
Rev. Letters 3, 191 {1959); W. Frazer and J. Fulco, 1bid. 2,
365 {1959).

Section IT is devoted to the derivation of the
iteration scheme starting from a general left-hand
cut, and adding an arbitrary number of poles. In
Sec. III this scheme is specialized to the left-hand
cut consisting entirely of poles. In Sec. IV a dis-
cussion is given on how to obtain a sequence of
poles approximation to any cut. All the results
are given for a single-channel case, although they
may easily be generalized to a many-channel
problem.

II. ITERATION ON THE RESOLVENT KERNELS

In the N/D method we write the amplitude as a
ratio of two functions N and D which have dis-
continuities, respectively, on the left or, respec-
tively, right-hand cuts only. We choose to write
an integral equation for N and express D in
terms of N.

N(z;z,) = B() +%f(;£§?)ﬁm)._

- )z -~ x,)
X [B@@ — z,) — B@)(x — )] dz, (I11)
Dlwjay =1-2=% [ pONGZ) (119

w — o) — )

where B(z) is a known funection with only left-hand
discontinuities and p(2) is a phase space factor,
which is a known kinematical function. The inte-
grals in the above equation run over only the posi-
tive real axis from the start of the elastic cut. z,
is an arbitrary point at which we may normalize
D(z; z,) to unity. The ratio N(z; z,)/D(z; z,) is
independent of z,* and in terms of the function
p(z) equals exp [i6(x)] sin 8(x)/p(z).

Instead of Eq. (II1 1) let us consider an equation
with the inhomogeneous term B{z) replaced by an
arbitrary function, f(z).

Niz;z,) = f(x) + % f (zpf)gf(f‘jpzc)

X B@)e — z,) — B@)z — x,)]dz. (1L 3)

¢ This result has been obfained by A. W. Martin (un-
published).
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We assume that the above integral equation has
a solution; namely, there exists a resolvent kernel,
G{z, y; x,) such that

Niw;z,) = f Gz, y; z)f(y) dy.

The first step in this iteration procedure is to
find the transformation between a resolvent kernel
Gz, y; x,) for a subtraction point at z, and the
resolvent kernel Gz, y; z,) for another subtract-
tion point z,. Adding and subtracting te Eq. (I 3)

Y

L[ O gy ay i, ars)
we obtain:
Ni(z; 2,) = (@) -g-%f@.e%%f((::___x%
X [B@E — z) ~ B@)(z — z,)] dz
B PN (z; 2,)
+ _fl(:cp o) f @ z)quz = % 18

As the last term of Eq. (II6) is CB(x), where C
is independent of 2, we may write

Nfziz) = [ G, v;zliw) + CB@Idy, (I17)
where

Tp ™ &g P{z)N (z; xv)
PR ey L

Substituting Eq. (I17) into Eq. (II 8) we obtain C:

C =

(11 8)

[ H3 2., 2010 g

C = , (119
1 - f H(y; z,, z)B(y) dy
Tp ™ X
H(ys xvs xu) e ”
f——-——&(ﬁ"'l-——»-—e(z y;z)de.  (I110)
(z — z,)(z R,
The sought for relation between G(z, y; z,) and
Gz, y; 2,) 18
G, y;2,) = Gz, y; 70
[ f Gz, y'; 2B dy'}H(y; Ty, To)
4 . (II 11)

1~ [ B 2, 20B) dy

Now the iteration scheme may be outlined. Suppose
we add to B(z) an extra pole,

MYRON BANDER

B(z) = B@) + m/z — z). (1112

Equation (II 3) for an arbitrary subtraction point
z, becomes

o2}

IIJ)(Z - mp)

Nyz; z,) = §@) -t-%f -

X [B(z)(z —1,) — Bla)(z — =,) + fn(j —

Ty

(11 13)

r— &

&= )]N,(z x,) de.

If we choose 2, = 2, the kernel of Eq. (II 13)
reduces to the kernel of Eq. (I 3). Thus

(114

The iteration scheme we propose is as follows:
Given ((z, y; z,) we obtain via Eq. (I1 11} Q(z, y; z,)
which equals G(z, y; z;) which we may again via
Eq. (II 11) transform to ancther subtraction point
7, and add a pole at z,. If we denote by G™ (z, ¥; )
the resolvent kernel with n extra poles located at
z;, with residues v, 4 = 1, --- , n, the scheme may
be outlined as

Gz, y; 2) = Gz, y; z).

G (2, y; 2.) = GV@, ¥ Tasr) = G2, ¥; 20n)

had G(“H)(mi s $n+2) = G("ﬂ)(xr Y; xn+2) dhi
(11 15}

where the arrows indicate application of Eq. (II 11)
with appropriate B(z), namely in going from
Gz, y; ) to G'(z, ¥; %i4;) the Bx) that enters
into Bq. (II 11) is

B@) + }i’: Y

> (II 16)

Thus, each step of the iteration procedure is re-
duced to quadratures and at no point do we en-
counter a problem of matrix inversion.

Before proceeding further we show that the
amplitude N{z; z,)/D(z, z,) is independent of x,.
By definition

N@;z) = [ Gl y;2)BG) dy,  (I117)

Dix,52) =1 — f H{y; z,, z)B(y) dy.  (I118)
From Eq. (I 11) we obtain

N(z; z,) = N(z; 5/ D{(mp; 2.  (1119)

As D(x, z,)/D(z,, z,) i8 one for z = z, and its

imaginary part equals —p(@)N(z; z,}), it satisfies
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Eq. (IT2) with the subtraction point at z,, and
thus N(z; z,)/D(z; 2,) = N(z; z,)/D(x; z,).*
III. ITERATION OF THE n-POLE PROBLEM

If B"(z) consists entirely as a sum of pole terms

n

B'@) = > T

’
=1 L — X;

(IIT 1)

the iteration scheme and especially Eq. (II11)
take on a much simpler form. In this case Eq. (IT 3)
may be reduced to
. _ _ 1 - Vi@ — )
Nf(xy xp) - f(x) T .Z_; T — %

PN /(z; x,)
X f (z — x,)z — x) az,

R

1
1T — Xy

(I11 2)

where the =;(z,) are the solutions of a linear
algebraic system;

ni(z,) = }r%(x — z,) f(z_l’ﬂzl___ 0

r,)z — z;)
1 p(Z) ni(xr)
- ;7.-(:5.- = %) f —z,)z—1z) Sz — 25

(111 3)
(n)

There exists a resolvent matrix G (z,) such
that

niz,) = 2 G:i(@o)v; (& — )

o@)1)
x [ G =) — ) &

Going through a procedure analogous to that of
See. IT we derive a transformation between G,;(z,)

and G;;(x,)

(I114)

Gim(ma)'YmK(xm xa)lGli(xa)
1-— K(xm xu)lle(xq)'Yk ’

Gii(x,) = Giylx) +

(I11 5)
where
1 p(2) dz
K(z,, ;) = ﬂ, (@, — z,) f (z — z,)2 — 29z — z1)’
(I116)

and the summation convention has been adopted.
The iterative scheme analogous to Eq. (II 15) is:

G(k) (-’1«',) — G(k) (xk+1))
G*P (@) = GP(@r) D1,

G”‘“’(x,,ﬂ)—>G'“'“’(xk+z),

(IIxv
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where the arrow indicates an application of Eq.
(I1I 5), and the notation A @ 1 means that if 4 is
ak X kmatrix, A Plisat +1) X &+ 1)
matrix with

(A@l)ii‘:Aii; 7'7.7_<.k;
=0, i=k4+1, j<k
or ]=k+1, '&Sk:

1; i=j=Fk+1 (111 8)

IV. APPROXIMATION OF CUTS BY SEQUENCES
OF POLES®

The functions B(x) appearing in the previous
equations are analytic functions cut along curves
in the complex plane which are disjointed from
the right-hand unitarity cut. In the equal mass
case it is generally a single cut running along the
negative real axis. More generally it may have
additional cuts along finite curves.® In most appli-
cations B(x) has at least one cut extending to
infinity. To discuss any approximation technique it
is convenient to make a change of variables such as

z = a/(u -+ b), (Ivy

which makes all integration ranges finite. Such a
change leaves the integral equations (II 1)-(II 3)
of the same form. Now the problem is to approxi-
mate the transformed kernel B(u) by a sequence
of pole. The general expression for B(u) will be
of the form,

Bw) = (u + b) Zfzi"—_(%dz (IV 2)

Baker, Gammel, and Wills” have suggested a scheme
using the Padé approximants. Their scheme con-
sists of expanding B(u) as a power series in u ™",
and writing each partial sum as a Padé approximant.
These authors have shown that the sequence of
approximants converges to the desired function
under very general conditions. The cuts of Eq.

§ All the results of this section are based on the analytic
theory of continued fractions and on the theory of orthogonal
polynomials. General references for this section are:

H. 8. Wall, Analytic Theory of Continued Fractions (D.
Van Nostrand, Inc., Princeton, New Jersey, 1948); J. A.
Shohat and J. D. Tamarkin, The Problem of Momenits (Ameri—
can Mathematical Society, New York, New York, 1943),
Chaps. I and II; O. Perron, Die Lehre von den Kettenbriichen
(B. G. Teubner, Leipzig and Berlin, 1913); G. Szeg, Orthog-
onal Polynomials (American Mathematical Society, New
York, New York, 1959), specifically Chaps. II, III, and XVI.

¢ In problems involving fermions it is convenient to work
in the energy instead of energy-squared plane, where the
unitarity cut runs along the real axis excluding an interval
about zero, and the function B(z) has a cut along the imagi-
nary axis.

7G. A. Baker, J. L. Gammel, and J. G. Wills, J. Math.
Anal. Appls. 2, 21 (1961).
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(IV 2) are approximated by a sequence of poles
whose positions approach the cuts themselves.

We shall present a method, which, although
much more tedious, has the advantage that it
makes few assumptions on the function B(u) and
likewise shows that the poles of the approximat-
ing sequences are not on the unitarity cut. In
actual practice the scheme of Ref. 7 is strongly
recommended. Although both methods are derived
from the analytic structure of continuous fractions,
the exact relation between them is not investigated.

The assumptions we shall make on the funection
B(u) is that the contours ¢; are rectifiable; that
there exists a convex region containing each ¢;*
such that it does not intersect the unitarity cut,
and that the functions w;(2) are of bounded varia-
tion. Under these assumptions, let us rewrite Eq.
(IV 2) as

B = S [ MREL vy
where |dz| is the arc length along the curves ¢;,
and the factors 5; are chosen so that »;(2) is a non-
negative real function.

Now we are in a position to approximate each

8 The end of the transformed unitarity cut may coincide
with the end of one of the cuts. This will cause no difficulty.

BANDER

term in Eq. (IV 3) by a sequence of poles. As v;(z)
is a nonnegative function, we may define a set of
orthogonal polynomials with v;(2) as a weight
function, i.e.,

[ P P00 ldul = bun (V)
The coefficients of the p!”’(u) are real, and the
zeros lie in the least convex region containing the
curve ¢;, and approach ¢; for n sufficiently large.
The zeros of p{”’ (1) do not lie along the end points

of ¢; for any finite n.
Let

f viwu*u” ldul = Cpn (IV 5)

and
V@ = [ BRI gy

The Q! (x) are polynomials of degree n — 1. By
a theorem due to Markoff we have our result:
[l _ Q@)

—lim ¢2y(CooCss — CioCor) } 2
U -z 00( oot11 10 01) P,(,’)(x) 1

n—®

which by partial fractions may be expressed as a
sum of poles.
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It is shown that the postulate of indistinguishability of the Maxwell field tensor from its dual leads
to the concept of the electromagnetic field tensor as a spinor component in dual space. The demand
for algebraic consistency dictates a unique connection with the gravitational field. The Maxwell
field must be viewed as a set of potentials, and the necessity for a duality gauge condition excludes

the existence of magnetic monopoles.

I. INTRODUCTION

T is the purpose of the present paper to exploit

the underlying symmetry properties of the
Maxwell-Einstein field to show that one is led,
solely by algebraic considerations, to field equa-
tions relating the electromagnetic field to geometry.

We shall explicitly assume the following simple
postulates: Postulate I. Space-time is Riemannian
due to the presence of electromagnetic fields.
Postulate II. There exists in space-time a second
rank antisymmetric tensor, F,,, called the Maxwell
field tensor, which contains all of the information
concerning the electromagnetic field; that is, we
know of no restrictions on F,,. Postulate II1. The
field equations relating the geometry to the electro-
magnetic field must be algebraic. Postulate IV. The
laws of physics must be either first or second order,
and, at most, linear in the second-order derivatives
of physical quantities.

In Sec. II, we will apply these postulates to the
Maxwell field and thereby show that F,, must be
considered as a ‘‘potential”’; which must be sub-
jected to gauge conditions. In Sec. ITI we will
examine the fundamental tensors of Riemannian
geometry and exhaust the possibilities for con-
struction of field equations. In Sec. IV, we shall
derive the field equations resulting from our postu-
lates, and in Sec. V examine some of the con-
sequences of them.

At this point, it seems prudent to explain our
choice of postulates. The first postulate is in accord
with Einstein’s original ideas, and, classically at
least, is an expression of the hope that one may
understand physics on the basis of the Maxwell—-
Einstein field, without extraneous elements. The
second postulate is taken as fairly self-evident,
since we are only assuming existence. Essentially,
it is a renunciation of any a prior: knowledge. The
third postulate is not as arbitrary as it may seem.
Essentially, it is an expression of doubt. For ex-

ample, as is well known, Noether's theorem shows
that the conservation of energy and momentum is
a consequence of the assumption of translational
invariance of physical laws, which assumption is
not necessarily valid globally. Thus, if we are to
maintain maximum generality in our laws, we
must invoke only symmetry conditions which are
independent of the structure of the universe; we
must not invoke any laws which involve derivatives
of the F,,. The last postulate is demanded by the
necessity of physical interpretation, and seems fo
be a requisite for all physical theories.

We shall adopt the FEinstein summation con-
vention throughout, and make no distinction be-
tween Latin or Greek indices.

II. DUALITY SPACE

Postulate I automatically implies the existence
not only of the normal Einstein pseudometric g,,,
but also the existence of the Riemannian—Christoffel
tensor which obeys the relations:

R;ﬂup = _Rnwp = —Rurna = Rvpuvv (1)
Rurvp + Rupvv + Rmrpr = O’ (2)

and, thereby, has 20 independent components.
This tensor, as is well known, contains the maxi-
mal information about the space, while some infor-
mation is lost in contracting it. Therefore, if we
are to fully understand the geometry-field con-
nection, we must obtain algebraic connections
using the full Riemann—Christoffel tensor, not its
contractions.

Postulate IV implies that we must construct
our field equations using only R,.., and g, since,
as is well known, these tensors and their combina-
tions exhaust the possibilities of fundamental
tensors." That is, any other tensors in Riemannian
geometry which are at most linear in the second

! A. S. Eddington, Theory of Relativity (Cambridge Uni-
versity Press, London, England, 1924), 2nd ed., p. 79.

1431



1432

derivatives of the g, may be constructed from
the B,

We see, therefore, that, in general, our field
equations must be a relation between fourth-rank
tensors of the Maxwell field and the Einstein field.

According to Postulate 1I, the maximum knowl-
edge concerning the electromagnetic field is given
by F.,, or, equivalently, by *F,, where the dual
tensor is defined by

*F,, = %”u!ka)‘pr 3

where we have used the “permutation tensor,’””

Nurrp = _(_ g)*enr)‘p: (4)
n“’hp = +(—g)-*e,,,;.,,. (5)

€2, 18 the usual Levi-Civita symbol, and ¢ is
the determinant of the ¢,,.

A priori, we have no way of distinguishing F,,
from *F,,, so that the electromagnetic field must
be invariant under the transformation:

F,’n= Fpr+b*an
*F, = oF,, + d *F,,,

6)

where the a, b, ¢, d are Lorentz-invariant param-
eters. The coeflicients must be real, since the field
tensor is, and further, since

*¥*Fo = —F,, )
we see that we must have
a=4d ¢ = —b. 8)

We have, therefore, that the Maxwell field must
be invariant under the transformation

’

[ o Nl

*F'/” *F‘”
where M is a unitary matrix. We see by inspection
that the set of matrices forms a group. The in-~
variance of the Maxwell field under M transfor-
mations we will call “duality invariance,” following
accepted convention.’

To proceed, we note the well-known fact that

F,, has two Lorentz invariants associated with
it, viz.,

I 1 = F ur F ,"9
I, =F, *F".
Indeed, the field can be characterized by these

(10)

2J. L. Synge, Relativity, The General Theory (North-
Holland Publishing Company, Amsterdam, 1960), p. 18.

3 J. A, Wheeler, Geomeirodynamics (Academic Press Inc.,
New York, 1961), p. 239.
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invariants. Yet, these invariants are not dusality
invariant. However, one can easily deduce that

F=L+1I an
is both Lorentz invariant and duality invariant pro-
vided that

detM =1 (12)

(det M cannot be —1 because of the reality of
its components).

Since it is irrelevant whether we characterize the
field by I, I, or by I, 6, where

I, = I cos 294,

(13)
I, = I sin 28,
we lose no generality in taking
a = =cos 6, (14)
b = Zsin 4,
so that .
M cos § sin 6
= =+ -] . (15)
—sin 6§ cos

We now see that M is a unitary unimodular
matrix. We further see that we may give a very
picturesque meaning to the duality transforma-
tions. If we consider a two-dimensional space in
which I,, I, are Cartesian coordinates, or, alter-
natively, I and 8 are polar coordinates, then the

entity
F,,
* va

is a ‘“spinor” in this space. Of course, the entity

7]

is a “vector” in the space.

In agreement with the concept of the field tensor
a8 a spinor component, we note that the “value”
of this spinor is zero,

¥ Jod
(Fp’ *Fyv)(*F;w) = 0:

as follows from the definition of the dual. We have
used the fact that the contravariant, or mixed,
field tensor is also a spinor.

We remark further that the duality transforma-
tion applied to F,, yields a new spinor which is
always orthogonal to the old, i.e.,

(16)

17)

@ o1 o) = 0.
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Using the properties thus far deduced, we note
that we may unambiguously derive a second-rank
tensor which is both Lorentz covariant, and duality
invariant, viz.,

2 = (F, *F,) (?) = F,, F* + *F,, *F* (18)

and this is the only such nonzero tensor available.
It is perhaps not too surprising that ¢5 is, apart
from a factor of 2, the same as the usual energy-
momentum tensor of the Maxwell field. The duality
invariance of ¢35, which is a scalar in dual space,
is obvious from the fact that it is a spinor dot-
product, but one may also check its invariance
directly.

It is important to note that the trace of ¢ vanishes
identically, as can be seen from its definition.

A further remarkable property of ¢% is that

2 = &I°8, (19)

a well-known fact which may be verified directly
by using the two identities,

Fo *F* = 11,3,
Fie Fia — 0 *Fia = %115;,

(20)
(21)
as shown in the Appendix. We now see that it
was necessary to take

det M =1,

since the duality invariance of {3 implied the duality
invariance of I°.

The next lowest rank duality invariant tensor is
given by

Tnmp = (an *Fuv) (*;:a:) = Fuv Fap + *Fuv *Fap

(22)

and this is the only fourth-rank tensor available,
aside from duals of the same tensor. We have,
then, that the only fourth-rank tensors available are

Twaor  *Twars  Thaps  *Thae,  (23)
where we define the left-dual and the right-dual by
*Turap = T ap, 29
Ther = $napcaln™. (25)
We see by direct calculation that
Towr = ~Thor = = Tarrs (5
Thheo = —*Topr-

Thus, we have only two disténct fourth-rank
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Maxwell tensors, and they have the symmetry
properties:

Tnnxp = _Tmap = _T‘upa = Tapun (28)
Tprap + Tuapr + Tupra = 01 . (29)
*Tuvap = _*Truap = —*Tuvpa = —*Tap:;v- (30)

It is seen that T,,., has exactly the same sym-
metry properties as R,,.,, but *T,,,, does not.
The cyclic identity for 7,,., is not obvious, but is
shown in the Appendix. We note here some ad-
ditional properties of 7',,., which are proved in the
Appendix, and will be important later:

Twar = —ta, 31

00 “Turap = 0, #2)

T 7T, 5y = 3T 0.0) 8%, (33)

2lurar = tuafre t biofua = lusfra = boallsp-  (34)

III. FUNDAMENTAL RIEMANNIAN TENSORS

Postulate IV allows us to exhaust the possi-
bilities of geometric tensors available for the con-
struction of field equations. At our disposal, we
have only g,, and E,., plus tensors derivable
from these by operations involving contractions
or dualism. Any other operations must -necessarily
increase the order of the derivatives of the g,,, or
produce tensors which are not linear in the second
derivatives of the g,,.

The common property of the two Maxwell tensors
is a double antisymmetry in the indices. Certainly
any Riemannian tensor which we may use in field
equations must also possess this property.

We may now exhaust all the possibilities for
fourth rank fundamental tensors by applying the
dual operation and the contraction operations to
the tensors g,, and R,,.,. Without contraction,
we may form the tensors

Buapy  *Buass  Blapy  *Blap. (35)
With a single contraction, we have the tensors
Vi Tkmy * Viikm ’ V?ikm ’ * V?:ikm ’ (36)
Witmi  *Wiitmy  Whim,  *Whia,  37)
and with a double contraction we have
Giiim *Qiiem  Gim *QFikms (38
where we have defined
Viiim = Bagim + Ringir — Ringix — Rixgim, (39)
Wiitm = B(girgim — GirGim), (40)
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(1

Apparently, we have 16 possible tensors for use
in field equations. However, there are only 8 dis-
tinct tensors because of the identities

Giirm = Gaxlim — GJixGim-

*Ristm — BEiim = *Vigem — 3*Wiitm, 42
Yim = *Rispn = Viim — W ¥ikm, (43
Rijim + *B¥iin = Viiim — Wiiim, (44)
*Wiitm = Wim, (45)

*Whitn = —Wiitm, (46)

*Giibn = Miikms CY))

Glikm = Mijem: 48)

*Clikm = —Gijim (49)

which are easily verified by direct calculation.
Solely as a matter of convenience, we will rename
some of the 8 distinct tensors by defining

Aiim = Rijim + *Efim, (50)
Siitm = Rijim — *Blitm, (51)
Piiim = *Bijim + Bim, (52)
Qiikm = *Bijym — R¥jkm- 53

We note then the following properties of the
tensors, ignoring indices for now,

*4 = A, A* = —Q,

*Q = —A4, Q* =4,

*8§ =P, S* = P, (54)
*P = -8, P*= -8,

*G =1, G* =1,

*n = —G, 7 = —@.

Finally, we see that Q is antisymmetric for the
double interchange of indices, e.g.,

Qiikm = — Qimiis (55)
while all others are symmetric under the double
interchange.

IV. FIELD EQUATIONS

On the basis of our postulates, the most general
possible field equations we may have are

@A ixm + $8iikm + PPiitm + qQiikm + gR + NGiim
+ ﬂ(R + B)mnm = I’Tiikm + *t*Tiilmv (56)
But, if we consider the double interchange of in-
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dices we see that the field equations must split,
a4 iim + 8Siitm + PPijim + 9B + NGijim
+ 9B + Bniiem = Tiikm, (57
qQiikm = **Tsibm, (58)

where the coefficients are (universal) constants.
Further, if we take the left and right dual we see
that we must have a further splitting,

@A ikm = T iikm, (59)

88:km + PPijim + 9B + NGijkm
+ 9 + B = 0,  (60)
0Qiikm = **Tiikm, (58)

but we see that the relation between @;;.. and
*Tiiem 18 already implicit in the field equation
for T;jim-

We now readily see that our postulates demand
the single set of field equations:

Aiikm = kT,‘,’km. (61)

The other implied set of field equations must be
trivially satisfied by vanishing coefficients, else we
would have 19 field equations for the g,, and F,,,
and this cannot be. For a generally covariant
theory, we must have no more than (n — 4) field
equations for » field functions. Furthermore, the
other set of field equations would imply a geometry
unaffected by the sources, F,,.

We now must ask whether our field equations
are consistent, at least mathematically. First of
all, we note that

*A¥ e = Aiitm 62)

Thin = Teiim, ()
"¢ Aisim = 0, ©9
9" Tiim = 0, (69
AP A, e = A4, 8, (66)
TPUT, 0y = HT™T 0,0 8, ©7)

where the relations follow solely from the defini-
tions of the tensors, and are proved in the Appendix.
Secondly, the two tensors agree in all symmetry
properties.

It follows from the identities and the symmetry
properties that our field equations constitute nine
independent relations, which may be more clearly
appreciated by realizing that, as Einstein® first

¢ A. Einstein, Math. Ann. 97, 99 (1926).
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showed,
Ajiin = Bugin + Ringis — Bingin — Bisgim,  (68)
where

R,, = R, ~ 1Ry, (69)

Using this, we see that the field equations are
completely reducible to

R#v = (70)

which is obviously a set of nine independent equa-
tions, since the trace relation is missing.

We have been impelled by purely algebraic and
group-theoretic arguments to a single set of field
equations relating the geometry to the electro-
magnetic fields.

How must we interpret the field equations? We
see from the postulate of duality invariance that
the F,, are not uniquely determined by the geometry.
That is, as far as ¢,, is concerned, the F,, are po-
tentials, a fact which is easily understood from the
realization that duality invariance is simply a
form of gauge invariance for the potentials. On
the basis of our postulates, therefore, we have no
recourse but to accept the role of the F,, as com-
pletely analogous to that of the g,,, viz., as potentials.

With the realization that the F,, are potentials,
we see that we cannot in general have a determinate
problem unless we pick a gauge. We must have
some way of specifying the specific gauge for the
F,, just as it is necessary in Lorentz electrody-
namics to impose the Lorentz condition. By choos-
ing a particular gauge, we must ‘‘destroy” the
duality invariance.

How can we pick a meaningful gauge condition?
We assume that our gauge condition must he
globally valid and generally covariant, and there-
fore must be independent of the geometry. Thus,
our gauge condition must involve only ordinary
derivatives, not covariant differentiation. We are
thereby forced to adopt the gauge condition:

oz’ ax*

—ki,,

9F,,

oz’ =0,

(71)
which is the only possible condition which does
not involve geometrical quantities, yet is tensorial
in character!

We see that the only possible way of picking a
(global) gauge for the F,, automatically excludes
the existence of magnetic monopoles, a very interest-
ing fact, indeed.

We now note that the adoption of our gauge
vields a mathematically determinate problem. We
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have the field equations:
Ruv = ”ktuv; (72)
*len = Ov (73}

where we have written the gauge condition in an
equivalent way, using the dual. We readily count
9 + 3 = 12 independent equations since the identity:

e =0 74

reduces the gauge condition to 3 relations. We also
count 76 field functions,

Gus F sy
so, with the choice of 4 coordinate conditions, we
have a determinate system.
V. CONSEQUENCES OF THE FIELD EQUATIONS

Let us examine the field equations derived in
Part IV. We have

R“v = "'ktwu
s, =0,

and the application of the Bianchi identities leads
to the relation

1 4R

4k é;; = FM'F“)\I)\ =F,J’

(75)

and we see, therefore, that in a region of space-
time which has a constant Riemannian curvature,
the “current” vanishes, and ¢,, is conserved,

123
F\ =0,

Ky
t[,"—’

(76)
W)

For such a region, the field equations may be
written as

G{w + %Rog,n = -.ktuvl (78)

where G,, is the usual Einstein tensor, and R,
which plays the role of cosmological constant, is
the constant value of R, the Ricci scalar. In general,
the energy and momentum of the electromagnetic
field is conserved only for regions of uniform curva-
ture. More generally, we may consider an assemblage
of incoherent electromagnetic fields such that the
average “Lorentz force” is zero

<FMI’JI’> = 0, (79)

and it follows that the energy momentum tensor
of such an assemblage will be conserved. For such
gross matter, the field equations will be completely
equivalent to the usual Einstein equations.



1436

Thus, we see that the field equations derived
by our postulates are quite equivalent to the
macroscopic field equations of Einstein when we
consider uncharged bodies. The real difference
arises in treating those regions of space-time which
one normally refers to as “charged.” For such re-
gions, the field equations imply that disruptive
Coulomb forces will be balanced by a gravitational
pressure, in accord with Einstein’s original con-
ceptions® of an “electron.”

It is not difficult to show that a spherically
symmetrie static solution of our field equations,
with an arbitrary charge distribution, is stable
and, furthermore, transforms properly, ie., its
energy and momentum form a 4-vector. Thus a
gravitational pressure, as prescribed by the field
equations, is a suitable Poincaré “glue.”

VI. CONCLUSIONS

We have shown that our postulate concerning
the Maxwell field, which is essentially an expression
of ignorance, leads one to a unique connection
with the gravitational field, without invoking the
conservation of energy. Since we cannot be sure
of the isotropy of space—time, it would seem prefer-
able to establish this connection by the algebraic
manner used, rather than to demand, as is usually
done, the condition

™, = 0. (80)

One obvious advantage of the approach described
in the present work is that the role of the F,, as
potentials is clearly shown. The necessity for a
gauge condition then excludes magnetic monopoles.
Since we do not assume Maxwell’s equations as
usually done, we feel absolutely no compulsion
toward “completing the symmetry” of the relations:

F‘"ir = J“, (81)
¥, = 0. (82)

In fact, our approach shows the fallaciousness
of such a view. The real symmetry of the Maxwell
field lies in its duality invariance, which is of
algebraic character, not of differential character.

For a space of constant Ricci curvature, the
field equations we have found are precisely those
of “geometrodynamics,”® with the welcome ex-
ception that one less condition is necessary. The
vanishing of the trace of . is already assured.

APPENDIX

We present proofs of various identities used in
the main text. Some of the identities are well known

8 A. Einstein, Sitzber. Preuss. Akad. Wiss., 349 (1919).

R. PENNEY

in the literature, but there do not appear to exist
explicit proofs of them, so that it seems desirable
to collect the formal proofs here.

Theorem 1. The usual Maxwell energy tensor
obeys the relation

28 = A5

Proof: We use the two identities quoted in the
text, viz., Egs. (20) and (21). We then have directly,

FPhy = (FPF + *F? *FY)(Fy Fy + *F., *F5),
= FOF{F,F5 + FMF *F,, *F;
+ *F? I, P - 2D AFS *F,, *F,
= FOFo(*F,, *F* 4 11,60 + L,88F™ *F,,
+ 1L8, *FPF,, + *F *Fo(F F” — 31,80,
collecting terms, we have
Pt = H(IE + I8,

and we have a direct algebraic proof which does
not reguire any usage of the special properties of
the F,,, nor any use of Lorentz transformations.

Theorem 11. The fourth-rank Maxwell tensor
Twap = FuFap + *F,, *F,,
obeys the cyclic identity:
Thap + Tuwpr + Tippa = 0.
Proof: By direct calculation we have that
Tiass + Tises + Tisae = (FraFsa + Frullyy + FipFu)
+ (¥Fyp *Fyy + *Fy, *Fyy -+ *Fi5 *F ).
Also by direct calculation we see that
(det F.)t = FiuFs + FiuFa + FioFa,
det I} = F2F* L FUF® 4 Fope,
so that we have
Tizes + Thass + Tiser = et F,) — gldet P)E =0

Theorem I1I. The fourth-rank Maxwell tensor
obeys the relations

T f b 3
T yagy = 3T Toea) 81,

2Ty =

tuagvn =+ t"PgI“! -1 - tvugun-

I‘Pg'a
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Proof: The first identity may be verified by Theorem IV. The tensor A;.s, satisfies the re-

direct calculation, viz., lation
Tiaﬁ?T?sdB‘)t . Aidﬁ?Akab-y — %(Acbchabw)sz.
= [F'°F87 + *F' *F*|[FyoFpy + *Fra *Fal, p Thi lation  foll directly
= (FP'F3,)[F'°Fa — *F** *F.] roof: This relation follows directly from a

. . theorem due to Lanczos,’ which we may state as:
+ (F* *Fg,)[F*® *Fyy + *F°F],

while the second identity follows directly from and from the relation:

Lanczos’® proof of the same relation for the Riemann ia ‘e b ;
tensor ’ R Biagy + *B¥ 7 *Rbup, = 5B Rurs) i,

¢ C. Lanczos, Ann, Math. 39, 842 (1938). which is easily verified by direct caleulation.

R-‘aﬁ-y *Rl:kaﬁ-y — %(Raﬁ‘yﬁ *R*aﬁ'va)s;;
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In a previous paper the authors showed how the infinitesimal generators of the proper, ortho-
chronous, inhomogeneous Lorentz group acted in a basis in which the square of the angular mo-
mentum, the z component of the angular momentum, the helicity and the energy were diagonal for
the irreducible representations which correspond to the cases of nonzero and zero mass, discrete spin.
In that paper no derivation of the results were given. It was possible, however, to verify them directly.
In the present paper we carry out the derivation.

I. INTRODUCTION

E showed' how the infinitesimal generators
of the proper, orthochronous, inhomogeneous
Lorentz group act in a basis in which the energy,
square of the angular momentum, z component
of the angular momentum and helicity are diagonal
for the irreducible representations corresponding
to the cases of nonzero and zero mass, discrete-
spin case. The derivations were not given. How-
ever, it was possible to verify the form directly
by showing that the infinitesimal generators satis-
fied the correct commutation rules and had the
proper invariants or Casimir operators, and that
the set of infinitesimal generators were irreducible.
In the present paper we propose to show how
we obtained the basis. The basis is obtained from
the commutation rules and a knowledge of the
form of the representations given in a basis in which
the components of the momentum are diagonal (see,
for example Ref. 2).

It should be mentioned that Pauli’® has a very
terse derivation for the case of zero mass and
discrete spin. We were not aware of this reference
when we began our work. Hence, our notation
and procedure differ considerably from his, though
the spirit of the derivation is the same. Our deriva-
tion for the massless case appears as a simplified
version of the far more complicated derivation for
the nonzero mass case.

We shall use the commutation rules for the

* Operated with support from the U. S. Advanced Re-
search Projects Agency.

1 J. 8. Lomont and H. E. Moses, J. Math. Phys. 5 (294),
(1964). Henceforth referred as Part I.

2 J. 8. Lomont and H. E. Moses, J. Math. Phys. 3, (405),
1962).
( 3'W. Pauli, CERN Rept 56-31, Geneva (1956) (unpub-
lished).

infinitesimal generators as given in Egs. (1.4)—(1.10)
in Part I. From these commutation rules one
can show that the operators H, J?, Js, and
w = [H w2 'w, commute with each other,
where J* = >, J%, w, = P-J = >, P,J; and is
thus the helicity operator, and p is the mass of
the particle.

We shall assume that H, J°, Js;, and w form a
complete set of commuting variables. We shall
find that we can obtain all the irreducible repre-
sentations which we wish in terms of a basis in
which this set is diagonal.

Let us denote the eigenvalue of H by E
and the eigenvalue of w by o. Then from the
results on the irreducible representations of the
inhomogeneous Lorentz group range of E is given
by # < E < o for the positive energy representa-
tions and ® — < E < — u for the negative energy
representations. In the case of nonzero mass, « can
take on the values —s, —s + 1, .-+ , s — 1, s
where s is the spin of the particle.

In the case of zero mass, discrete spin « can take
on only one value; either « = s or &« = —s, where
s is the spin. That is, w is a scalar in the mass
zero case. However, for the sake of uniformity of
notation, it will be convenient to consider w to be
an operator with only one eigenvalue.

We denote the eigenvalue of J, by m and of J* by r.

Hence, a set of eigenkets |E, r, m, «) exists such
that

H|E,r,m,a) = E |E,r, m, a),
J2 IEY r’ m' a) =
Js |[E, 7, m,a) =

r|E,r, m, a), R

m |E,r, m, ),

wl|E,r,ma = al|E,r,ma).
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From the last of Egs. (1.1) the helicity operator
w, i8 given by

w |E,r, m,a) = pa |[E,r, m, a), (1.2)

where

p=E — ) (1.2a)
The helicity operator is also diagonal in this repre-

sentation.

II. REPRESENTATIONS OF THE ANGULAR
MOMENTUM OPERATORS

In the present section we shall show that the
eigenvalue r of J* has the form r = j (j + 1),
where j is either always a nonnegative integer
or a positive half-odd integer. Furthermore, we
show that for a fixed value of j, m takes on the
2] + 1 values —j, —j + 1, ---, § — 1, j. Finally,
we shall show how J, and J; act in terms of a
basis which we shall construct.

We shall adapt Dirac’s familiar ladder technique*
to the inhomogeneous Lorentz group in order to
obtain the above results.

The following familiar identity will be useful.
Let A and B be two operators. Then for any scalar r

1B, A1, @.1)

e—rABerA —
n=0 n!

where {B, A} is defined by induction by means
of commutators
{B, A}™ = [{B, A}, 4],
(B, 4} = B.

(2.1a)

Let D be any of the infinitesimal generators.
Then from the commutation rules (1.4)-(1.10) of
Part I and Eq. (2.1) above

exp (—2mtJ3) D exp (2riJ;) = D, 2.2)

for all D. Thus, exp (2m¢.J;) is a scalar from Schur’s
lemma, since it commutes with each member of
an irreducible set of operators. We write

exp 2xiJ;) = wl, (2.3)

where w is a complex number of unit modulus and
I is the identity.

Again by the use of the commutation relations
and Eq. (2.1)

exp (wiJy)Js exp (—miJ,) = —J,, 2.4)

+P. A. M. Dirac, Principles of Quantum Mechanics
(Oxfor(jii_ University Press, Oxford, England, 1947), 3rd ed.,
p- 144 ff.
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from which
exp (wiJ,) exp (2riJ,) exp (—mid,)
= exp (—2miJs) = w*l. (2.5)
Thus from (2.3) and (2.5)
w = w¥,
from which it follows that either w = 1 or w = —1.

In the first case, all the eigenvalues m of J, are
integers, while in the second the eigenvalues m
are half-odd integers.

It also follows from (2.4) that if m is an eigen-
value of J;, so is —m.

Let us introduce the operator N defined by

N =J, —i,. (2.6)
Then
N =J,+1J,, (2.6a)

where the carat denotes the Hermitian adjoint.
From the commutation relations and the defini-
tion it follows that

[J37N] = Nr
[Js, N1 = =N,
P=A8NN+J:+ J,.

Also the following commutation rules will be useful:

2.7

[H,N] =0,

[J*, N1 =0, (2.72)

[wv N] =0,
[Js, N™] = mN™

Consider an eigenket |E, r, m, «). From the
positive definiteness of the operator J?, it follows
that m® < r where r is nonnegative. For a fixed
value of r, let us denote the maximum value of m
by j. Of course, j is a nonnegative integer or posi-
tive half-odd integer. The minimum value of m is —j.

From the commutation relations (2.7) and (2.7a)
we see that for m < j, N |E, r, m, ) is an eigen-
state of H with the eigenvalue E, of J* with the
eigenvalue r, of w with the eigenvalue «, and of
J 3 with the eigenvalue m + 1.

However,

N |E,r,j,e) =0, (2.8)

for if it were not, then it would be an eigenstate
of J; with the eigenvalue j + 1 which is impossible,
since j is the maximum eigenvalue of m for fixed r.

We can now find r in terms of j. For from the
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last of Eqs. (2.7) and from Eq. (2.8);
VIE,rja) =r|E,rja = 8NN |E,r, ja
+ J5 B r, g, ) + s |E, 1, §, a)
=jGi+ 1D IEr§ ). (2.9)
Hence,
r=j{j+ 1. (2.10)

Henceforth, we shall denote the kets which form
the basis by |E, j, m, «) instead of |E, r, m, a).
In terms of the new notation then,

H|E, jm,a) =E |E,j m,a),
VB, j,ma) =ijG+1I|E,j,m,a),
Js |E, j, m,a) = m |E, j, m, a),
wlE, j, m, a) =al|E,jm,a).

(2.12)

Having the basis formed by the kets |E, j, m, a),
we can construct new kets |E, j, m, ) which satisfy
(2.11) by

IEr jym,a) = N |E, j, —j, ). (2.12)

Since, for a fixed set of values of E, j, o, we have
for each possible value of m an eigenstate |E, j, m, a),
this new set of kets spans the same space as the
original one.

In terms of this new basis
NI|E,jma) = |E,jym+1,a) for m <j
N IE,j j,a = 0.

To find how N acts in the new basis we use the
last of equations (2.7) as follows: For m < —j
NIE,jma) = NN |E,jm— 1,4

= (P ~Ji—Jy)|E,jm—1,0

=G+mG—m+1)E jm—1,a. (214

Hence in the new basis we know how N and N act.

Since the new basis spans the Hilbert space,
there must be a real positive weight function
W(E, j, m, «) such that the resolution of the identity
operator I is given by

(2.13)

-z [ 4B 1B, i, m, W@, §, m,&)E,j, mal,
(2.15)

where the integration and summation go over the
entire range of quantum numbers. The funection
W will be determined by the requirements that
N and N as given by (2.13) and (2.14) are Hermitian
adjoints.

J. 8. LOMONT AND H. E. MOSES

From (2.13) and (2.15), we have

= 3 de[E ih»m+ 1, 0)W(E, ],m a)

f,m,a

X (E, j, m, al. (2.16)
Hence, from (2.16)
F= X de B, j, m, )W(E, j, m, a)
X(Eijvm-l-]-rali (217)

- l,a)W(E, jt m — lra)

=i§_;ade|E,j,m

X (Ev jr m, Otl.
But from (2.14) and (2.15)

F= 3 [dBG+mG = m+DIBim—10

X W&, j, m,)(E, j,m,al. (2.18)

Since the bras and kets are linearly independent,
we have an equation for W, namely,

W(Ev jy m — lxa)
=G+ m@G—m+ DWE, j, m,a).
Let us define W(E, j, &) by
WE, jo=WE,j —ja.

Then the solution of (2.19) is, as can be proved by
induction,

(2.19)

G—m! 1
G+ m't @t

Henceforth, for simplicity of notation, we shall
replace the round kets by the angular kets which
are not to be confused with the original angular
kets. To summarize: We have shown the existence
of a set of kets such that

W(E, j,m,a) = W(E, j, o). (2.20)

HIE, j,ma)=EI|E,j m,a),
VB, j,ma) =i+ 1)I|E, j,m,ae),
Js |E, j, m,a) = mlE, j, m,a),
wl|E,j,ma) =alE,jm,a), (2.22)
(Jo —Jy) B, j,m,a) = |E, j,m + 1,a),

(J2 + iJl) I‘Ev jv m1a>
=G+mG—-—m-+1I|E jm

m! 1
; de 1B, g, m, a>(7+ m)! (27!

X W, j,a)E, j, m, al,

- 1)a>1
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for values of j and ranges of m discussed in the
body of the section.
III. REPRESENTATION OF THE LINEAR
MOMENTUM OPERATORS

In the present section we shall show how the
operators P; act and prove that for a fixed value of
« in the set of kets |E, j, m, «), the values of j which
occurare j = |al, |la| + 1, la] + 2, -++ .

Our starting point is the observation that since
P; commutes with H, J;, and w, the vector
P, |E, j, m, o) is a linear combination of |E, j, m, &)
in terms of the quantum number j only. That is

P3 IE’ jy mra) = Z Ai.i’(E: m, a) IE) j,r m1a>y
3.1

where A;,;.(E, m, o) is a matrix element in the j
variables only which depends on E, m, o as shown.
Since the quantum number j is nonnegative and
is denumerable, there will be a minimum value
of j which we shall call j,, i.e. § = j, = 0. The matrix
element A; ;. is defined only for those values of
i, 7 which are equal to or greater than j,. At times
it will be convenient to regard A;,;- as being equal
to zero if either j or j are less than j,.

The next point in our development is to use the
commutation rules

[J% Pi] = 26(P x J); + 2P,
[J, P xD)s]l = —2P:J* + 2J,(H* — p)w,

where

3.2)

(Px J)a = PJ, — PyJ:. (3.2&)

These commutation rules follow from the commu-
tation rules for the infinitesimal generators given
in Part I. [The first of Eqs. (3.2) appears mis-
printed on page 13 of Ref. 3.]

Let us define the vectors |E, j, m, «); and
lE; j; m, a)ﬂ by

'E’j’ mla)l = P3 ,E! jr m7a>1
B, j, m,a); = (Px]) |E,j, m,a).

Then from (3.2) we obtain two simultaneous
equations for |E, j, m, «),... These equations are
obtained by applying both sides of both Egs. (3.2)
to the vector |E, j, m, «). The simultaneous equa-
tions are:

-G +i+2IE jm ),
— 2% |E, j, m,a), =0,
26§ + 1) |E, j, m, a); + [J* — §G + 1]
X B, j, m,a), = 2impe |E, j, m, a).

3.3

34)
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In Eq. (3.4), p = (E* — )L

Multiply the top equation of (3.4) by [J°—j(j+1)]
and the bottom by 27 and add.

One obtains

(P =G +i+21F -G+ D] - 4G+ D}
X |E, j, m,a), = —4mpa |E, j, m, a). (3.5)
However,
{ =G +i+ 211 -G+ D] — 4G + D}
=[J -G - DI -G+ DG+ 2L
Hence, Eq. (3.5) is

[J* =G — DIY — G+ DG+ D] E, j, m, ),

= —4mpe |E, j, m, a), (3.6)
or
(P — 3G — DU — G+ DG+ 2)Ps |[E, j, m, a)
= —4dmpa |E, j, m, a). (3.62)

Hence, from the first of Egs. (3.4),
(PX J)3 IE1 jr m, a)

=3[ -+ -2P|E jma. GBI

On substituting (3.1) into (3.6a) we obtain an
equation for A4; ;:

DHG + 1) — iG = D]

XFG+1D -G+ DG+ 2]
X Ai.i'(E, m, a) lEr j,m’ a>}
= —4dmpe |E, j, m, a). (3.8

Since the kets |E, j, m, «) are linearly independent,
we see that only 4, ;, A; .1, 4; ;-1 do not vanish
identically. In fact, for j # 0

A; (B, m,a) = mpa/i(j + 1). 3.9

To find 4, we note that for j = 0 in a ket, m
must also be zero. Also J,; |E, 0, 0, @) = 0 for all <.
Then

w, |E,0,0,0) = P-J|E,0,0,a) =0.
Hence,
w|E,0,0,a) = 0. (3.10)

From (3.10) we see that the only value for & when
j = 01in a ket is & = 0. Hence, the only kets which
span the subspace for j = 0 are |E, 0, 0, 0).
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Also (P x]); |E, 0, 0, 0) = 0. On writing
P. |E,0,0,0) = A,E, 0, 0) |E, 0,0, 0)

+ 4,.(8,0,0) |E, 1,0,0), 3.11)
and on substituting into (3.7) we obtain
Ao o(E,0,0) = 0. (3.12)

Equation (3.12) which gives 4,,, may be regarded
as a special case of (3.9) which gives A4, ;, if we
always evaluate the numerator of the fraction in
(3.9) first before evaluating the denominator. We
shall adopt this convention and consider (3.9) as
giving 4; ;(E, m, o) for all j.

The Hermitian character of P; provides a rela-
tion between A; ;. (K, m, &) and 4; ;. (£, m, o).
{We remember that the element A; ;_, is defined
to be zero if j = j,.) From the completeness rela-
tion which is the last of Eqs. (2.22), we obtain the
orthonormality relations for the kets |E, j, m, «),
namely,

(E' ., m',a |E, j,m,e)

G+m!__@p!
G —m!WE, j )

= 61',!"51'1.1:1’6&.‘1’ (3.13)

The requirements that P; be Hermitian can be
expressed as the requirement that the matrix
element of P, satisfies

<E1 jv m1aIP3 ‘Elr j’1 m’!a’>

=(E", i, m, | P |E,j m, e)*, (3.14)
where the asterisk means complex conjugate.
On substituting (3.1) into (3.14) we obtain
j 1
Apor B, mo) = A, A8, my @) FET TS
RPN W, ja)
X2+ D2+ 1D WE,; + 1,0 (3.15)

It will be convenient to define B;.,(E, m, «) and
A:‘—l(E; m: a) by

Bi+l(Er m, Cl) = ALHI(Ev m, 0‘);

(3.16)
A (E,m,a) = A, (E, m a).
Then we have
Py [B, j,m,0) = 25 B, m, )
+ BB, m,a) |E,j+ 1, ma)
+ A, (B, ma) B j—1,ma), (3.17)

where A; and B; are related by (3.15):

J. 8. LOMONT AND H. E. MOSES

_ ji+m+1
A{E, m,a) = B¥.,(E, m, a) }7———-—'_ m— 1
" ; (‘Ev js G() .

X206+ D@j+ 1 WW(’E;, e (3.18)

Our principal objectives will now be fo find
B;.; and, hence, 4, ,. On combining (3.7) and
(3.17) we have

. _ . mpa
(PXJ);; IEP .71 ne, C!) - Z[](} + 1)

- sz‘+l(Ey m, a) fE! 3 + 1,m, a)

gE, jv m!a)

+ G+ DA(E, mae) B, j—1,m, a)] (3.19)

Now from the commutation rules of Part I

(Pl + 'ipz) = "7:[(072 - 'iJl),P:s],
(Pl - iPz) = —i[(J2 + iJl)yP3]'

(3.20)

On applying these relations to the kets |E, j, m, o)
on using the fifth and sixth equations (2.22), and
on using (3.17), we obtain

(Pl + ’I«Pz) tE’ .’i» m,a)
—le PE g
=iy B im + 1.0
+ {BN-I(Ev m, 0.') - Bi*-l(E? m + 11 a)]

XE,j+1,m+1,a)
+ [-Aiﬂl(Ev m, a) - Ai-l(Er m + ]-y a)]

X B, j—1m+ l,a)}, (3.21)

(P, — iPy) |E, j, m, a)
+G+m+DG—m+2)B(E, ma)
— @G+ mG — m+ DB;u(E, m — 1,a)]
X B ji+1l,m—1,0a
+ G+ m — DG — mA; (B, m, o)
-G+ m@G—m+ DA, (E,m — 1,a)]

X |E,j~1,m— l,a)}. (3.22)
In (3.21) and (3.22) there are terms with j(j + 1)
in the denominator. These terms vanish when j = 0.
Since when § = 0 also @ = 0 as shown earlier, these
terms would also vanish if the numerator were
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evaluated first. Hence, our convention for j = 0
is still valid.
Now

(PXD3 = %[(Pl - iPz)(Jz - iJ1)
- (Px + ’L.Pz)(Jz + iJ1)]- (3-23)

Thus, (3.21) and (3.22) together with (2.22) yield
the following results:

T ) __2mpe

(PxJ)S lEij m,a) = _5{ ](]+1)

+G+m+2)G—m+ DB ,(E,m+1,q

+ G+ mG—m~+ DB(E,m—1,q

- 2@+ j — m")B;(E, m,a)] [E,j+ 1, m,a)

+ G+ mG—m— DA, (B, m+ 1,0q)

+G+mG—m+ DA, E m— 1,0

— 2P+ j— m)A,_(E, m, )] |E,j— l,m,a)}.
(3.24)

Let us compare (3.24) with (3.19). Since the kets
are linearly independent, we can equate coefficients
of |E, j + 1, m, a). We are thus lead to a recursion
relation for B;.,(E, m, «) in the variable m, namely,

G—m+ DG+ m+ 2B, ,(E,m+1,q
= 2( + 2j — m)B;(E, m, @)
-G+ mG—m~+ DB (E, m — 1,a). (3.25)
Let B;.,(E, a) be defined by
R,.(E,a) = B;nw(E, —j, a). (3.26)

Then one can show that the general solution of

(3.22) is
_i=m+1
Bi+1(E1 m, a) - 2] + 1

Equation coefficients of |E, j — 1, m, «) leads to a
recursion formula for 4 ;_,(E, m, @) in the variable m.

G+ m@G—m—DA;.(E, m+1,a
=2(" —m* — DA; (B, m, a)

|E, j, m, a)

Rin(E, a). 3.27)

—G+m@G—m+ DA, (E , m—1,a). (3.28
The general solution of (3.28) is
A; (B, m,0) = G+ m)Si(E, 0. (3.29)
The relation (3.18) becomes
— of: W(E, j, a)
S*E, o) = 2(G + 1) WE,j+ 1,0 R, .\(E, o).
(3.30)
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Also (3.17), (3.21), and (3.22) becomes
) __mpa .
P3 |E, .71 m, OL) - ](] + 1) lEv ], m;“)
| — 1 .
n 721.—7;‘_"1'-—R,-+1(E, o) |EB,j+1,m,a
+ G+ mSi(B, ) |E,j—1,ma), 3.31)
(Pl + ZP2) lEp j) m!“)
N S P .
= z{ G+ B, j,m+1,a)
1 .
+ WRHI(E, o) |E,j+1,m+ 1,
- Si—l(Er a) IE, .7 —-1,m+1, a)}y (332)

(Pl - zP2) IEy j) m!a>

_ G+ m3G— m+ Dpa o — 1o

= ’{ G+ D 1By jym = 1,09

(j—m+2)(j—m+1)R
2+1

+ i+1(E1a) IE)j+11m—lra>

= (+m)(j+m—1)8,..(E, o) |E, j—1, m—-l,a)}.

(3.33)
We shall now use the fact that
H®> — P* = % (3.34)
We write
P? = (P, + <P,)(P, — iP,) + P3, (3.35)

and apply both sides of Eq. (3.34) to the ket
‘E ) j’ —j’ a)’

After using Egs.
equation of the form

(3.31)-(3.33) we obtain an

CE,j e |E, j, —ja =0, (3.36)
where
om, i) = B
+ (2§ + 3)R;.1(E, a)Si(E, a) — p°. (3.37)
Hence,
C(E,j o =0. (3.38)
Let § = job — 1in (3.37) and (3.38) where j, is the
minimum value of j. Then, since §;,_, = 0, we

obtain the extremely important result

(3.39)

Jo = I"‘l-
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Thus for j > |of
Ri(E, 0)S;(E, )

-7 g
From (3.30) we have
BB, ' = i g 1
X G+ D = o] E%,E-(%—'?—i—)'i)- (3.41)

At this point it would appear that we would
have to use more of the commutation rules to
obtain the phase of R;,,. However, we shall show
that the unknown phase can be obtained by chang-
ing the basis.

Let us define T;(«) by

Ti@) = [2—]—(2—]:—35]‘ (3.42)

Then

] o 4 Lok
Ri(@) = pﬂ-(@[%%{’—l—):)} e, (3.43)

and
Si(E, @) = 2p(j + DT;.1(e)

W(E, j, @) ]* —totien)
X[W<E,j+1,a) e
where «(7) is the phase angle in the polar deserip-
tion of R;(E, o).

Let us introduce a new basis:

W(E,j, o)
W(E, o)

(3.44)

3
Towo i mo.
(3.45)

In (3.45), W(E, a) = W(E, j, o) and B(j) =
Y0 w(@) for > jo, B(G,) = 0. All of the Eqgs. (2.2)
except the last (the completeness relation) hold
in terms of the round kets. Equations (3.31)-(3.33)
hold with R; replaced by »pT;(x) and 8; replaced
by 2p(G + 1)T;..(a). The completeness relation
which is the last of Egs. (2.2) takes on a simpler
form, which will be given below.

We shall replace the new round kets by angular
kets and summarize our results thus far. We have
shown that a basis exists such that

H IE’ j’ m, a> = E IE’ j’ m’ a)’
JVIE, jmea =i+ 1IE,j,ma),
J3 'Ey j: mya> =m lEv j) m, a):

1B, j, m,a) =[

J. 8. LOMONT AND H. E. MOSES

w IE’ jhm,a) =a lEr iy m, o),
(Jz - le) IE» jy mra) = IE) jv m + lsa))
(J2 + 1:‘]1) |E7 j) mra)

=(.7+m)(7—m+1) IE,j,m—l,a),
. _ ma ,
Py lE! )5, m, a) = p{/(]'l‘ 1) [Er 1, m, a)
j — 1 .
+ ]T]n__:_—%:— Ti+l(a) lEs ] + 1! m, a)

+2jG + mTi(e) |E,j — 1, m, a)},
(Pl +1'P2) IE’ jv m)“)

_zp{ ](]+ 1) 1B m + 1, 0)
1 .
+mTi+l(a) |E1]+ 1, m+ lva)

- 2jTe) |[E,j — 1, m + l,a)},

(P1 - 'in) IE, j, m’a>
G+ m —m+ Da . _
m{ iGF 1D |E, j,m —1,a)
+ U= m+22)+(]1 mED 7 i) |B, 1, m—1, o)

(3.46)

where T';(«) is given by (3.42). Hence, in our basis
we know how all the operators, except g:, operate
explicitly.

The completeness relation in the new basis is

—m! 1
= % [dB18, 5 m e T WE, o
X (B, j,mal.  (3.47)

IV. THE DERIVATION OF THE FORMS OF
THE OPERATORS ¢;

Part I. m Dependence

The remaining part of the paper contains the
derivation of the form of the operators g;. The
derivation of these operators is extremely lengthy,
especially for the case of nonzero mass. In this sec-
tion we show how these operators affect the m quan-
tum number and the £ quantum number in terms
of the angular-momentum basis.
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First of all we shall prove that
a . .
(E_H)gﬁlEy]y m,a>= —iEyj, mx“)- (41)
For
& — H) 2 |E, j, m, o)
aE ? 1 *

1%1 (E—H)(|E+A, j, m,a)—|E, j, m, a))(4)7",

—1m =2 E+ A, j,ma) = —|B, j, m, o),
A0 A
as required.
Next, it will be useful to show how the operator
J-g = 2. J:J: acts on the ket |E, j, m, o). We
have the following commutation rules:

(J-g, H] = iw,, 4.2
[J-g, J°1 =0, (4.3)
(J-g,J.]=0. 4.4)

On applying both sides of (4.2) to the ket |E, j, m, o),
we have

(E - H)J-§|E,jm,a)=ipal|E, jma) (4.5)
As an ansatz, we write
J-gIE j,m

= |B,j,m @) = ipa g |E,§,ma),  (46)

where |E, j, m, @)’ is to be determined and substitute
into (4.5). On using (4.1) we find

H|E, j,m oY =E|E,jm,ea). 4.7)
Equations (4.3), (4.4), and (4.6) lead to

VIE, j,ma) =jG+ 1) I|E j,ma, (48

Js |E, j, m,a) = mlE,j, m a). (4.9)

Hence |E, j, m, @)’ is a simultaneous eigenstate of
H, J°, and J; with eigenvalues E, j, and m, respec-
tively. Hence, we may write

|E’v j! m’a>/ = Z; Ka,a’(Ey jv m) IE, jr m, 0{’),
(4.10)

where the arguments of the matrix element K, ,.
indicate the possible dependence on these eigen-
values.

The commutation relation (4.4) leads to

[J-9,J. —¢J.]=0. (4 .4a)
On applying both sides of (4.4a) to the ket |K, j, m, «)
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and on, subsequently, using (4.6), (4.10), and (3.46)
we obtain

Z [Ka.a’(Et ji m + 1) - Ka.a’(Ev j7 m)]

X |E,j,m+ 1,0’y =0. (4.11)

Henece, K, .- (E, j, m + 1) = K, .-(E, j, m). From
this statement it follows that K, ..(E, j, m) is
independent of m. Thus we may define a matrix

element K, .- (E, j) by
Ka.a’(Er j) = Ka.a’(Ev jr m)r (412)

and thus eliminate dependence upon the quantum
variable m in the notation.
The requirement that J-g be Hermitian will
give a condition on the weight function W(Z, ).
We require

(Ev i, m, al J-g IElr i’y m', a')
= (Elr j” m’, a,l J'g IE) j: m, ‘x)*'
From (3.47)

(4.13)

<Er jr m, a | E’; j,r m’, a,>

_Gm! @
G~ m!WE, a

8(E — E’)o;,i0m,

m"sa.a’r

4.14)

(Er jr m, al 5%7 IE,’ j,s m’, a/>

_ G m!_@)!
G—m!WE,a)

5,(E - E’)&,-_pt?m,.,.'aa,u'y
(4.15)

where §'(E) is the derivative of the § function with
respect, to its argument.

Then on using (4.6), (4.10), (4.12), (4.14), and
(4.15) we have

(B,j,m,a| J-gE,§,m, )

j 1 @!
- 8 i- z;' W'((E]) @) Ko olB, DIE — E')8;.i8m.m:
L, GEmt @ L
e o W@, ) O T b bnndeas
(4.16)

where p’ = [(E')* — u*%
We also note the familiar identity

(B — EfE") = {(E))E — E') + f(E)§'(E — E).
4.17)

Then (4.13), (4.16), and (4.17) lead to
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Ka'.a(E’ .7)

. Ea
W(E, a) +

' PW(E, o)

. d 1
+ ipa iE [m]%,au (4.18)

Equation (4.18) suggests that we choose
W(E, &) = 1/p. (4.19)

Equation (4.18) then leads to the particularly
simple relation

K, .E =K% .. (4.20)

That is, K, ., is a Hermitian matrix in the quantum
variables a.
Thus, to summarize,

J-§1B,j,ma)= 3 Kaull ) I|E, j,m o)

6 . K:.a’(E’ j)
v T WE, )

— ipa (-9% B, i, m,a), (421)
where K, .- satisfies (4.20).

For a while, to simplify notation, it will be useful
to suppress the appearance of the quantum number
a. In terms of the modified notation Eq. (4.21)
takes the form

J-g JE’ i, my = K(E, j) }E’ 7 m)

— ipef8/0E} |E, j, m), (4.21a)
where K(E, j) is & Hermitian operator in a. To
express the Hermitian character of K we write
(4.21) as

K'E, j) = K(E, j, (4.20a)

where the dagger means Hermitian adjoint in the
quantum variable a.
Consider the commutation rule

{gs, H] = 1P, (4.22)

and apply both sides to the ket |E, j, m). From
(3.46) we obtain

j — 1 ,
+ 05 A N @ 18,5+ 1, m)

+ 2§ + mT(e) |E,j — 1, m)]- (4.23)

In (4.23) we have not suppressed the variable «
in T;(e) in order to emphasize that T; is simply
a function of @ and not an operator in this variable.
Alternatively one could introduce an operator T,

J. 8. LOMONT AND H. E. MOSES

which is diagonal in the representation and has the
eigenvalues 7,;(«). It seems simpler, however, to
use the first convention.

Let D be an operator in . Then DT, (a) |E, j, m)
has the meaning » .. D, ..T(e") |E, j, m, o).
By contrast T';(a) D |E, j, m) means

Ti(a) Z Da.a' 'E) jr m, a’>-

Hence, the order of T'; and D is important.
Let us make the ansatz

9 |E, j, m) = |E, j,m)— ip[m—ﬁaﬁa% |E, j, m)

G—m+1 LT
+ 2} + 1 Ti+1(a) aE IE) ? + 1: m)

PO Ml G IE - Lm | e

The ket |E, j, m) also depends on the variable
« which we have suppressed. |E, j, m) is to be de-
termined. On substituting (4.24) into (4.23) we
obtain

H|E,jm) =E|E,j m). (4.25)
Also from [J;, $s] = 0 we see that
Js |E, j, m) = m |E, j, m). (4.26)

Hence, we see that |E, j, m) can be written as

[E,j,m) = Z D; (B, m)|E,{,m)y, (427
where the quantities D; ;. are operators in the
variable «. These operators will, in general, be
functions also of £ and m as indicated by the
notation.

It will now be our objective to show that D; ;» =0
unless 7 = 4, + 1, or j — 1. We shall also obtain
the m-dependence of D; ;..

From the commutation relations we have

[T, §a] = 2i(g % J)s + 245, (4.28)
[T (§% sl = —2ig:J* + 2i(J-9)Js,  (4.29)
where
@%xDs = §J2 — 9oJs. (4.30)
Let us define
B, j, m), = g |, j, m), @

|E1 jv m>2 = (8 x J)S lEr j’ m>
Then on applying the operator relations (4.28) and
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(4.29) to the ket |E, j, m) we obtain, on using (3.46),

=G +i+2IIE jmh — 2|E,j,m, =0,
20 + 1) B, j, m) + [J* ~ G+ D] |E, §, m)
= 2im(J-§) |E, j, m).  (4.32)

We can regard (4.32) as a pair of simultaneous
equations for |E, j, m), and |E, j, m),. On elimi-
nating |E, j, m), in the usual way and on using
(4.24), (4.27), and (4.21a) we obtain the following
equation for D; ;.:

22 DB, mlG" + 1) — jG ~ D)
XFPG@+1D—-G+DG+2DE, 7, m)

= —4mK(E, 1) [E, §, m).
It is seen that

(4.33)

D;;(E,m=0 i js#jj+1,j—1, (#39

D; (E, m) = G + G+ D KE,j, (G=0). 435

Without going into details, it can also be shown
D;.o(E,0) = 0. (4.352)

Hence, (4.35) includes (4.35a) if one remembers to
evaluate the numerator of the fraction first.
Let

C:‘-o-l(E’ m) = Di,i+1(Es 7n)1 (4-36)
D,_((E,m) = D; ,,(E, m).

Then

9 |E, j, m) = (H_ G+ KED \E, j, m)

+ Ci+1(E1 m) lEv ] + 1» m>
+ D; (B, m) |E,j— 1, m)

. ma 0 g .
i 5 o
j—m+1

T 5

Ti+1(°l) (‘9% ,E’, j+ 1, m)

+ 210 + mTi(@) o 1B, j — 1, m):,. (4.37)

On substituting (4.37) into the first of equations
(4.32) we also find

(gx))s |E, j, m) = [( .y K(E,j) |E, j, m)
— jCin(E, m) |E,j+ 1, m)
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+ (.7 + I)Di—l(Ey m) IEr] -1, m)]

+ [J(H—l) oz B> 1 m)

= m+1 8 .
.7 2]+ 1 T,-+1((X) GE' IE1]+ 17m>

+ 20 + G + mTi@) o 1B, § — 1, m>]. (4.39)
Now from the commutation relations,
(51 + ’ié]z) = —i[J, — ¢Jy, 33];
(51 - 182) = "i[Jz + 7:Jn 53]

Then on applying both sides of both equations of
(4.39) to the ket |E, j, m) and on using (4.37) and
(3.46), we have

(4.39)

(&, 3
+ 1

CinE,m]E j+1,m+1)

G + 29 |E, j, m) = {]( B, . m + 1)

+ [Ciﬂ(E, m—+ 1) —~

+ [Di~(E, m+1)~D;(E, m} |E, j—1, m+1)}

o a .
+p{lma—E(E,1,m+ 1)

1 i) .
- 2+ 1 T;i(e) a—l’j IE, i+ 1,m

+ 2T e) 35 1B, § = 1, m + 1>}. (4.40)

((gl - 7’52) }Er jr m)

{(] + m@G —m+1)
G+

+{G+m+ DG ~m+2C;u(E m -G+ m
X G—m+DC;nE m—-DE j+1,m—1)
+G+m~DG~-mD,E m -G+ m

I,m—l)}

0 .
aa—ElEv]rm'— 1)

K(Ev j) lEr jr m — 1>

X (G—m++ )D;_,(E, m~—1)] ’Ev i—

_ p{(j +mG—m+1)
iG+ D
+ F=m+2(j—m1+1D
2541

d )
T e 35 [E, j4+1, m—1)

~ 2+ )G + m=DT.@) 25 B, j=1, m=D).
4.41)
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Now
(5 x D = % (gx 7552)(!’2 - ’£J1)
+ G + 18I + 1T)].

Then from (4.42), (4.40), (4.41), and (3.46)

(4.42)

(g% Ds |E, j, m) = ’{JﬁTi K(E, ) £, m)

-0+ m+ 20— m+ DCLE, m+ 1)
+ 0+ mG—m+ DCwE, m— 1)

— 20" ~ m’ 4+ NCi(E, m] |E, j + 1, m)
— 30+ mG ~m— DD,4(E, m+ 1)
+G+mG—m+ 1)D; (E,m — 1)

- 20" — m* + DB, m] B, j - 1, m)}

‘F%+Dwm“

i m 1 K
J 2] +1 Ti+l(a) oF ‘E, ] + 1, m)

+ 21 + DT 35 1B, G — 1, m>}. (4.43)
On comparing the expression (4.43) with (4.38) we
obtain equations for C; and D; which are identical
to those for B; and A;, respectively [Egs. (3.25)
and (3.28)]. The solutions of these equations have
the form

G—m+1)
Cin(B, m) = . Qi+.(E),
%+l (4.49)
D (E,m) =G+ mV,_.(E).

The quantities Q; and V; are matrices in the vari-
ables o and may be functions of the quantum
number E,

The requirement that J; be Hermitian leads to

the relation
V() = 2iQI(E). (4.45)

It will be useful now to summarize:

Is lE) s m) = [K(E,]') 7470‘ :I ‘E g m)

_m
G+ 1)
j—m—+1
2j+1
+ 253 + m)[Q,T(E) — 1pTi() aiE] |E,j— 1, m);
(4.46)

+ [Qi+1(E)—ipTi+l(a) é%] IEy .7 + ]-r m>

J. 8. LOMONT AND H. E. MOSES

g + 19 |E, §, m)

k@5 — i 2|1 im 4 1)

- (2
G+
2]+1 [Q1+1(E) ’l‘pTH'l(a) 5%] (El 7+1’ m+1>

+ 2ij[Qf(E) — 1pT() 5%] B, j—1,m+ 1)

(4.47)
. =it mG = m 1)
(31 7«52) ]E, I m) = i+ 1)
X I:K(E, i) — tpa o5 ] |E, §, m — 1)
i =—mED{—m+ 1)

2j+ 1
X [Qi+1(E) - ipT,-+1(a) EQE] {E, ] +1,m~— 1)
+ 20 + m)G + m — D

X [Q,T(E) — i#T(a) 5%] IB,j—1,m — 1.
(4.48)

We are now left to determine the matrix @;(E).
This determination is a formidable task in the case
of nonzero mass and is connected closely with the
problem of obtaining a representation of the spin
matrices in the angular-momentum basis. In the
case of zero mass the solution is comparatively
simple.

V. THE SPIN OPERATORS AND THE w; OPERATORS

The method which we shall use to obtain the
operator Q; and the operator K is to use known
facts about the irreducible representations of the
inhomogeneous Lorentz group which can be ob-
tained from the knowledge of how these representa-
tions work in a basis in which the linear momenta
are diagonal.

For this purpose it is useful to consider the forms
of the representation as given in Ref, 2, for ex~
ample. We introduce the operators w = (w,, w,, w;)
defined in Egs. (1.8) of Ref. 2 which we repeat
below

w=—[HJ+ (Pxg)]l. (5.1)

For particles of zero mass and diserete spin it can

be shown from (3.1) of Ref. 2 that
w = —alP, (5.2)

where N is the sign of the energy. The quantity
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a, we recollect, is a scalar: @ = +s or —s where
8 is the spin of the particle,

The case of nonvanishing mass is more compli-
cated. For this case one can introduce spin operators.
These are the operators S; z = 1, 2, 3) of Eq. (4.2)
of Ref. 2.

They satisfy the following commautation rules:

[S1, 8.1 = %8s,
[8:, Ss] = 18,
[Ss, 8,] = 18,,
[S:, H] = 0,
[S:., P;] = 0, (5.3)
7., &] =0,
[J1, S.] = 28; =[Sy, Jal,
[J2, 8s] = 28, = [8,, J.l,
[Ja, Si] = 28, = [8s, J4).
In addition the spin operators must satisfy
S+ 83+ 8: = s(s + DI, (5.4)

where I is the identity operator and s, as usual, is
the spin of the particle. The operators w,, w can
be expressed in terms of the spin operators

w, = (P-J) = (P-S), (5.5)
W= —Hpi"” — S, (5.6)

The bulk of the remainder of the paper will be
devoted to showing that Eqgs. (5.3) through (5.6)
determine how the spin operator S; act in the
angular-momentum basis. The principle by which
the operators @; and K will be found is that w;,
will be expressed both in the form (5.1) and in the
form (5.2) or (5.6). A comparison of results de-
termines the unknown operators.

It will thus be necessary to evaluate w; |E, j, m)
where w, is given by (5.1). For simplicity, we shall
take the quantum number m = —j since the
operators for which we are looking are independ-
ent of m.

We note

Wy = —3 (31 — 13) Py + 1Py)
+ 3 & + i9) Py — iP)) — HJ,.  (5.7)

On using (3.46), (4.47), and (4.48) we obtain, after
some tedious calculation,
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W3 ]E’ jr —.7>
= {fE — [ AL DRI+ 3 g )0} (E)

2+ 1
+ 25T ()Q:(E) + G + GF D K(E, J):I} \E, j, —i)

-+ "p{( + 1) 1+1(a)K(E’ .7 + 1)

“G¥D Q,-+1(E')} E,j4+ 1, —j). (5.8)

VI. THE DERIVATION OF THE FORMS OF
THE OPERATORS g;

Part II. Completion of the Zero-Mass Case

The finding of Q; and K for the massless case is
now straightforward. Since « takes on only one value
Q;(E) is simply a number. K(E, j) likewise is a real
number, since as an operator K is Hermitian.
Also Q] = Q* where the asterisk means complex
conjugate.

From (5.2) w; = —oaAP,. Hence,

W |E1 jr '_.7> = —a\P; IE' jv _.7)’

— 7\paz2
G+ D

B, j, —i) — a\pTini(e) |B, j+ 1, =),
(6.1)

where in the present massless case

p = A,

On comparing (6.1) with (5.8) we can equate co-
efficients of like kets and thus obtain

. 1 .
Z[m T;u@KE, j+ 1)
- m QiH(E)] = —arT;.n(a), (6.2)
o UEDELD 7 ygr.m)
— 2iT()Qi(E) — G + PG+ 17 K(E, J)]
A .. 2
= ~G+D G+ 1D — o). (6.3
From (6.2),
Q) = =G+ DTp(e) + EEIED 1,
(6.4)
if @ # 0. On substituting into (6.3) one obtains
KE,j+ 1) = KE,j, (6.5)
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or K(E, j) is independent of j. We set

K(E) = K(E, j) (6.6)
to indicate this independence in the notation.
Thus,
Qnl®) = =G + DTa@ + E2 1@ 67)

for o = 0.

We now show that K(E) can be set equal to
zero by changing the phase of the basis suitably.
We recollect that K(F) arises from (4.21) which
we rewrite as follows:

a .
ipa 5 |E, j, m).
6.8)
Let us introduce a new set of kets |E, j, m) defined by
|E, j, m) = exp [iBE)] |E, j, m), (6.9)

J-§ 1B, j,m)=K®E) I|E,jm) —

where

B(E) = K(E)/pa.

In terms of the new basis

(6.10)

J-gIE, jm = '_'Lpaaﬁ] \E, §, m). (6.11)
Thus in the new basis the quantity corresponding
to K(E) equals zero. It is clear that all the operators
act in the new basis precisely as in the old one
except K(E) = 0.

Hence, we have in the new basis

KE) =

(6.12)
Qi+1(E) = “'27\(.7 -+ 1)7',-4,1(00.
Equations (6.12) are valid for @ # 0. If & = 0,
it follows from (6.2) that K(E, j) = 0 for j > 0
From (4.21) and the fact that J, [E, 0, 0) = 0, i
follows that K(E, 0) = 0 also. Hence,
KE, 73)=10, for «a =0 andallj (6.13)

On substituting (6.12) into (6.3) we obtain an
equation for @, (E).
We make the ansatz

Q;(E) = —iNT(0) + F, (6.14)

and substitute into (6.3). We are led to an equation
for F; which has the solution

= [3/j2j + DJF for jodd,
= [8/4(2f + DIF* for jeven,

where F is a number.

(6.15)
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The requirement that g; be Hermitian leads to
the result that F is real.
On introducing a new basis

|E, j, m) = exp [i8(E)] |E, j, m),  (6.16)

where

B'(E) = 6(F/p), (6.16a)

and the operators act in the new basis in precisely
the same way as in the old, where Q; is given by
the second of Egs. (6.12).

To summarize: For the massless case and arbitrary
discrete spin we have obtained a basis such that
the infinitesimal generators of the Lorentz group
operate as in {3.26) and (4.46)-(4.48). The numbers
K(E, 7 = 0. The numbers Q; are given by the
second of Egs. (6.12). Finally the completeness
relation is given by (3.47) and (4.19).

Thus we have essentially completed the deriva-
tion for the massless case. The case of finite mass
will be undertaken in the remainder of the paper.
As will be seen, the derivation parallels that for
zero mass but is considerably longer.

ViI. DERIVATION OF THE FORM OF THE
SPIN OPERATORS FOR THE CASE OF
NONZERO MASS

In this section we show how the spin operators
S; operate on the basis vectors |E, j, m, «). It will
be shown that the commutation rules (5.3), to-
gether with (5.4) and (5.5) and the requirement
that the spin operators be Hermitian are sufficient
to give S; uniquely.

It will be convenient to introduce the operators
P’and T; (¢ = 1, 2, 3) which are defined by

P = H — &, (7.1)
T,‘ = Si - wg(P2)—‘1Pi. (7.2)

In terms of the operators T, the commutation
relations (5.3) become

7, T.] = iwo(Pz)_l-Pm
[T, T5] = iwa(Pz)*IPn
[TS: TI] = ?:w!)(Pz)_lP2)

[T, H] = 0,
[Th Pr] = Or (7:3}
{Jn Ti] = 0,

[Ju Tzl = 'iTs = [Tn Jz}y
[Jz; Ta} = = {Tzs Ja}s
J3, Tl] = 1T, = [Ta; Jl]-
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From (5.5)
P.T = 0.
Also (5.4) and (5.6) become
T2 = s(s + DI — (wo)’(P)™,
w; = —Huwy(P) P, — uT.

(7.4)

(7.5
(7.6)

The operators T'; are Hermitian. We shall find how
the operators T'; act in the basis. From (7.2) it will
then be possible to determine how the spin opera-
tors act.

From the fact that [Ts, J3] = 0 and [T, H] = 0
we note that T, |E, j, m, o) can be written as the
following superposition of ket vectors

T, (E’ j) m, a)

= Z Ai.a:i',a’(Ey m) ’Ey j,) mr a/>' (77)

We shall now show that the coefficients A; ..+, a
vanishunless o’ = a4+ 1, — land § = j,j — 1,
j + 1. On applying the commutation relations

lwo, Ts] = —i(P xT)s,
[wo, (P xT)s] = iP*Ts,

(7.8)

to the ket |E, j, m, o) we obtain the equations
(wo - ap)T3 [Ev jy m, a)

+ 1(PXT)3 ]Ev ]y m, a) = 0; (7.9)
—iplei !Ey jy m, a) + (wO - ap)

X PxT); |E, j, m a) = 0.

On eliminating (P xT); |E, j, m, «) from the Egs.
(7.9) we obtain

[wo — (@ + Dpllwo — (@ — Dp]T; [Ev 7 m’a> = 0.
(7.10)

On substituting (7.7) into (7.10) one verifies the
result that

A;giraw =0 if &’ Za+1,a—1.
From the commutation rules
[J*, Tsl = 2i(T x J)s + 2T,
(T, (Tx sl = 24T NJs — T,

we obtain, on applying these equations to the
ket IE) j! m’ a))

[Jz - ](.7 + 1) - 2]T3 IEy jr m, a)
— 2%(Tx]) |E, j, m,a) = 0,
26j(j + DTs |E, j, m, @)

(7.11)
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~ [P =G+ DT x])s |E, j, m, a)
= 2%m(T-]) |E, j, m, a).

On eliminating (T xJ); |E, j, m, o) from (7.12)
we obtain the following:

[P — G — DU — G+ DG+ 2ITs |E, j, m, @)
= —4mT-J |E,j, m,a).  (7.13)

Since T:J commutes with J; and with J?
T-J |E, j, m, ) will be a superposition of kets
of the form

T'J IE’ i, m, a) = ZBa.a’(Ey jr m) ‘Er jy m, a,>-
(7.14)

On substituting (7.14) and (7.7) into (71.3) we see
that A; o0 ar =0,if 7 = 5,7+ 1,0rj — 1.
Hence we may write

T; |E,j,ma) = Ai(m,a) |E,j, m a — 1)
+ Biu(m,a) |E,j+ 1, m o — 1)
+ Cioi(m,a) |E,j— 1, m,a — 1)
+ D,(m,e) |E,j, ma+ 1)
+ Ej(m, ) |E,j+1,ma+ 1)
+ Fioy(m, ) |E,j—1,ma+ 1). (7.15)

The coefficients A4;, B;,:, etc., may also depend
also on E, but we have suppressed this dependence
in the notation, since this dependence will play no
role for a time. From now on we shall be interested
in obtaining the coefficients in (7.15) explicitly.
It should be mentioned that our derivation, at
times, will not be valid for special values of «, j, or
m, for example for « = s or j = 0. However, the
final formulas will be correct for all values of «, m,
and j. One can derive the formulas for the special
values of «, m, or j by using special tricks. We omit
these tricks because inclusion of the special cases
would add greatly to the length of this exposition. A
simpler treatment is to derive the formulas for the
general values of «, m, and j and verify by direct
computation that even for the singular values of
a, m, and j the formulas are valid. We take this
latter point of view.

The condition that T; be Hermitian provides a
relation between some of the coefficients which
appear in (7.15). We require

<E’ i, m, al T, lElr i, m, a’>
= (B, {7, m, | Ts|E,j m, a)*. (7.16)
On substituting (7.15) into (7.16) and on using
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the orthogonality properties
E,j,me|B,{,m,a)

it ml iy
=p (] — m)| (2])'5(E E )Bi.i’am.m'aa,a'i (717)

which can be derived from the completeness rela-
tion (3.47) and (4.19), we obtain

A;(m, ) = D¥(m, o — 1),
j—m+1 1

Bialm, @) = 1 G @D | o~ Dy
Cyos(m, @) = 2(2j — 1) ;”_L ™ B4, & — 1),
(7.18)
From the commutation rules we have
[P, T |E, j, m,a) =0,  (7.19)
[P, — iP,, T |E, j, m,a) = 0,  (7.20)
[P, + P, Ts] |E, j, m,a) = 0. (7.202)

The left-hand sides of (7.19) and (7.20) will be a
linear combination of basis vectors. Since these
vectors are linearly independent, the coefficients
of each will be zero. In (7.19) we set the coefficient
of |E, j + 2, m, « + 1) equal to zero and likewise in
(7.20) we set the coefficient of |E, j+2, m41, a+1)
to zero. We thus obtain the following equations:

E,'.H(m, Cl) = j —m + 1 2] -1 T,‘+1(a + 1)

Em,a) — G—m 2+l T 2
Boatm+1,0) 2 — 1T+ 1)
Em ) 2 +1  T.@ 722
From (7.21) and (7.22)
Em+1la j—m-—1 (7.23)

Ei(my Ol)

On setting E; (—j, «) = E;(e) we see that the solu-
tion of the recursion relation (7.23) is

j—m

j—m
21— 1
On substituting (7.24) into (7.22) we obtain an
equation for E;(a):

E(m,a) = Ei(a). (7.24)

E,-+1(a)/E,-(a) = T,'+1(Cl + 1)/T,(a)- (7.25)
The solution of this recursion relation is
E;n(@ = (j, 9E@), (7.26)

where

E(a) = Elal+l(a)s
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2 |o] +3(]a]+1)3
2/ +3 \j+1

jta+2G+a+1)
(le] + a+ 2)(lal + a4+ 1)

Thus from (7.24) and (7.26)

Ein(m, &) = [(j — m + 1)/(2j + Db, )E().
(7.27)

v(j, a) =|:

X :I%. (7.26a)

Also from the second of Eqgs. (7.18)
Cioilm,a) = 25 + mp(j — 1, — DE*(@ — 1).
(7.28)

In (7.19) and (7.20) set the coefficients of
E,ij+2,ma—1Vand |E,j+2,m+1,a—1),
respectively, equal to zero:

Bii(m,a) j—m+12—1T,—1)
Bim,&) ~ j-m 241 T@ ° %
Biwm+ 1,0 _ 2 = 1T;(a = 1).

Bima) _2%+1 T (7.30)

By the techniques used to find E;(m, a) and C;(m, o)
we find that

j—m+1

Bi-&-l(mra) = 2] 41 V(j, —-oz)B(a), (731)
Fioym,a) = 2§(j + mp(j — 1, —a — DB¥*a + 1),
(7.32)

where B{a) = Bq1+1(—}, ).

In (7.19) and (7.20a) let us set the coeflicients of
|B,i+1,ma+and |E, j+ 1,m —1,a-+ 1),
respectively, equal to zero. We obtain the equations

Py@D;i(m, @) — Tjasle + 1)Dy(m, @)
_ (j — 202 + 1)
G+ DG+2G—m=+1)
Tiiile + I)Di(mr 0‘) - T,-“(a)D,-H(m -1,
_ 2i + 1
TG+ DG-m+ DG —m+2
G+ m+ DG —m+ D+ 1
X[ T2 E
_ G+ mG = m+ De
J

On adding (7.33) and (7.34) and on using (7.26) and
E;(m, o), we obtain the following recursion rela-
tion for D;(m, a):

T,~+1(a)[D,'+1(m, @) — D:‘+1(m -1, a)]

_ o) —j—
G+DG+ 2

mE;,(m, a). (7.33)

in(m, a)

Eig(m — 1, a)]. (7.34)

D gw.

(7.35)
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Let us define D;,,{e) by D;,,(a) =
The solution of (7.35) is

Di-r-l(_}' - 13 &).

Dji(m, @) = Djulo)
A m+ DG —at+ DG e
GFDGFD T @ 739

Let us substitute (7.36) into (7.33). We then obtain
a recursion relation for D;(a), namely,

D@ = -——‘%—-9 Dife)

(@ + v, @)

YGF DG+ OTr0@ (7.37)

If we define D{(a) = D).y11(e), then the solution
of (7.37) is

E@).

o) = Liainla) o) D{e
Dife) =~ s(j — 1, 0)D(e)
G=lo| =D+ D»ji—1,0
TTRFIGFD T @ @8
Hence, from (7.36) and (7.38) we see that
_ o mi—ai—1,a ,
Di(m a) = ](3 + 1) T,‘(C!) E(a) + R(j’ a)i
(7.39)

where E(j, «) is a function of § and « and is inde-
pendent of m.
Now in the expression

{P3:T3} IE .‘fsm Q>=G

let us set the coeficient of |E, j, m, & + 1} equal
{0 zero.
Then we obtain

m+an@

-+ 2(j -+ 1)(.7 -+ m -+ 1)T,~+1(a + I)Eiﬂ(ms a)

+3+1TQ+DEJm®
_j=m-+1
- 2j +1

+ 2iG + mT{()E{m, o). (7.40)

Let us use Eqgs. (7.27) and (7.32) in (7.40) for
E;(m, o) and F;(m, a), respectively. After some
rearrangement, (7.40) becomes

T;u(@F i(m, a)

iG+ 1) + G+ 1) Dilm @)

+ 2{2j S G+ 17 = wTe + 0l )

L G = mITie, @ 1>}E(a)
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= {23 + 1 I( + 1)2 m2]T§+1(a)V(j, bl S I)

21 =7 GF=-mOT e+ 1De(j—1, —a— 1)}3*(a+1)
(7.41)

Now Eq. (7.41) holds for all values of m. In
particular, it holds when m is replaced by —m.
Let us subtract the equation which one would
obtain by replacing m by -—m from (7.41). We
see immediately that

Di(m,a) = —D,(~m,a). (742)
Hence, the quantity B(j, &) in (7.39) is given by
R, a) = 0. (7.39a)

Again, since (7.41) holds for all m, we may equate
the coefficients of m” on both sides of the equation.
‘We obtain a relation between E{a) and B(a), namely,

L jmatlyij—1,0— 1)
Be) =~ TG, -
x ZME*(« -1, (743

or using the expressions for T'; and »

_ 12— 1{+3 Je — 1]+ 1V
Bl = [ 2 Ja] + 3 (g@+1 )
ol —a+1 lofj—a+2 T
X e — 1] +ale—1+a+1 e~ 1).
(7.44)
Having found D;(m, «) we can obiain 4;(m, «)
from (7.18).
Let us summarize our results:
. - _mij—a+1
Aim, o) FeES)
XS B =,
Bitm, @) = £ — 1, —a)BG,
Cim, ) =2+ DG+ m+1)
X v(j, ¢ — DE*a — 1), (7.45)
_omi—ayj— 1,0
Ditme) = =551 " T L@
Eym, @) = 51 ~ 1, @)E(@),

Fi(m,0) = 2+ DG+ m + 1)
X 3(j, —a — DB*a + 1.
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We note that
2T = (T, — iT)(Ts + <T4)
+ (T, + T )T, — Ty + 2T:. (7.46)

Hence, to find T’ |E, j, m, o) we must find
(T2 - 7'Tl) lE7 j, m, Ot) and (T2 + <Ty) |E’ j; m, a)‘
From the commutation rules (7.3) and from (3.46)
and (7.15)

Since B(a) and E(cx) are related by (7.44), we see
that all our coefficients now depend on only one
function of @, namely E{(a). Therefore, it will be
our objective to find this function. We shall use
(7.5) toward this end.

We shall apply both sides of (7.5) to the ket
|E, j, m, o) and equate the coefficients of |E, j, m, a).
Thus, we must find how T® acts on |E, j, m, a).

(T, ~ iT) |E, j, m,a) = [Ts, J, — iJ4] |E, j, m, a),
=[A;m+ 1,0) — 4;(m, )] |E,j,m + 1,0 — 1)
+ Bijulm + 1,0) — B;sy(m, )] |[E,j+1,m+1,a—1)
+ [Cici(m + 1,2) — Cimx(m, )] |E,j— 1L, m+ 1,0 — 1)
+ [Di{(m+1,0) — Diim, )] |[E,j,m+ 1, + 1)
+ Einm+ 1,0) — E;px(m, )] |E,j+ 1, m+1,a+ 1)
+ [Fiom+1,0) — Fioy(m, )] {E,j—1,m+ 1,a+ 1). (7.47)
Likewise
(T: + <iTy) |E, j, m,a) = [J, + iJy, Ts] |E, j, m, @)
=G+ mG—m+ D[4;(m,a) — 4;(m — 1, )] |E,j, m —
+G+m+DG—m+2Bu(m e —G+m@G—m+DBum -1, E,j+1,m — L a—1)
+G+m— DG —-mCiama) — G+ m@G—m+ DCiu(m -1, 0] |E,j—1,m—1La—1)
+ G+ mG — m+ DDy(m, a) — Dy(m — 1, )] |E, j,m —1,a + 1)
+G+m+DG—m+2Enm e —G+m@G—m+ DE;um—1,a] B, j+1,m—1a+1)
+[G+m—1DG—mFi(ma) =G+ m@G—m-+ DF;(m—1, ] E,j—1,m—1a+ 1)

l,a — 1)

Then by equating the coefficients of
|E,j, m,a) in T*|E,j m, a

= S(S + 1) [Ey j, m, CZ> - aZ |E’ j: m, a),
we obtain an expression of the form (on using
(7.45) for the coefficients A;, B;, ete.)

K(j, @) + mL(j,e) + m*M(j,) =0,  (7.49)
where L, K, and M are independent of m. Since
the calculation is extremely tedious, we do not
carry it out in detail. Equation (7.49) holds for
every value of m. It follows that

K(j,e) = L(j, ) = M(j,a) = 0.  (7.50)
On writing out K(j, «) = 0 explicitly we have
o2 +1j—a+1 :|
%[j+1j+a—1+1
X7G—1,a =~ 1) |E@ - D

(7.48)

. 2 . l j_a 1 ]
X v'(j, @) [E@*

G+ D3 a6 B
+ 2 UEDEED 2, ) B

+2%(G ~ 1, —a = 1) [Bl@ + DI}
=ss+ 1) ~ o’ (7.51)

We can eliminate |B(a)| from (7.51) by using (7.44).
We obtain

46°(0) |E@)|* + 4@ — 1) |Bl@ — D
=%d%%lﬁ, (7.52)

where
o + 1J°

cle) = [2 o + 3 jr
2 (le|+a+ D +a+2)]"
(7.52a)
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But from the definition of E;(m, a) it follows that
E(—s — 1) = 0.

One can then solve the recursion relation (7.52)
for |E(a)|:

|E@)| = 4C( ) 6 —a)s+a+ DPF.  (7.53)
Thus
B@ = 22 (6~ s + o+ DF, (750
where w{a) is & complex number of modulus 1:
lole)]| = (7.542)
From (7.44)
B = —2 (@) (¢ —a+ DE+al. (755

We can now use (7.54) and (7.55) in (7.45) to obtain
the coefficients A,(m, «), ete. A useful identity is

o 2 tet Ditat+D]
WG @) = “("‘)[ @+ 3G+ 1 ] - (7:56)

We find that we obtain surprisingly simple results.

X (G ~a+ DG+ a6 ~a+ s+ I

—m+ Do*la — 1
42+ 1

[2(1 —a+Di—a+D—a+ 1)(S+a)]
@+3G+1)°

Cimalm, @) = (§ + mo*l@ — 1)

[o+a—no+®@~a+n@+@]
2j2j + 1)

Bju(m,e) = —

__mu(e)
2jG + 1)
X[~ G +a+ D ~ )+ o+ DP,

(G — m -+ Dol
42j+ 1)

% [2(3-}-0:-}- DG+ o+ 2 -—-a)(§+a+ 1)]
@+3)G+1°

Fi(m,a) = =@ + mowla)

[O—a—b@—@@~®@+a+n]
2527 + 1)

Di(m) a) =

Eiu(my O!) =

(7.57)
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It remains only to find the factors w{e). We shall
now show that they can be chosen to be 1.

" Let us introduce a new basis |E, §, m, «) which is
related to the old one by

iEr ja m, a)

a+e—1

II o(—s+ 1 I|E, j, m,a) fora > —s,

=0

It

(7.58)

%E, j, m, ""3) = !Ea j: m, '“‘S).

It is easily seen that all our operators act in the
new basis precisely as in the old one except that
in the new basis w(a) = 1.

Thus, we shall assume that the kets |E, 4, m, o)
are chosen such that w{(a) = 1 and then the co-
efficients are given by (7.57) explicitly. From (7.2),
(7.15), (7.47), (7.48), and (7.57) we know how the
spin operators 8; act in our basis.

VIII. THE DERIVATION OF THE FORMS
OF THE OPERATORS g;

Part III. Completion of the Nonzero Mass Case

We shall now find the operators @; and K(E, j)
which appear in Egs. (4.46)-(4.48). Henceforth,
however, we no longer supress the variables e« in
these equations. From the commutation rules for
the infinitesimal generators,

fwo, g1 = tws. 8.1

Let us apply both sides of (8.1) to the ket
|E, 7, —3, &). In order to evaluate [w,, $s] |E, j, —J, @)
we must use

i) .
wOb—E‘{E,j,m,OO":( +p )‘E 7yma> (82)
Equation (8.2) follows from

3 .
wﬂ.é—é !Et Jj,» m, a)

= Wy hm [{E + A, j,m,a) — |E, j, m, a)],

= alim+ [p(E + &) |F + 4,4, m,0)
- p(E) iEr js m, O!>],

i .
= a % [p(B) |E, j, m, a)], (8.3)
where p(E) is used to indicate the functional de-
pendence of p on E, ie., p(E) = [E* — 4’1’ Equa-
tion (8.2) then follows from (8.3) on using the
product rule for the derivative.



1456 J. 8. LOMONT

On using (8.2), (3.46), and (4.46) we obtain

[wOr (93] IE) j! -.ji a) = (wﬂ - ap)ék |E! j, —jv a)

1 ’ ]
= _-(j—_l:—l-)- p mz (@ — K, ..(E, 1)
X |E, j,

_j’ a,> - iazE [E’ jr _jy a>]

W3 IE’ j: _jv 0‘) =

S
2+ 1

AND H. E. MOSES

+ [p GZ @ = )Qis1:a,a(E) B, j+ 1, —j, ")

— %ET;u() |E,j + 1, —j, @), (8.4)

where Q;.1:q..(E) is the quantity which we have
previously denoted by Q;..(E) when we indicate
the matrix character in the variable a.

From (7.6), (7.15), and (7.57) we have

—Eal:—j—i—l |E, 1, -—j','a> + Tinl |E, j+ 1, —j, a)]

[(—ea+ DG+ a6 —at+ D+l B j —ja—1)

+g[2(j—a+1)(j-—a+2)(s—-a+1)(s+a) :
4 2 +3)G + 17

IR SN /T
3G+ D U

] IE’ j: —jra - 1>

—i+tat+DE—a+a+ DFIE j, —ja+1)

_g[2(]'+a+ Di+e+2De—a)s+a+ 1
4 @ +13)G + 1)°

By comparing the coefficients of like kets in the
expression

[‘wo: 33] IE, j! _j, CK) = 7:’(.03 IE) jv _jr a)v (86)
we obtain the following results:
Qi+l:a,a'(E) = Ka.a‘(Ei j) = 0
if o/ Faa+1, or a —1; 8.7

Ka,a+l(E) j)

- gip [G— DG+ a+ D —a)s +a+ DI
Ka,a—l(E! j)

- _g% [G—a+ DG+ ) —a+ D+ )]

Qi+l:a.a+l(E)
_ o~ [2o+a+ 1)(;+a+2)(s—a><s+a+1)]

4p @ +3G+1°

Qi+1 :a,u~l(E)

— [2(1 ~atDi~a+e=at 1)<s+a)]
4p @ +3G+1°

(8.8)

The only unknown quantities are the diagonal
elements Q;.,....(E) and K. .(E, j). We shall
find them by a process which resembles the pro-
cedure used for the massless case where these
are the only elements which exist. We compare

] E,j+1, —j,a+1). (8.5)

ws |E, j, —j, a) as given by (5.8) and by (8.5).
We obtain two equations for K. .(E, j) and
Q;+1:2,«(E) which are analogous to (6.2) and (6.3).

From these equations one finds that K., .(E, j)
is independent of j. To indicate this independence
we shall introduce a real function of E and « which
we shall denote by k(E, ) defined by

KE,a) = Ka,(E,j).
One also obtains

Qis1:a.olB) = T,n(a)[

(8.9)

HE.9) _ 51 2] g0

Thus we now know all quantities except k(E, a).
We now show that we can choose a basis such

that
EE,a) = 0. (8.11)

Toward this end we apply both sides of the
commutation relation

[gs, ws] = —1wo (8.12)

to the ket |E, j, —j, a). The coefficient of
|E, j, —j, @ + 1) in the expansion of [gs, wi] |E, j,
—j, ) must be zero from (8.12). We use the Equa-
tion (7.6) for w; and (4.46) for g, substituting
(7.57), (8.7)-(8.10) for the various coefficients which
appear in the expressions for g and T’;. On setting
the coefficient of |E, j, —j, a + 1) equal to zero,
we obtain after a considerable amount of reduction,

KE,a +1) KkE,
a-+1 T

(8.13)
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Hence, k(E, o) must have the form
k(E, @) = o(B)a, (8.14)

where ¢(E) is generally a function of E. Since
k(E, ) is real, so is ¢(E).

We now show that we can choose a set of kets such
that ¢(E) = 0. Let us define |E, j, m, a) by

IE1 i, m, @) = e?® IE, i, m, a),

(d/dE)B(E) = o(E)/p. (8.16)

In terms of this new basis all of the previous formulas
hold with ¢(E) = 0.

We have thus completed our derivation of the
form of the infinitesimal generators of inhomo-
geneous Lorentz group in an angular momentum
basis.

It should be noted that the case of nonzero mass
reduced to the case of zero mass when g = 0.

To summarize: we have given a set of kets
|E, j, m, ) which satisfy the completeness relation
(3.47) with W(p) = 1/p. The operators H, J,, P,
act on these kets in the manner shown by (3.46)
where T';(e) is given by (3.42). The operators ¢,

(8.15)
where
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act in the manner given by (3.46)—(3.48) where the
matrices K, ,.(E, j) and Q;.. .. (E) are given by
(8.7) to (8.11).

To obtain the form of the operators as given in
Part I we first choose a new basis in which the kets
denoted by |E, j, m, «) are given by

H 3
B, j, m,a) = [8_-1-'% é‘,:l |E, j, m, a). (8.17)

The new kets satisfy the completeness relation.

X [aEEima}Eimeal =1 @19
It is an easy enough matter to find how the
infinitesimal generators act in the new basis. Finally,
we introduce functions ¢(E, j, m, «) in Hilbert
space defined by

90(Es j, m, a) = (E" j; m, a l ¢>y

where |®) is an abstract vector. The operators as
given in Part I act on the functions ¢(E, 7, m, a)
rather than the basis vectors. We refrain from
describing the transeription of the operators to
function space, since it is obvious.
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Asymptotic behavior and subtraction problem of the perturbation-theoretical integral repre-
sentation (PTIR) are investigated in detail. Six theorems are rigorously proved in this connection.
It is shown that a function represented by an unsubtracted PTIR may asymptotically increase in
particular directions. The relation between the asymptotic behavior and the subtraction number
is clarified for the subtracted PTIR. As a by-product one obtains & consistent definition of a finite

part of the integral involving z~19(x).

I. INTRODUCTION

NALYTICITY and uniqueness properties of
perturbation-theoretical integral representa-
tions (PTIR) were investigated in detail in our
previous papers.’'* But asymptotic property of PTIR
was studied only for some subseries of perturbation
expansion,” and no general discussions are made on
this subject as yet. Recently, PTIR has been applied
to the investigation of the high-energy behavior of
the scattering amplitude in the Bethe-Salpeter
formalism,® and we have found that the unsubtracted
PTIR can describe the Regge behavior and more
general high-energy behaviors. This is an interesting
feature of PTIR, which is not known in the eonven-
tional dispersion theory. It will, therefore, be de-
sirable to explore the asymptotic behavior and
subtraction problem of PTIR.
For simplicity, we consider the two-variable PTIR
only:

s, &) = fg iz f:daa__z;(z_*‘z‘i — (@D

Here [ dz [ dashould be understood as [Z. dz [, da,
with an integrand having a support {0 < z < 1,
a > 0}, If (1.1) is not convergent at @ = o, it is
necessary to make subtractions. From the know-
ledge of the conventional dispersion theory, one
might make the following subtraction:

}l(ss t) — f(sx tG}
i — 1

= fal de ./:odaa — zsﬁ(i‘ ‘("i -t

with £ < 0. But if one applies this subtraction

(1.2)

* This work was performed under the auspices of the U, 8.
Atomic Energy Commission.

1 N. Nakanishi, Phys. Rev. 127, 1380 (1962).

2 N. Nakanishi, J. Math. Phys. 4, 1385 (1963).

3 N. Nakanishi, Phys. Rev, 133, B214 (1964); 133, B1224
(1964).

procedure to a function for which (1.1) converges,
then one finds that 5(z, ) is generally completely
different from p(z, a). Indeed, an elementary calcula-
tion shows

Pz, ) = fo dz f: dB zp(z, B)

X (e ~ ) — 28 — L). (1.3)

Since the invariance of the weight function is im-
portant in the subtraction procedure, (1.2) should
not be accepted as a good one. Hence, we shall
merely subtract a constant term f(s,, f,) instead
of a one-variable funetion. In general, we have the
following subtracted PTIR':

s, 8) = P(s, D)
4 fldz[mda[z(s — 80) + (1 — )¢ — t(,)]N

a — 28 — (1 — 2)i

p(Z,OL)
a—2z— (1 —2)t’

(14)

where P(s, £) is an (N — 1)th-order polynomial
of s and ¢, (s, Ip) being a fixed point in the an-
alyticity domain of PTIR, i.e., (so, &) € D,,. Then
the following questions will arise. Is (1.4) general
enough to represent any funection holomorphic in
D,, and bounded by a polynomial of |s| and |¢| at
infinity? If the subtracted PTIR is possible, how
can we determine the subtraction number N? To
answer these guestions was the motivation of the
present work.

In the next section, we give six theorems which
can be proved rigorously. The proof of each theorem
is given in the Appendix of the same number. In
Sec. 3, we discuss the singularity in z of the weight
function in the unsubtracted PTIR. In Sec. 4, we
consider the subtracted PTIR, and answer the
questions of last paragraph with a reasonable degree
of confidence. The final section is devoted to another
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topic concerning a new consistent definition of the
finite part of z '6(z), which is a by-product of the
consideration in Sec. 4. In Appendix VII, we derive
various formulas given in concrete examples of
the text.

Throughout this paper, n, m, N stand for zero
or positive integers, and A, B, C, M, R denote
big positive numbers, whereas ¢, 8, v, o, 7, etc.,
usually represent small positive numbers. While
s, t, § i, 3 T are complex variables, &, ', s’, t'’ are
used only as real variables.

II. THEOREMS

The first aim of this section is to investigate the
asymptotic property of PTIR under certain assump-~
tions. First, we consider (1.1). The convergence of
the integral in the right-hand side is, of course,
implicitly assumed in (1.1). Since it is too difficult
to deal with the general case, we shall assume that
p(z, @) decreases at least like «™*(§ > 0) at infinity,
and similarly that p(z, o) has a finite number of
singularities in 2z of order z7'*’(¢ > 0) at worst.
For finite values of @, p(z, o) will be a distribution
of @, which may be dependent on z as is suggested
by the following simple example.

Example 1.
f6,)=(@—97'b—8H" (@>0,6>0). (2.1
Its weight function is, of course, given by

pz, ) = 8(a — za — (1 — 2)b). (2.2)

It will be natural to expect in a naive sense that
if the above conditions on p(z, ) are satisfied then
the function j(s, t) given by (1.1) vanishes at infinity
in D,,. But if we want to prove this statement, we
must express it in a mathematically well-defined
manner. Care must be taken in the definition of
the asymptotic region because, for example, no
matter how large |s] may be, the function (2.1)
does not become small if ¢ approaches b. That is, in
general, we should avoid considering the asymp-
totic behavior in a neighborhood of an unbounded
singularity. Now, we obtain the following theorem.

Theorem I. Let f(s, ) be an analytic function
which can be represented as (1.1), where the weight
function p(z, @) has the following properties. There
exists a function of 2,

He) =]l le—2" 0<o<1,0<2<1), @3)

t=1

such that
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bz, @) = H@)olz, a) 24)
satisfies the following conditions.
(i) There exists an integer n such that
Pz, @) = (3/0c)"¢(z, a), 2.5)

where ¢(z, a) is a continuous function of z and a.
(ii) There exists a positive number R (z independent)
such that when a > R, p(z, «) is a function of
and satisfies the following inequalities:

@) ok, o)| < Ao, (2.6)
(b) |G, o + Aa) — Bz, &)
< B |Aa|* for |Aa| <k, 2.7

where §, u, x, A, B are positive constants.
Then, f(s, t) has the following properties:

(A) For any closed subset K of D,,, we can always
find positive numbers v, C, M such that

[fs, B < C(ls] + )77,

whenever |s| + |f]| > M and (s, t) € K.

(B) We can always find a positive number M such
that if for any 2 satisfying 0 < 2z < 1 s and ¢ satisfy
the inequality

2.8

s+ (1 —2)¢|>M
and if (s, £) € D,,, then (2.8) holds.

In the above theorem, the condition (2.7) is
called the Holder condition or the Lipschitz condi-
tion of order u. This assumption is usually necessary
if one wants to discuss bounds of a singular integral.
The main result in the theorem is, of course, the
property (A). The property (B) is a special con-
sequence of the assumption (2.6). For instance, the
following example does not have the property (B).

2.9

Ezxample 2.
6,0 = (=07 T =97, (210
whose weight function is
oz, a) = i 8 (@ — 2n®). (2.11)

n=0

Theorem I can easily be generalized to the case
of the subtracted PTIR.

Theorem II. If f(s, t) is represented as (1.4)
instead of (1.1), and if (2.6) is replaced by the condi-
tion (i) (a’)

|8, @)| < Aa™?, (2.12)
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then one has
liGs, D] < C(ls] + e
instead of (2.8).

From Example 1, we can expect that the un-
boundedness of f(s, ¢) at the boundary of D,, is
generally caused by singularities in a of p(2, ).
Indeed, this is true, namely, we have the following
theorem.

Theorem III. If f(s, t) is represented as (1.4),
and if 4(z, &) defined by (2.4) is a continuous func-
tion satisfying (2.12) and (2.7) for any a« = O,
then we can always find positive numbers y and
C such that

Ifs, 9] < €A + ls| + [e)™”
in the whole D,,.

In the above theorem it should be remarked that
the Holder condition (2.7) is required also for & = 0
and Aa < 0 with the convention

plz,8) =0 for B <O0. (2.15)

Now, our next task is to consider the inverse
problem of Theorem I. Namely, we want to find
PTIR for a given function f(s, t) holomorphie in D,,
and bounded at infinity. This problem was discussed
already twice,’* but the proof of the theorem was
still incomplete.*

As was noticed previously,” it is not necessary
to assume that f(s, {) be holomorphic in the whole
D,,. This is because we have the following theorem,
which is essentially due to Glaser.®

Theorem IV. Let f(s, t) be holomorphic in domains
D, and D_ separately, and both boundary values
on E coincide with each other, where

(2.13)

(2.14)

D, = {s,{Ims >0, Im¢ > 0},
D_= {s,4;Ims <0, Im ¢ < 0}, 2.16)
E={s,t;Ims=Imt=0,

Res < 0, Ret < 0}.

¢ The proof given in Ref. 2 is incomplete in the following
respects. (i) The integral (2.11) of Ref. 2 is not well defined
because the contours necessarily pass through some zero
points of the denominator of the integrand. (ii) (3/9¢)f(s, )
does not necessarily behave like O(}f[~17¢) at infinity. (iii)
The analytic continuation of g(w, z) to the lower half-plane of
w is not good because then some part of the s’ contour be-
longs to the singularity region.

§J. Bros and V. Glaser (unpublished); A. Bottino, A. M.
Longoni, and T. Regge, Nuovo Cimento 23, 954 (1962). The
proof given in the latter paper is incomplete because the
¢ contour crosses the singularity region of the integrand at
& = 0 and on the large semicircle. To avoid this difficulty, it
is essential to use the edge-of-the-wedge theorem as is done
in our proof (see Appendix 1V). The equivalence of D, and
the envelope of holomorphy of D, U D_ \U E was first
pointed out in Ref. 2.
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If |f(s, t)] is bounded by a polynomial of |s| and [¢|
in any closed subset of D, and D_, then f(s, f) is
holomorphic in D,,.

For completeness, we write here the explicit shape
of the domain D,,.'”* Let

D*[s, ] = {s,¢;Ims > 0, Im ¢ < 0, Im st* > 0},

D*[s] = {s,¢; Ims = 0, Res > 0}. (2.17)
Then D,, is the complement of
D*[s, t] U D*[t, s] \J D*[s] \U D*[1]. (2.18)

Hence, of course, D,, includes D, D_, and E. D,, is
the envelope of holomorphy of D, \JU D_\U E,
Now, our main theorem is as follows.

Theorem V. Let f(s, t) be holomorphic in domains
D, and D_ separately, and both boundary values
on E coincide with each other. Moreover, assume
that f(s, ¢) satisfies the following boundedness con-
ditions.

(1) For any closed subset K of D, and D_, there
exist positive numbers 8, 4, M such that

lfGs, D] < A(ls| + ¢,

whenever [s| + |{] > M and (s, t) € K.
(ii) For the same K, one has

(2.19)

(@/a1)ie, ] < Bls| + 1677 3 les + (1 —2)t™,
(2.20)

whenever [s| + |t| > M in K, wherey > 0, B > 0
and0 <z <1(G@=12---,m).

Then f(s, t) can be represented as (1.1), where
p(z, ) is defined for every z except for 2,, 2, * -+ ; Zm,
and 1. For a fixed 2, p(2, @) is a distribution of «,
which is given by

plz, @) = (2mD)”" 1_{513 [¥e, a + 19 — Yz, & — i9)].
(2.21)

Here ¢(z, w) is a holomorphic function of w except

for w > 0, and we have forw < 0

Y, w) =010 —2)7" f: ds’ % f.(s’, E’l—:_z—:’), (2.22)

where f,(s’, t) is the absorptive part of f(s, t), i.e.,

f.(s", &) = (Zw)™ lim [f(s" + e, 8) — f(s' — e, D).
- 2.23)

In the above theorem, the boundedness condition
(i) is essentially equivalent to the result (A) of
Theorem I. We may conjecture that the condition
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(i) will be enough to give the essential results of
Theorem V because we know no counterexample to
this statement, but it seems to be technically ex-
tremely difficult to eliminate a condition on a partial
derivative of f(s, ¢).°

One might suppose that the right-hand side of
(2.20) may be replaced by B(|s| + |¢|)™" [t|”°, but
this bound is not general enough to admit a simple
example (—s8)}(—s — )"t It should be remarked
that 2; cannot be equal to unity in (2.20). We have,
of course, some examples which satisfy (i) but not (ii).

Ezample 3.
fis, ) = (=9)7H(—p)™
X exp [—(—H}], [Re(—=5!>0]. (2.29)

This function does not satisfy the condition (i),
but it still has the representation (1.1) with a
weight funetion satisfying all the conditions of
Theorem 1.

Since the conditions of Theorem V are imposed
only on (s, £) belonging to K, p(z, @) is not necessarily
bounded by «™° (¢ > 0). For instance, Example 2
satisfies all the conditions of Theorem V. It seems
to be very difficult to prove a fairly general theorem
which gives the boundedness of p(z, @) at « ©,
The following theorem is too restrictive fo be
practical.

Theorem VI. If the condition (ii) of Theorem V
is replaced by the stronger condition that

(i) [(@/anfs, O] < B + [s| + D777 (2.25)
in the whole D, and D_, then we have
oz, )] < C1 + )7 (2.26)

for z 3= 1, where 0 < ¢ < v and C is a big positive
number.

Both Theorems V and VI eoncern the unsub-
tracted PTIR. The extension to the subtracted
PTIR is by no means trivial. The reason why it is
difficult will be clarified in Sec. IV,

III. SINGULARITIES IN z

In the preceding section, we have assumed that
singularities in z of p(z, «) are integrable ones in
the usual sense. But this restriction is too stringent
for practical applications, and we should admit for

8 It is generally impossible to deduce f/(z) = O(z~1°%),
(x> 0, 5 > 0), from f(z) = O(z"%) even iftj(:c) is holo-
morphic on the positive real axis, because, for example,
f(z) = z~%in z. The author is much indebted to Dr. Pincus
and Dr. Marr for valuable discussions on the asymptotic
behavior of a derivative.
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p(z, @) to include a distribution of z independent
of a. For example, if f(s, ¢) is independent of s, p(z,e)
is necessarily proportional to §(z).

When p(z, a) contains such a distribution of z,
the asymptotic behavior (2.8) is no longer assured.
The following examples will be instructive.

Ezample 4. If

Pz, @) = o — @)8™(e — 20), 3.1
witha > 0and 0 < z, £ 1, then
_ nl{t — s)"
o) = a2 —( —mr @Y
Ezample 6. The weight function
2, 0) = &8 (@ — 2, (3.3)

with 0 < Reo < 1 and 0 < 2, < 1 corresponds to

¢—-9"
[—z8 — (1 — 28"
(3.9

From the above examples we see that if p(z, )
contains an (n + 1)th order singularity at z = 2z,
then [f(s, £)| can increase as (|s|] + [t))* only when
one goes to infinity in the direction in which [z, +
(1 — 20)¢| remains small. The purpose of this section
is to show that the above statement is generally
true, but no claim of rigor is made for the reasoning
in this section.

In what follows it is very important to consider
the following distribution introduced by Schwartz’:

i) = [TV P2 o)
for x#=0,—1,-2, -,

= ") for A= —n.

s, ) = T ~ a)T(n + o)

I

(3.5)

If p(z) is a test function, | Y\ (x)e{z) dx is an entire
function of a complex parameter A. Y,(z) can be
understood as the discontinuity of an analytic func-
tion T'(1 — A)(—z)*". Thus a & function and its
derivatives can be regarded as special cases of a
power of z.

For simplicity, we consider the singularity at 2=0.
In this case we expect a special asymptotic behavior
of f(s, t) when s — = but ¢/s — 0. In a neighborhood
of z = 0 the weight function may be written as

(3.6
where the symbol ~ means that the ratio of both

7 L. Schwarts, Théorie des Distributions (Hermann &
Cie., Paris, 1950), Chap. II. The symbol Pf denotes Hada~
mard’s finite part, which means to discard the divergent
part of the integral in a consistent manner.

pz, @) >~ FD)ela) at 2z~ 0,
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sides tends to unity. Then the behavior for s —» «
but ¢/s — 0 is determined by
_ [, F®
I = j; dz B s

S

3.7)

where 8 = o — {. For practical applications, the
following case is important and seems to be suffi-
ciently general:

F(z) = ¢ Pf **(log 1/2)’(log log 1/2)* ---].  (3.8)
For simplicity, we consider the case
F(z) = Pf [2*"(log 1/2)°1, (3.9

since the extension to the general case is straight-
forward. Putting s = —re*’, (r > 0, |6 < ) and
z = y/r, we have

o 7, P '(ogr — log y)’]
= N M 3-10
I=r fo dy 5+ o (3.10)

As is easily seen by a binomial expansion, the
leading term of the numerator is (log r)” because
the singularity of log y at ¥y = 0 does not lead to
infinity for r — «_ Thus one gets

I ~rlogr)J, (3.11)
with
_ [ Pf {yx—ll _ A—1 _—iX8
7= e Al rm CACRCAT)

When the integration of (3.12) is carried out, we
first assume 0 < Re A < 1, and then analytically
continue the result with respect to \. Hence, (3.12)
is true even for Re A < 0. Thus we have

I ~ (x/sin a8 (=8 Mlog (=9,  (3.13)

Putting A = —g, (Re u > 0), we obtain the following
asymptotic behavior of f(s, £):

f(s, §) =~ f e

9’(05) ® v

o E e (—9llog (-9

Now, in the Bethe—Salpeter approach to the high-
energy behavior of the scattering amplitude,® the
momentum transfer in the crossed channel was
treated as a parameter, hence x4 and » may be
functions of the momentum transfer. Thus we were
able to describe the Regge and Regge-cut behaviors
by PTIR. However, if we consider the S-matrix
theory and, hence, ¢ is identified with the momentum
transfer, u and » in (3.14) eannot be functions of the
momentum transfer. In this ecase, u and » should be

(3.14)
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congidered as functions of «. But, unfortunately, we
cannot carry out the integration over « if 4 and » are
dependent on «.

The special asymptotic behavior (3.14) is, of
course, due to the choice of the special direction
t/s — 0. Our next task is to see that if the asymptotic
behavior is considered in any other direction then
f(s, {) satisfies (2.8), provided that p(z, ) satisfies
all the eonditions of Theorem I except for z = 0 and

zn+l—-5p(z’ C!) = 0 for Z2 = O, (6 > O)- (315)

First, we shall show an inequality

’./: dz f: daa — zsp(i’ ‘(11) — )¢ (2 —T— ;)"

< A(|s| + D)™, (3.16)

for [s| + J¢{f > M with0 < v < § and @ > 0. With-
out loss of generality, a smaller value than unity
can be taken as the upper limit of the z integral.
Then the integrand can be rewritten as

1 oz, @)
T3 «ta [P(Z(a = 9,1 — 23—

(=2 — 9"

a—z8 — (1 —2)¢

+ }, (3.17)
where P(z, y) is a certain (n — 1)th order polynomial
of z and y. The infegral coming out from this poly-
nomial part is, of course, convergent in the sense
of a distribution, and gives an (n — 1)th-order
polynomial of s and {. As for the second term of
(3.17), because of the assumption (3.15) the weight
functions

(=D' = 97" Cue'(a + @)z, @),
(k=0,1,--,m), (3.18)

satisfy all the conditions of Theorem I. Thus we
have established (3.16).
If we consider a special case

P, @) = F@R)da — ar), (a0 =0),  (3.19)
{3.186) leads to
' N oz, @)
j; dzf,, daa—zs— (1 -2
SPUCES LR

for 8| + |¢| > M and [f| > R with B > 2a,. Next,
we consider the case in which {z, o) is an integrable
function of « and

p(z,0) =0 for o> R. (3.21)
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Such a funection can be written as

N
piz, @) = lim N7 D p(z, @)dla — NT'kR), (3.22)
N k=0
just as done in the definition of the Riemann
integral. Using (3.20) with (3.19) and taking M > 4R,
we obtain (3.20) for the present p(z, o). Thus the
expected result has been established to a certain
extent. As is indicated by Example 5, the contribu~
tion from @ > R in the general case will not be
important., Summarizing the above investigation,
we have the following statement.

Conjecture I. Let {(s, {) be a function holomorphic
in D,,. If for any closed subset K of D, and D_,
whenever |s| + [t|] > M, the inequality

s, o < A(s| + [t~

X [1 + f‘, ((Z—S—%—Eﬂé)—”)x] (3.23)

withs > 0,0<2z, <land\;20(GF=1,2,---,m)
holds, then f(s, £) can be represented as (1.1), and
in a neighborhood of z = z;, p(z, @) is defined as a
distribution of z and the order of the singularity
does not exceed

i=1

(3.24)

12 _ Zil—h-—1+5
apart from logarithmic factors. Conversely, if in
(1.1) p(2, @) has singularitiesat z=¢,; (1=1,2, - - - , m)
of order (3.24) and satisfies all the conditions of
Theorem I in all other points, then f(s, {) satisfies
the inequality (3.23).

IV. SUBTRACTED PTIR

The purpose of this section is to extend the
conjecture made in Sec. III to the case of the sub-
tracted PTIR (1.4). Since the general mathematical
consideration is prohibitively difficult, we shall de-
duce the general conclusion from the previous results
for the unsubtracted PTIR and some concrete
examples of the subtracted PTIR.

Example 6.
1 £
o=[a[ a
s, D) j; dz | da

This example is a generalization of Example 5. The
integral is convergent for

N>Rerx>N-—-1,

s+ (1 — 211" ()
ola —2s — (1 — 2)i]

4.1

and

n>N>Rer> —1, 4.2)
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and then
fis, ) = QA + DT — N(E — &)"(—H)™. (4.3)
Example 7.
fis, ) = (=9)"(—¥)". CX))
Its weight function is given by
p@ ) = Y_ (@Y ,(1 — 2 Y,,ule), @5

where Y,(x) is defined by (3.5).

It will be natural to inquire whether or not the
existence of distributional singularities in z (in the
sense of Sec. III) can be predicted by the asymptotic
behavior of (s, t). In Example 6, the special asymp-
totic behavior of order |s|* in the direction #/s — 0
is certainly owing to the (n -+ 1)th order singularity
at z = 0. But consider Example 7 with u > 0
and » > 0. The (u + 1)th-order singularity at z = 0
gives the asymptotic behavior of order [s]* in the
direction ¢/s — 0. However, the asymptotic behavior
in the general direction

208 + (1 — z5)t)/s — 0O, D<z<1l) 486

is of order |s|""", which is stronger than [s[*, There-
fore, if we consider a function

8, ) = (=9"(=)" + (=97, (4.7)

it exhibits no special asymptotic behavior in the
direction #/s — 0. Thus the answer to the above
question is negative. Namely, we cannot say anything
about the monexistence of distributional singularities
in 2z of p(z, a) from the asymptotic behavior of f(s, t)
in the subtracted PTIR. This means that the introduc-
tion of distributions of 2 is quite natural and in-
evitable in the subtracted PTIR, and this is the
reason why it is difficult to extend the proof of
Theorem V to the case of the subtracted PTIR.
Thus, we arrive at the following conjecture.

Conjecture I1. Let f(s, £) be a function holomorphic
in D,,. If for any closed subset K of D, and D_,
whenever |s| -+ |¢{| > M, the inequality

IfGs, )] < A(ls| + [¢)*

X [1 + 2; ([z,,s + - zi)t!) , 48

withA <N, 0<z <Land)>0(=1,2 ---,m)
holds, then f(s, ) can be represented as (1.4), and
the singularities in z of p(z, ) of more than (\+1)th
order can be located only at z = z; with the order
of at most |z — 2|™™7', The second statement

of Conjecture I is likewise extended.

We can now answer the questions in See. I. The
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answer to the first question is ‘“‘yes.”’” The subtracted
PTIR will be general enough to represent any
reasonable function holomorphic in D,, if p(z, «)
is a distribution of not only « but also z. The answer
to the second question will be as follows. If for any
(nonzero and nonnegative) complex number % one
always has

Ifs, ks)| < 4 |s[", (4.9)

when |s| > M, where (s, ks) belongs to a closed
subset K of D, and D_, then N is determined as
the minimal nonnegative integer greater than A.
Therefore, the number of subtractions in PTIR is
usually less than (sometimes equal to) that in the
double dispersion representation.

The weight function p(z, «) sometimes contains
a new distribution which is not well known so far.
The following example will be such an interesting one.

Ezample 8. If we operate 9°/9udr on the function
of Example 7, we see that a function

f@s, 8) = (—9)" log (—8)(—9)" log (—=4)  (4.10)
has a weight function
pe,@) = Y)Y (1 = 2)Y,rsni(@{[¥(—n) — logz
+ loga — Y(u+ v+ DI[Y(—») — log (1 —2)
+loga—Yu+r+ D] - Y+r+ D} (@.11)

Here y(z) stands for the polygamma function, i.e.,

Wo) = I'@)/T@)
— et S+ D)

n=0

- (@@+n7, (@12
where v is Euler’s constant. We are interested in
the limit 4 — 0 and v — 0, namely, we want to
find the weight function of

f(s, &) = log (~—s) log (—1¥). (4.13)
From (4.11), noticing
li_{rol Y_.@¢(—w
= -z + @ 11_{51 [T(—w) + ¢(—w)]
=~ — 27-5(2), (4.14)
we have
pz,0) =2+ 8@@)(logz 4+ v — loga) + (1 — 27"

+ 61 —2llog (1 —2) + v — logal. (4.15)

Unfortunately, (4.15) is not well defined at 2 = 0
and z = 1. But (4.15) suggests that the sum 27! +
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3(2) log z will give a meaningful result. Indeed, by
a direct calculation we can show

log (—s) log (—¢)
les + (1 — 2 + 1oz, @)

f e | da @t Dl —zs—(1—27" *10
with
oz, @) = PEE62)] + PE [(1 — 276(1 — 2)]

— [ + 81 — 2)] log a. 4.17)
Here, the distribution Pf [27'8(x)] is defined by

f dz Pf [ 0(2) ()

= lim [ dr ™0z — 9 + 3z ~ 9 logzle(@), (4.18)
=0+

where ¢(z) is a test function. Comparison of (4.15)
with (4.17) leads to the identification

Pt 00 =2+ s@)logz+v) (2>0). (4.19)

V. FINITE PART OF z7"4(z)

In (4.18) we have defined a distribution Pf [x~'6(z)].
A similar distribution was introduced by Schwartz
in his famous book.” But his definition of the finite
part of z7'8(x) is simply to discard the logarithmi-
cally divergent part. As was noticed by himself,
his definition has a serious difficulty, namely, it is
not invariant under the transformation of the
integration variable. For instance, according to his
prescription, one has

1
[ @ P B 6@ s = 0. (5.1)
0
But if one puts z = 2y, then one obtains
H
_L‘ dy Pf [y-l o(y)] Sohwarts — _log 2- (5.2)

Thus the value of the integral changes. This is
quite unsatisfactory, and his distribution cannot
be used for practical calculations. On the other
hand, our definition of Pf [x™'6(z)] is free from this
difficulty as is easily checked. Therefore, it will be
desirable to investigate the properties of our dis-
tribution.
We define

(__l)n—-l il_
n — ldx"

Pi [z7"60(x)] = [0z — ¢ log z], (5.3)

for any positive integer n, where ¢ — 04 should
be taken after the integration over z is carried out.
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It is easy to see that
Pfz™ = Pf [x78(z)]
+ (=D"Pf[(—x)78(—)], (4

where Pf 27" is identical with Cauchy’s principal
part and Pf 7" ean be derived from it by successive
differentiations (with an appropriate coefficient).
Thus (5.3) is a natural generalization of Pf 27",

Let ©(x) be a test function, which is, of course,
an infinitely differentiable function. We can easily
caleulate the integral

Fiel = [ do Pt L6@le(o),

according to the definition (5.3). We obtain

@>0 (.5

n=2

S - — (o)

f=G

Fle] = [m — 1) I}"{

+ " (a) loga — f dz o™ (x) log x}. (5.6
&
Especially, for n = 1 we have
[ @ Pt & 0wl
]
= ol loga — [ dzo'(z) log .
(]
According to (5.3), if one puts z = ky, (£ > 0),
then one obtains
Pf[z™"6(x)] = & Pf [y "6(y)]
+ (=D — DYE " log k6™ V@), (5.8)

The appearance of an additional term guarantees
the invariance under the transformation of the
integration variable.

Finally, carrying out the differentiation in (5.3),
we have

Pfiz™"0x)] = 2770(z — ¢

6.7

+ T (i = 97GYE e ~ 9

§=1

4 (=D — DV — ¢ log . (5.9
Hence, we have the multiplication law
2" Pf [27"0(2)] = 27"""6(z) (5.10)
only for p > n — 1, but
z* Pf [z7"0(x)] #= Pf [z7"""6(x)], (5.11)
for 0 < u < n — 1. For instance,
[ gz P 0] = 0, (5.12)
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but

1
f dz-z Ptz %0@)] = —1.  (5.13)

fid

The above definition may be useful for practical
caleulations. We can now consistently caleulate the
finite part of a logarithmically divergent integral.
It might be particularly useful for the ealculation
of an infrared-divergent transition amplitude.
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APPENDIX I. PROCF OF THEOREM I

We shall first prove the following lemma. The
method is an extension of that of Kallén® and Frye
and Warnoek.’

Lemma 1. Let
= [,
F{w)__j; da 2L

where p(a) has the following properties, '
(1) There exists a continuous function ¢(a) such
that

ALD

@) = ¢ (a). AL2

(ii) There exists a positive number R such that
for @ > R p(a) is a function of « satisfying the
following conditions

(@ lol@)| < dea”°,
() |ole + Aa) — pla)] < B [Aal*
EA“{ <k, .

where 8, u, k, 4, B are positive constants.
Then we can always find positive numbers &,
C, M such that ‘

IFw)] < C Jw|™,

(A 13

for (A 14)

(A 1.5)

whenever |w| > M except for the positive real axis.
Proof: From (A1.3) we have fora > R

lole + Aa) — ple)] < 24a™, (A 1.6)

Bp;;;\{;ided that a > |Aal. Hence, (Al.4) and (A1.6)

lole + Aa) — ple)| < (24a7")'(B |4a[)'™ (A 1.7)

¢ G. Kallén, Kgl. Danske Videnskab. Selskab, Mat.-Fys.
Medd 27, No. 12 (1953), Appendix.
2 G. Frye and R. L. Warnock, Phys. Rev. 130, 478 (1963),
Appendix A.
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with 0 < » < 1. We can, therefore, take
®") lole + ba) = pl@)] < Ba™" |Aal”
for |Aal <« (A 1.8)

with 0 < 8’ < 6§ and u' > O instead of (Al.4)
without loss of generality.

Let r = |Jw| > 2R and « < R. We divide the
integral (Al.1) into five parts:

f:= f§+f+f+f+fm (A1.9)

(1°) We may assume n > 1 without loss of generality.

J %rl - l " o 220
o a— w
(n—i)(,r/z)_l
Z (.7 (1'/2 ,w)i
+at|[ da@m%m. (A 1.10)

From (A1.3), for a > R there is a jth-order poly-
pomial P;(a), (n > j 2 1), such that

le" @] < Pila)a. (A1.11)
Hence,
0" (r/2) Pe/2w/2)° _ -
(r/2 . ,w):’ (7./2)1' - O(T )v (A 1-12)
¥ o)
U do =
max  ofe)
< °—-<~(T’~2)———- =00, (A1.13)
) f_i < f daa—’ﬁg%g 4l dar —
< AGH log (r/20) = o). (A 1.14)
(30) f‘x - j; dot p(‘z):/;(r)
v [ 2 @)
Because of (A1.8) we have
[tz r [t
<2 -0 [ £ ds
= 2B (r — 1) = 007%). (A1.16)

log

T+K'—‘w - —5
— }—o(r ).

T do _
p&‘) ./:...,( a — 'M)} S Alr ' K W
(A 11D
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—6

2r
4]
@ |[]<a f da =*—
< Al + 07 log (r/x) = o). (A 1.18)
w —5
Ul
(5" fzr <4 2,daa-—7‘
_5 .
<Af da i = 0). (A L19)
Thus we obtain (A1.5). Q.E.D.
Now, we apply Lemma 1 to
= [ g, 2
Few = [ @l @i

Then there exist positive numbers &, C,, M, such
that

|Fz, w)| < Ci fw]™, (A 1.21)

whenever |w| > M, except for the positive real axis.
Let

K, =lwyw=2s4+01-2¢0<2<1,(s HEK].
{(A1.22)

Then K, is a closed set which does not intersect
{w 2 0}. Since the intersection of K, and {|w| < M,}
is compact and F'(z, w) is holomorphic there, F(z, w)
is bounded there, i.e.,

|F(z, w)] < C,. (A 1.23)

Thus,
[Pz, w)| < Co(M, + lw))™ in K,, (A1.24)

where C, = max (2°'C,, M!'C,). By definition, we

have

6,0 = [ de(HEI'FE 25 + (L — 2). (A126)
Hence,

s, D1 < Co | de (HET™ M+ s+ (1= 221},

(A 1.26)

for (s, {) € K. We divide the integration range
[0, 1] into I{s, {] in which the inequality

les + (1 — 2)t] < 3MP(s| + |t}
holds and the remaining part. Then

(A1.27)

lfs, O] < CoMy™ f, - dz [HE)]™

+ C, j;‘ dz (H@T™ (M, + 304} + |
(A 1.28)
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Since the z integral is convergent, the second term
evidently behaves like O(([s| + [t[)™*"%). Therefore,
the problem is to estimate the first term. For this
purpose, we use the following lemma.

Lemma 2. Let s and ¢ be complex, M > 0, and
Is, ] = {2;0 <2< 1, ss+ (1 — 2)¢
< IM(s| + |tDY. (A 1.29)

We denote the Lebesgue measure of a set S by u(S).
Then

u(Ils, ) < aM¥(s| + |t for |s| + [t| > 4M.

(A1.30)

Proof: Putting ¢ = 2¢ — 1, u = s 4+ ¢, and
v = § — I, we have

zs 4+ (1 —-Z)t = %(N-I-Ev)y

4M < Js] + i < u] + | (A 131)
Let
Jls, 1] = {& e < 1, ju + @] < M¥(Jul + ).
(A 1.32)
Then it is evident that
2uIls, &) < w(Js, ). (A 1.33)
The inequality
e + 8] < Ml + P} (A1.34)
can be rewritten as
lb|* & + 2 Re (w*)t
+ [ul* — M(ju] + ) <0. (A 1.35)

The discriminant D of this quadratic form is

D = M(Ju| + v]) o|* — Imw*)*. (A 1.36)
ForD >0
u(JTs, ) < 2D [o|?, (A 1.37)
and for D < 0
u(J]s, t]) = 0. (A 1.38)
Therefore, in general, we have
u(ITs, 1) < 2M¥(ful + ) I, (A 1.39)
On the other hand, (A1.34) leads to
l| — l&]- o] < M¥Jul + pDY. (A 1.40)
Since [¢] < 1, we have
ol > lgl-Iol > [ul — Ml + P (A 1.4D)

Adding |v] to (Al.41) and dividing it by two, we
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obtain
Iol > 3(ul + WDl + Po* — MY, (A 1.42)
Substitution of (A1.42) in (A1.39) yields
w(Jls, ) < 4MP[(lu] + P} — M7 (A 1.43)
Hence, (A1.33) together with (A1.31) leads to
w(lls, 1) < 2000(s| + [e)* — M7
< 4M(js| + )7 (A 149
Thus, we have proved (A1.30). Q.E.D.

Now, it is obvious that
HE)™ < a(l + z e — z.-l'”") (A 1.45)

if a is sufficiently large. Hence, putting n = u(I[s, 1)),
we have

-/;u.u dz[HE)I™ < an

m si+y
+ aI:Z f‘_” dz Iz . z‘|-1+¢ + n.n—1+c:|

iml

= 0(x").
Lemma 2 tells us that
n < 4M¥(s| + [¢)7E. (A 1.47)

Thus the first term of (A1.28) behaves like, at most,
(Is] + [t))~*’%. Then putting

v = min (§'/2, ¢/2),

(A 1.46)

(A 1.48)

we obtain the statement (A) of Theorem I. The

statement (B) is likewise obtained by applying

(A1.21) to (A1.25) directly (M, = M, C, = 2”C)).
APPENDIX II. PROOF OF THEOREM II

Lemma 1 of Appendix I together with

ﬁ(z) a)
[ — 250 — (1 — 2)t,)"

pla) = (A2.1)

leads to

fﬂ de 8z, )
0 [ — 285 — (1 — 2)to] [ — 28 — (1 — 2)f]

< Co[M, + lzs + 1 — 2)¢17%. A22)

Hence,

IfGs, I < |PGs, 1)]

+ C, Z Ci ls - Sol’. It - tolN_i eis, ) (A2.3)

i=0
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with

oo ) = [ ddt — 2 HET

X M, + les + 1 — 27" (A2.4)
Since |2'(1 — 2)V7Y| < 1, we see
0i(s, 1) = O((s| + 1™, (A 2.5)
according to the proof of Theorem I. Thus
(s, D] = O(ls| + [tH™™™). (A 2.6)

APPENDIX III. PROOF OF THEOREM III

If we can prove the following lemma, then the
rest of the proof is equivalent to that of Theorem II.

Lemma 8. If for any a > 0
lo(@)| < A, (A 3.1)
|ola + Aa) — pla)| < B {Aa]* for |Aa] < N\, (A 3.2)

where 1 > 6 > 0, p > 0, and A > 0, then we can
always find positive numbers 6’ and C such that

f da—29 <o+ ) @33
0 a— w
for any nonzero and nonpositive w.
Proof: Let x = 4\. In the case r = |w| > 2,
we have'
[1<er (A 3.9)
0

immediately from the proof of Lemma 1 of Appendix
1. In the case r < 2«, (A3.2) yields

|p(e)] < Ba* for 0 < a < 3k (A 3.5)
because of the convention (2.15). Hence,
3x 3x ~ 3x da I
1+x
[ B[ dala—r 4o [ 25
< B[ + (3 — )] + Br* [log =
< constant, (A 3.6)
© © ~3
[ <4 [ da®— = comstant. (A3.7)
8x s o — 2

Thus we obtain

10 Ingtead of the part (1°) of the proof of Lemma 1, we
now have simply

f"/Z
[}

assuming § < 1.

< AL - ®T'Gn,
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<O +n" (A3.8)

r

for any w except for w > 0. Q.E.D.

APPENDIX IV. PROOF OF THEOREM IV

By multiplying (s, t) by (st)™""%, (8 > 0), we
can assume

IfGs, O] < A(ls] + |e)° for |s| + [¢] > M (A 4.1)

without loss of generality.

According to the edge-of-the-wedge theorem,'!
f(s, t) is a single analytic function holomorphic in
D, U D_\U N(E), where N(E) stands for a complex
neighborhood of E. For (§, {)& D, we consider

® 14 [
F6, L o= [ a f—(“—;‘:f—;—‘—‘—) . (A42)
where Im £ > 0, and e is an infinitesimal positive
constant. The right-hand side of (A4.2) is well
defined because of the analyticity and the bounded-
ness (A4.1) of f(s, ©).

If we take particular points arg § = arg {, then
we can close the £ contour of (A4.2) by adding
a large semicircle because (¢8 — ¢, £'f — ¢) € D, U
D_\U N(E), and we obtain

F(§: i) E) = f($§ — & Ef - e)- (A 43)

Because of the uniqueness of analytic continuation,
(A4.3) tells us that F(8, {, £) is the analytic extension
of f(¢8 — ¢ &f — ¢) to the topological product of
D, and {Im & > 0}. Thus f(s, t) is holomorphic in

D'={s, t;s=8,t=¢tf ¢ 1) € Dy, Imt > 0}.

(A4.4)
We will show I’ = D,, in the following.
For simplicity, we write

0 = arg s, ¢ = arg ¢,
§=args, ¢=argf, ¢ =argt (A 4.5)
then

=126+ y, p=¢+ Y, (A 4.6)
and
O0<b<rm, 0<og<w, O<y<m (A4T)

Since D,, is explicitly given as the complement of
(2.18), we compare D’ with it in the following.

(1°) D' O D, and D’ D D_ are evident (the
choices of ¢ are ¢ & 0 and ¥ = =, respectively).

11 H. J. Bremermann, R. Ochme, and J. G. Taylor, Phys.
Rev. 109, 2178 (1958); F. J. Dyson, #bid. 110, 579 (1958).
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(2°) When Im 8 > 0 and Im ¢ < 0, the points
belonging to D,, are characterized by Im st* < 0.
This condition can be rewritten as

0<b0<r<e<2r, 0<eoe—0<7w. (A4S8)
On the other hand, if we choose £ as
e—r < ¥ <8, lg] =1, (A 4.9
then we have
§=ls]ef®, {= ]V, (A4.10

hence (3, ) € D.. Thus the points of D,, belong
to D', Conversely, if Im st* > 0,ie, ¢ — 8 2> =,
which in turn implies ¢ — 8 > #. This contradicts
(A4.7). Thus both domains in this portion coincide
with each other.

(3°) When Im s < 0 and Im ¢ > 0, the problem
is reduced to the above case by interchanging s and ¢.

(4°) When Im s = 0, the points of D, is charac-
terized by Re s < 0 with arg ¢ » 0. As for D’,
(A4.6) and (A4.7) imply arg s # 0 and arg ¢ = 0,
hence Im ¢ = 0 gives Re s < 0.

(5°) The case Im ¢ = 0 is similar to the above.

APPENDIX V. PROOF OF THEOREM V
We consider a point (s, t) &€ D,, such that
(A5.1)

Ims > ¢ Imi>e

where ¢ > 0. Cauchy’s Theorem leads to

o0 =@ [ 2 [ Lgen, @52

§—s
where the closed contour C is indicated in Fig. 1.
Let R be the radius of the semicircle of C. As B —» =,
the contribution from the semicircle vanishes be-
cause of the condition (i). Hence,
Foo+ie dg 4+otie d'f
=t B =T

e ie §—s

fs, ) = @2x9)”

_ P N A f(s" + de, ¢ + ie)
= (2m0) Im ds j:m dt (8" — s+ 1e)(t — &+ 7¢

- (i) f T iy f A+ de, ¢+ 40

X j;ldz[zs’-{- A =2 —as — (1 — 2)t + ie]2.
(A 5.3)

We want to interchange the order of the &' and ¢/
integrations and the z integration. But this is not
trivial because the denominator of the integrand
may not necessarily be large when |s’| and |¢| are
large.
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Fia. 1. The contour C on the § or f plane.

Lemuna 4. Let
IR, ¢, V]= {z,0<z< 1,max (¢'|, ') SR> 1,
s’ + (1 = 2| < [¢'?""),  (A54)

where s’ and ¢’ are real and 0 < ¢ < . Then its
Lebesgue measure u(I[R, ¢, ']) uniformly tends to
zero as B — «,

Proof: We consider two cases '’ > Oand §'t’ < 0
separately.

(1°) The case s't’ > 0. We may assume s’ > 0 and
¢ > 0 without loss of generality. The main in-
equality in (A5.4) becomes

2+ (1 =2 < ). (A 5.5)

When &' = ¢, (A5.5) becomes 1 < & < §'7%,
which is impossible. When s’ > ¢, the points z
belonging to I[R, ¢, '] satisfy

rnk=e
0<: <028 asg
namely,
pnt-oc _
WIR, o, v) < "= 8 a5

s -t
If ¢ < 1, the right-hand side of (A5.7) is O(R™V™).
f¢>1,

i'}—'(s'* _ tri) _ t/}-—v

I ! 4 ’ / - 7 I
ulR, s, ¥]) < Y — 7 pz

<8 < R,

(A 5.8)

When s’ < ¢/, by interchanging (s, z) and (#/, 1 — 2)
the problem is reduced to the above.

(2°) The case s’ < 0. We may assume s’ > 0
and ¢ < O without loss of generality. Let ¢/ =
—¢ > 0. The main inequality in (A5.4) becomes

(A59
If 28’ — (1 — 2)t” > 0, the points z belonging to

Hfzs’ — (1 — 28] < ¢,
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i [ l
Fi16. 2. The singularity regions of f(8, (w — 23)/(1 — z)) on the
& plane when w lies in the second quadrant.

IR, &', t'] satisfy

Y (s/tn)i—ﬂ + ¢
<z < Py T 17

e
If 28’ — (1 — 2)t"” < 0, we have only to interchange
(¢, 2) and (¢, 1 — 2). Hence,

(A 5.10)

WIR, &, 1) < 25500 < omre. a5
Thus we have

u([R, s, t]) = OR™) (A 5.12)

for any case. Q.E.D.

Now, denoting the interval [0, 1] by I, we can
rewrite (A5.3) as

© @ 1
/ o dz
[La ] a [
=f ds’f ar {:f dz-l-f dz:l.
—c — I-I{R,s',t"] I[R.,s',¢t"]

(A 5.13)

In the first term of the right-hand side, s’ and ¢
satisfy either {[s'| < R, |¢/| < R} or

s’ + 1 — 2| > [s¢[F. (A5.14)

Therefore, if we choose o so as to satisfy 36 > ¢ > 0,
the order of the s’ and ¢ integrations and the z
integration can be interchanged on account of the
condition (i). The second term tends to zero as
R — o because of Lemma 4. Thus,

15, ) = f & vz + (-2, (A5.15)
with
Vi, w) = 2m)~°
T f(s' + de, 8 + i€
X ./:m ds ./:w di s + @ — 2t — w + ie]”’
(Imw>¢. (A5.16)

For w fixed, ¢.(z, w) is a function of z defined
almost everywhere in 0 < z < 1. Since the con-
tribution from z = 1 is infinitesimal, we always
assume z # 1 hereafter.

We can carry out one of integrations in (A5.16)

NOBORU NAKANISHI

as follows:

+o+re

vw) =@ [ s

e 13,9
X f_,,”e di 5+ (1 — 2)f — wl*’

+o+ie

= (2m)? o ds
p 16, D
X fcdt g p——_ (A 5.17)
Cauchy’s theorem leads to
Yo, w) = 2m) 71 — )7
+o+i€ a w —Zg
X ‘/:M“ dsa—u—)f<§, 1= z) (A 5.18)

Because of the condition (ii), the integral (A5.18)
is convergent if z £ z;. Thus ¥. (¢, w) is well defined
except for z = 2, 2,5, -+ , 2p, 1.

Our next task is to investigate the analyticity
of Y. (2, w) in w for 2 fixed. It is evident from (A5.16)
that y.(z, w) is holomorphic in Im w > e Next,
we consider the analytic continuation to

{fw;e > Imw > 0, Rew < 0}. (A 5.19)

For this purpose, we investigate the analyticity of
73, (w — 28)/(1 — 2)) in § when w is fixed in the
second quadrant. This can be easily done by using
(2.18). The result is illustrated in Fig. 2 in case
of 2 » 0. The shaded areas stand for singularity
regions, which are defined by

2 Imw < Im§ < (Im w/Re w) Re§,

and

(A 5.20)

02> Im& > (Imw/Re w) Res. (A 5.21)

In case of z = 0, there is no singularity in the upper
half-plane. Thus we can analytically continue ¢, (z, w)
to (A5.19) by deforming the § contour of (A5.18).
For Im w = 0, the § contour becomes like Fig. 3. The
singularity regions now become two cuts shown in
Fig. 3. [The change of the limit —« 4 e into
— o — e causes no trouble because of the condi-
tion (ii) and continuity.]

In the next step, we fix w on the negative real
axis. Then we can further deform the § contour

‘S CONTOUR
uz"w W v
3 3¢ 3

o}

F1a. 3. The deformed 5 contour when w lies on the negative
real axis.
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into the lower half-plane. Since the contribution
from a large semicircle vanishes because of the
condition (ii),’* we finally obtain
w~ﬂ
1—z/

(A 5.22)

btew) = @0 - 97 [ a2 s,

where the contour C’ is shown in Fig, 4.
All the above procedure can be done quite anal-
ogously for a point (s, ) & D.. such that

Ims < —e, Imi < —e (A 5.23)
Then we obtain
Y-, w) = 2m)7'(1 — 2)7"
et 9 ow— 28
X fw_“ a5 = f(s, : _z). (A 5.24)
For w on the negative real axis, we have
. w1 - -1 _@__ ( w - zﬁ)
Yz, w) = 2r)" (1 — 2 L’dgaw §,-——1 — /)
(A 5.25)
Therefore, we see
Vilz, w) = ¥z, w) (A 5.26)

on the negative real axis. This means that ¢, (z, w)
and ¢¥_(z2, w) define an analytic function ¥(z, w)
which is holomorphic except for the e neighborhood
of the positive real axis,

Finally, we investigate the asymptotic behavior
of ¥(z, w). For this purpose, we again apply the
condition (ii) to (A5.18). In the present case, since
lw] is large, it is necessary to investigate the behavior
of the integrand much more closely. Since the inter-
section of K and the dise |s| 4+ |¢{| £ M is compact,
we have

[(3/3Df(s, )| < Bo.
Therefore, the condition (ii) can be rewritten as

[@/a0f(s, ] < B'M + [s| + |t)7"

(A 5.27)

X 2 (6 + lzis + (1 — 27" (A 5.28)

12 The inequality (2.20) holds also for an arbitrary closed
subset of D,. This can be proved as follows. From (A4.2)
together with (A4.3) we have

(8/8D)f(E'8 — e,E1 — o)
£ —& ’
where s = t8 — ¢, £t = £ — ¢ and |f = 1. Substituting

(2.20) in the integrand and taking ¢ — 0-, we easily obtain
the desired result.

(@/anfis 0] < @m [ ag
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- ¢
w W
x e >

z
.
*

Fra. 4. The contour €’ on the # plane.

in the whole K, where
B’ = max (2'"'B, M"¢B,),

e = min [z + (1 —2)t] > 0. (A 5.29)
{2, 0)ER
For Im w > ¢ we use (A5.28).
dotie a w — 2§
j:-«;...u dg%f(g’ 1 - z)
® ,i(, .w—zs’-—ize)
< f_@ds awfs —{-ze,———-—-——-~1 —
<1 =-27'B 2 I, (A 5.30)
=1
where
I = f ds' (M + |] + |o — ks')""
X (& + | — 2z — K7, (A 5.31)
with
v=(1—27w—1z), (Imv>0),
k=201 -2""2>0,
EF=E—2)0—-2"< {1 —2)k (A 5.32)

The assumption z # 2z; implies k¥’ # 0. Writing
Rev = ¢ and Im v = ¢v/' > 0, we have

L<2 [ arQf+ 15|+ — ] + )

X (6.' + l(l - Zi)v’ — ks’ |)"1. (A. 533)
The transformation u = £'s’ — (1 — 2,)0" leads to

u + vl

2Y 1
I;<mj;mdu(M+ ka[

2 byt -7
+ [ ki) ‘H ) "+ D, A 538
witho! = (1 — 2 and k) =k — k'(1 — 2)"' > 0

(z; # 1 by assumption). We make use of the follow-
ing inequality, which can be easily proved: If
a > b > 0, one has

IX + Y| + [aX 4+ bY| > c(|X]| + |¥]) (A 5.35)
for any real values of X and Y, where
. a—-b a—21>

¢ = min (1, o o ) (A 5.36)

Applying (A5.35) to the first factor of the integrand
of (A5.34), we obtain
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I, <2 k]

X f_ : du M + h(ju] + i) + 777G + )7,
(A 5.37)

where & > 0 because of (A5.36) with &’ = 0. Let
A = min (1, h(1 — 2;)). Then choosing ¢ such
that 0 < & < v, we have

L<2 W [ dute+ )™

X M+ h )™M+ B )™

= O(|o|™)
= O(|lw|™). (A 5.38)
Thus it has been established that
Yz, w) = O(Jw|™), (A 5.39)

for Im w > e. The sameis true also for Im w < —e.
Hence, Lindelof’s asymptotic theorem tells us that
(A5.39) is true also in

{w; [Im w| < e Rew < 0. (A 5.40)
Now, the analyticity and the boundedness (A5.39)
of y(z, w) yield

— -1 ‘p(z 1 w) .

Y(z, w) = (2m) fc  dw S (A 5.41)
Taking the improper limit ¢ — 0+ in (A5.22) and
(A5.41), we obtain

v = =7 [ ey 2o, B=E),

ow 2
(A 5.42)

for w < 0, and
Ve w) = [ da 2E2)
(1]

o — w

(A 5.43)

for w } 0. To interchange the order of ¢ — 0+ and
and an integration is not made in the usual sense,
but it defines a distribution. Therefore, the asymp-
totic behavior (A5.39) is not necessarily inherited
by p(2, @). Theorem V has now been established
by (A5.15) with ¢. = ¢, (A5.43), and (A5.42).

APPENDIX VI. PROOF OF THEOREM VI

The proof is the same with that of Theorem V
except for the asymptotic behavior of ¥(z, w). In
the present case, instead of (A5.30), we have

+otie F ( w — z§>
|/;m+|'e dgawf g, 1 -2

NOBORU NAKANISHI

., , w—zs’—ize)_“_’

<2UB [ @ @I - ]+ )
(A 6.1)

in the whole D, where v = ¢ + @'’ and k are given
in (A5.32). Since the last expression of (A6.1) is
nothing but a special case of the right-hand side
of (A5.33), we obtain

.z, w)| < C'Q + |[w))™". (A 6.2)

The same is true also for ¢¥_(z, w) with w € D_,
In the present case, (A6.2) holds regardless to e
hence we can interchange the order of ¢ — 0+ and
the integration in the ordinary sense. Thus we
obtain (2.26).

APPENDIX VII. DERIVATION OF FORMULAS
IN EXAMPLES
Examples 1 and 2. Trivial.

Ezxample 3. The weight function can be easily cal-
culated by using the representation of (—s)7%(—#)7*
(see Example 7) and

sin o}
a—1

exp [—(—9}] = =" f: da A7.1)

The result is

oo @) = b I@
X [ da-2(1 — 2)He — oo/ = A1), (A7)

whose singularities are located at z = 0 (order z7%)
and at o = 0 (order a™?) only, and (A7.2) behaves
like O(a™}) as @ — o,

Ezample 4. Trivial.
Ezample 6. See the next.
Ezxample 6. When N > Re A > N — 1, we have
fl & f“’da ks + (1 — 28" 8(z — 2)
0 0

ola —2s — (1 — 2)1]
=T\ + DI(=N[—28 — 1 — 2)i]*. (A 7.3)
Differentiating (A7.3) by 2, n times, we obtain (4.3).
If n > N, one has an identity

fdz es+ (1 — 2"

a—zs — (1 —2)t

5™ ()

aNa(n) (2)

=‘/‘dza—-zs—(1——z)t'

A74
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Hence, forn > N > Re A > —1,
)\

fs, &) = nX(t — s)"f da
=T\ + ) — >\)(t — )"~ (A7.5)

Ezxample 7. First, we assume 0 > Re p > —1% and
0 > Rev > —4%. Then we can use (2.21) with (2.22).

1 -2 j:ds'%
)]

)n+1

it

¥z, w)

wW — 28
1 —2z

X [r(n +81,;P(—M) (‘

= [Tu + DT(=w] 7 (=nz (1 — 277"
X fw de-2*(x — w)"™?

= [[(=p)T(=)]'T(=n — ™!
X @ — 27 (—w). (A ¢.6)

Then we obtain (4.5). For the general case, we
analytically continue (4.5) with respect to u and »
after making subtractions. In this way we get the

INTEGRAL REPRESENTATIONS 1473

correct result because of the invariance property
of the weight function in the subtraction procedure
(1.4).

Ezample 8. We want to prove (4.16). We denote
the n'ght—ha.nd side of (4.16) by f(s, t). Then

as at 5169

_f f [a—zs—(l—z)t] _1—'

Since f(s, t) is a symmetric function of s and ¢,
(A7.7) leads to

f(s, ©) = log (—s) log (—1£) + o(s) + (),

where ¢ is an unknown function. On the other hand,
because of (5.12), we obtain

A7.7)

(A 7.8)

s+ 1) loga
fo.0 = =2 [ de g%
= [log (-9)", (@A7.9)
which implies ¢(s) = 0.
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A method of generating orthogonal polar coordinate systems in N-dimensional space is given.
Commuting angular-momentum operators are easily found in the coordinate systems generated;
these operators are of a single form which depends on two parameters. A short table of coordinate
gystems and the resulting structure of quantum numbers and eigenfunctions is given.

INTRODUCTION

N a previous paper' an invariance property of

the N-dimensional total angular-momentum
operator (L) as defined by Louck was pointed out.
It was shown that other polar coordinate systems
exist beside that used by Louck in which the eigen-
value problem of L* can be solved. In this paper a
systematic method of constructing polar coordinate
systems is given. The eigenfunctions, eigenvalues,
and quantum number structure of L? are found in
the polar coordinate systems constructed. Thus, a
systematic method is given for generating bases of
the Hilbert space of functions on the (N — 1)-
dimensional unit sphere. The bases so generated
can be used in the analysis of the N-dimensional
harmonie oscillator and hence in molecular vibra-
tion analysis. They should also prove of use in
N-dimensional theories of elementary particles (see,
for instance, the recent paper of de Broglie et al.?).
If elementary particles are describable as rotators
in a hyperspace, then a comparison of the structure
of elementary particle quantum numbers and the
quantum number structures produced by the
methods given in this paper could provide a semi-
empirical method of finding the proper coordinate
system for their description.

A PROPERTY OF POLAR COORDINATES

In this paper the words ‘“‘polar coordinate system”
shall refer to any generalized polar coordinates as
defined in I.

Definition. In N-dimensional FEuclidean space,
polar coordinates consist of a radial coordinate

* This work gerformed under the auspices of the U. 8.
Atomic Energy Commission.

t Present address: The Dikewood Corporation, Albu-
querque, New Mexico.

t K. D. Granzow, J. Math. Phys. 4, 897 (1963). This paper

will be referred to as I in the sequel.

L. de Broglie, D. Bohm, P. Hillion, ¥. Halbwachs,
T. Takabayasi, and J.-P. Vigier, Phys. Rev. 129, 438 (1963).

R and (N — 1) angle coordinates ¢ such that

= [2¥, @) and 6° = h*(z’), where the z*
are Cartesian coordinates and the functions 2%(z*)
are restricted such as to transform the metric to the
form ds* = DV, (dz")* = dR® + R*(ds*)?, where
(ds*)* = g*, d6° d6® (summation assumed over
e and B), and where the functions g%, are inde-
pendent of R.

The transformation from polar coordinates to
Cartesians has a unique form,

Theorem. The transformation from any polar co-
ordinate system to Cartesian coordinates is of the
form 2*=Rf"(),n=1,2,---, N; 8= (6", 6,---, 67 ).

Proof. It is assumed that 2* = Rf'(R, 6) and it
is then shown that 8f"/dR = 0, i.e., f* is independent
of R for all n.

B = 2@V = 2 I® o =
ds’ = dR® + R(ds%)’ = }N: ( L+ f")

(By evaluating the coefficient of dR® in the
metric.)
N n\ 2 n
=3 [R2<§i) +r2AE (f)2] -
n=1 613

~rt (L) + 22 N 4 5y

R

n=1 n=1

n\ 2
= R’ Z(%) =0=>g; 0 for all =,

n=1

R = 0.

In terms of the functions *(6) it is easily seen that
g¥s = DN, (8f°/96°)(3f"/86"). Note also that the
functions f*(8) have the property >_Y_, [f"(6)" =

GENERATION OF NEW COORDINATE SYSTEMS

If a polar coordinate system of N dimensions
is known, then a polar coordinate system of (¥ + 1)
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dimensions can be constructed. This construction
will be referred to later as method (A). Suppose
the transformation to Cartesians of the known polar
coordinate system is

2" = Rf*(6), n=1 .- ,N. )

The transformation z'* =R’ sin ¢''f*(¢'), n=1,-- -, N;
¥ = R cos ¢, 0 < ¢'7 < = defines a polar
coordinate system of (N + 1) dimensions.’ The
coefficients of the metric for the new coordinate
system are easily computed.

g% = sin® ¢'Vg%(0), a, B <N +1,
Iina = {1' «=N+1,
0, a < N+ 1.

Thus, in the new coordinate system the metric
has the form ds”® = (dR")® + (R')’[(d¢'")® +
sin® 6'V(ds*)’], where the coordinates of (ds*)* are
given primes to indicate they are of the new co-
ordinate system. This process generates the ordinary
spherical polar coordinates from 2-dimensional
polar coordinates. Iteration of this procedure gener-
ates the polar coordinates used by Louck.*

Since the coefficients of the metric are now known,
the total angular momentum operator L’* can be
evaluated. L? = B*V'**, where

2 __1 8 3 sxas O
VI = T e [(gl*) Ay
1 9 . e ] v*?
V= —— (smN Lo ——) +
sin®! ¢ o’ aeo'"/  sin® o'V

and where the coordinates of the operator V**
are given primes to indicate they are of the new
coordinate system. Since V’** and V** commute,
V* can be replaced by its eigenvalue (which is
known from Louck’s work and from I). Hence,

1 o [ . w )
12 __ _ 2 — N—-1 N v
L7 = —h {sin”“ oY a0 (sm 6 60'”>

_m+N-m} @

sin® ¢’%

where | takes on nonnegative integer values.’ The
equation for the part of the eigenfunction de-

3 Primed quantities are associated with the new coordinate
system; unprimed quantities are associated with the known
coordinate system.

¢ James D. Louck, J. Mol. Spectry. 4, 298 (1960).

8 An exception to the assumption of nonnegative I occurs
for N =2, =m =0, &1, £2, --- , To avoid treating this
as a special case [ is set equal to |m| in which case [ is again
nonnegative and Eq. (3) is left unchanged.
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pendent on ¢'¥ is

1 d (. w1 _d
i b0 2)

W+ N-92

sin® 0¥

]®N(0’N) = _>\/®N(0’N)- (4)

The total eigenfunction is a product of Oy(6'")
and the eigenfunction of L* with quantum num-
ber, I, and the variables primed. From Louck’s
work it is known that A’ = /(' + N — 1), where
V'=4y14+1,---.

To solve Eq. (4) a change of variables is con-
venient. Let z=cos " and ©,(6'") = (1—2°)"*T(z).
Equation (4) becomes

{W—n%+@Hmw%

+Ul+N-1)—-VT+N— I)I}T(Z) =0, (5

which is Gegenbauer’s equation. The solutions of
interest are the Gegenbauer polynomials 72(z),
where a = ' — land 8 =1 — 1 4+ N/2 (in the
notation of Morse and Feshback).®

If two polar coordinate systems are known of N,
and N, dimensions, a third polar coordinate system
can be constructed of (N, + N,) dimensions.” This
construction will be referred to as method (B). The
transformation

3" = Rsin GN”N’_lﬂ(al’ Ty 0N‘—1)7 n=1,--- ;Nl;
xn-)-N; —_ R cos 0N,+N.—lf2;(0N;’ 0N1+1’ e 0N;+N.—2)’
,Nz; 0 S 0N,+N,—l S_ %T

defines the new coordinate system. The coefficients
of the metric are given by

n=]_,

gts = sin® 67T gR (6, -0, 6T,
a, BN, — 1,
cos® gV VaTIgE (g, gV, ..., @Y NR)
N, <aBLZN,+N,—2,
g =1, a=p=N +N,—-1,
0,0, a=N,+N,—1 and B <a

[

*
Jap

]

*
Jas
or

leaSN1+N2—2 a:nd 6<N1. (6)

6 P. M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Inec.,, New York,
1953), pp. 547-549, 600-604, 782-784.

7 In the following, subscripts 1 and 2 refer to the two known
coordinate systems. Unsubscripted variables refer to the new
coordinate system.
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Thus, in the new coordinate system, the metric has
the form

dsz — dRZ +R2[(d6N,+N,-1)2 + Sinz 0N,+N,—l(ds,,;>2
+ (:082 0N;+N.—1(d3=;)2]’

where the coordinates of (ds%)® and (ds%) are those
appearing as arguments in ff and f;, respectively.

Evaluating the operator V** using the coefficients
of the metric (6), one obtains

1 a3
*2 —_
v l:sin”"1 ¢* cos¥*! g+ 96"

< Nam1 gk Nawi gk O v %N

(sm 6 cos™ g a?)] + S0 & T ood? "’ ™
where ¥ = N, + N, — 1 and the coordinates of
V#* and V*%? are those appearing as arguments in
f: and f;, respectively. Since V**, V#? and V#?
mutually commute they can each take on eigen-
values. Since the eigenvalues are known from
previous work one can immediately write

1 i)
S —
sin"*"! ¢* cos™ ! ¢* 96"

20]_ML+NV—%

36" sin® &

(sinN‘"1 6" cos™ ! 6*

L+ N, -2
——3(—&&50;;——)}. k=N +N,—1, (8

which yields the equation

1 _d_ ( 1 Ni—=1 Ak Ng~1 pk d )
{Sian—l ek COSN,-_I ok dok sin 0 (0] 0 dak

_ ll(ll + Nl - 2) _ lz(lz + Nz - 2)}@ (el-,)
©)

sin® 6 cos” ¢
= -)\@k(Ok),

where A\ is known to equal Il + N, + N, — 2).
Equations (3) and (4) can be viewed as degenerate
cases of Egs. (8) and (9) in which N, = 1
and I, is set equal to zero. If N, is also equal
to one and [, is set equal to zero, Eq. (8) gives
L* = —Bk® 3°/06° = L2. Thus, in all the polar co-
ordinate systems that can be generated by itera-
tions and combinations of the two methods (A)
and (B), the eigenvalue problem reduces to finding
solutions of Eq. (9) and/or its degenerate forms.

To solve Eq. (9) for N;, > land N, > 1 it is
convenient to define a new independent variable
by the formula z = cos’® §*. Equation (9) becomes

{§+[M+M]i

2 z—11dz

KENNETH D. GRANZOW

_[WnHm—mM_Mh+M—mM

z~1 z

WA N 4N, -2 1
+ letafe=0 w

4

The solution of this equation is given in I for
N, = 3n, n an integer and N, = 3. It is just as
easy to solve Eq. (10), in general. Using the general
solution given by Morse and Feshback,? it is found
that the solution which is analytic at z = 0 is

0, = 2'"*(z — 1)"*"*F(a, b |c| ), 5
where
a=3L+1L-1D,
b= +L+14+ N, 4+ N, —2),
L + 3N,

and F(a, b |¢| 2) is the hypergeometric function.®
To make ®, a polynomial in z and, hence, analytic
at z = 1, a is set equal to a nonpositive integer.

%(ll_l_lz—l):_"y K=011v21"'1
I=1, + 1 + 2. (12)

Thus, ! is even (or odd) if and only if (I, + 1) is
even (or odd).

C =

COORDINATE SYSTEMS, EIGENFUNCTIONS, AND
STRUCTURE OF QUANTUM NUMBERS

By starting with ordinary two-dimensional polar
coordinates and then generating coordinate systems
of more dimensions by the repeated application of
methods (A) and/or (B), one can construct many
polar coordinate systems. Whenever method (A)
is applied, (1) the new angle coordinate assumes
values in the interval [0, =], (2) the eigenfunctions
of L? are products of ©y(6") [where Oy is a solu-
tion of Eq. (4)] and eigenfunctions of L* found in
the preceding coordinate system,'® and (3) the
new quantum number takes on integer values
equal to or greater than the quantum number of
the eigenfunction of L? in the preceding coordinate
system. Whenever method (B) is applied (1) the
the new angle coordinate assumes values in the
interval [0, =/2], (2) the eigenfunctions of L* are
products of Oy, .x,_1(6"*"*™") [where Oy, .x,_, i8
a solution of Eq. (10)] and the product of the eigen-

8 Reference 6, pp. 539, 542.

9 It has been assumed in this treatment that [, and [,
are nonnegative. Hence, if N, = 2 let [, equal jmy|;if Ny = 2
let 12 equal |m,|. This does not change Eqgs. (8), 19), or (10).

10 The terminology preceding coordinale system or systems

is used to refer to the coordinate system or systems to which
methods (A) or (B) are applied.
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Tapre 1. Coordinate systems of up to and including six dimensions which can be generated by application of methods (A)
and (B) are given. The resulting eigenfunctions of L? and the structure of orbital angular-momentum quantum numbers are

included in the table. The table can be extended ad inf. by

re(feated application of methods (A) and (B). See the text for
definitions of the eigenfunctions, quantum numbers, and metho

s of construction.

Con-~
structed Method
Dimen- from of con-~ Structure of
No. sions No. struction quantum numbers Eigenfunction

1s 2 m (1, m)

2 3 1 A VS |m @, | mha, m)

3 4 2 A LSLESm 3, L | 12, U | Im])(1, m)

4 4 1,1 B 15> (fmf+Ima) (2,2, 1| [mal, [ma])(1, ma)(1, ma)

5 5 3 A USLSES m| 4, 4| 5)3E, 4] U2, U iml), m)

6 5 4 A VS 15> (jm]+|ma) (4, V| (2,2, 1] lmal, Ima|)(1, ma)(1, m2)

7 5 1,2 B IS (m + V)30 S |ma (2,3, L] ma], VXL, ma)(2, U | imal)(L, ma)

& 6 5 A LSUSESES ml (5 U | U)4, U | 1), 1 | B)2, U | Im))(, m)

9 6 6 A LSUS1S (m + |me]) (5, % | UX4, 1 [ 102, 2, U] [ma], [mal )(1, mi)(1, ma)
10 6 7 A LSUS (Ima + 005 Ima (58102, 8, 1] bml, W)L, mi)(2, 1§ | Ima])(1, me)
11 6 1,3 B IS (Ima| + U555 US Ime (2,4, 1] Imal, ), ma)(3, 6| UX2, 4 | Ima])(1, ms)
12 6 1,4 B LS (ma] + 1) 4 S (Ima] + |mal) (2,4, 1 | [mal, 1)(L, ma)(2, 2, b | [mdl, Yonal XL, ma)(1, ma)
13» 6 2,2 B ISU+U0S md; 1S Ime (3,8, 1] 1, 82, U | Ima)(1, ma)(2, & | |mal)(1, ma)

= Louck’s coordinates.
b Included in 3 M-dimensional coordinates treated in I,

functions of L? found in the preceding coordinate
systems, and (3) the new quantum number takes
on even or odd values equal to or greater than the
sum of the quantum numbers of the eigenfunctions
of L? found in the preceding coordinate systems
according to whether this sum is even or odd,
respectively, Table I lists thirteen coordinate
systems with the resulting eigenfunctions and
quantum number structure which can be con-
structed by combinations of the two methods. The
exponential is denoted (1, m); solutions of Eq. (4)
are denoted (N, I’ | 1); solutions of Eq. (10) are
denoted (N, N, I | L, I,); m denotes a quantum
number of L in two-dimensional polar coordinates
where the eigenfunction is exp (sm#6); I’ denotes a
quantum number which arose by application of
method (A); ! denotes a quantum number which
arose by application of method (B). If more than
one of a given type quantum number occurs, the
quantum numbers of that type are subscripted.
The table can, of course, be extended ad inf. to
higher and higher dimensionalities. The left-most
quantum number and factor in the eigenfunction
are those resulting from the last application of
methods (A) or (B)."!

1 This left-most quantum number which results from the
last application of methods (A) or (B) is the quantum num-
ber referred to by Rakavy as the seniority in his study of
211185;1)13rm0nic oscillator. [G. Rakavy, Nuel. Phys. 4, 289

For a given N one can represent the coordinate
systems (and hence, the corresponding commuting
operators and eigenfunctions) which can be gener-
ated by the methods (A) and (B) by writing N
as various partitioned sums of ones and twos.
For instance, the two possible four-dimensional co-
ordinate systems can be represented by the sums
(2 4+ 1) + 1 and 2 + 2. In this scheme each paren-
thesis must contain exactly two terms. Each plus
sign represents an application of either method
(A) or (B); if one of the two terms that a particular
plus sign operates on is a I, then that plus sign
represents an application of method (A), otherwise
it represents an application of method (B). Since
there is only one three-dimensional coordinate
system derivable by this scheme, the number 3
can unambiguously be substituted for (2 + 1).
The numbers 2 and 3 and the arithmetic values of
quantities in parenthesis always have the meaning
of the dimensionality of the coordinate systems on
which methods (A) or (B) are being applied. Using
this representation, the four-dimensional coordinate
systems are represented by 3 + 1 and 2 + 2; the
five-dimensional by 3 + 1) 4+ 1, 2 + 2) + 1,
and 3 4 2; the six-dimensional by [(3 + 1) + 1] + 1,
+2)+1+1,6+2)+1B+1) + 2
2+ 2 + 2, and 3 4+ 3. Thus, for any N, each
such partitioning corresponds to a given coordinate
gystem and hence to a unique set of commuting
operators and eigenfunctions.
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Convexity properties of the free energy are used to obtain inequalities relating the nearest-neighbor
spin correlation and the magnetization for the Heisenberg Hamiltonian.

I. INTRODUCTION

F some value are exact relationships in the
form of inequalities which connect the proper-
ties of a system deseribed by a soluble model Hamil-
tonian H, with the properties of a system described
by H = H, + (H — H,). Inequalities, like symmetry
considerations, may often greatly reduce the amount
of calculation necessary to obtain a desired result,
and will sometimes indicate when an approximation
method has violated some intrinsiec property of the
system. Variational methods such as those based
on the weak form of Peierls’ variational theorem®
reflect general convexity” characteristics of the parti-
tion function and the free energy. Although the weak
form of Peierls’ theorem is frequently used® as the
basis for minimizing a trial free energy, the following
discussion will provide an example which utilizes
the theorem to obtain inequalities relating quanti-
ties other than free energies.

In particular, for a system described by the
Heisenberg Hamiltonian with either nearest-neigh-
bor ferromagnetic or antiferromagnetic interaction,
inequalities are obtained which relate the nearest-
neighbor spin correlation (short-range order), here
defined as py = (N2)™' Xy (S,°S,), to the
magnetization per spin. The sum is over all nearest-
neighbor pairs (f, g) of N spins each spin having 2
nearest neighbors, and the bracket ( ) denotes the
canonical ensemble average of the quantity enclosed.

II. INEQUALITIES IMPLIED BY CONVEXITY

First recall that for the canonical ensemble the
free energy F(\) and average (O), of any operator

* Present address: Department of Physics, University of

Plttsburgh Pittsburgh, Pennsylvania.

1R. E. Pelerls, Phys Rev. 54, 918 (1938); T. D. Schultz,
Nuovo Cimento 8, 943 (1958); Czerwonf(o, Bull.
Polon. Sci. CL IIT 7, 639, 699 (1959), H. Falk, Physwa 29
1114 (1963); the Weak form has been attnbuted to N. N
Bogoliubov, by J. Kvasnikov, Doklady Akad. Nauk SSSR.
110, 755 (1956).

7 A concise summary of convexity properties of the free
energy will be found in: R. B. Griffiths, J. Math. Phys. 5,
1215 (1964).

3 H. Falk, Phys. Rev. 133, A 1382 (1964); references to
other work are contained therein.

O are, respectively,
FO) = (=8 Intr {exp [—B8(H, + ML},
@B =kr, @

and

_ tr {0 exp [—B(H, 4+ A\H,)]}
Oh = S lep =B 7ED)} © P

where the 8 dependence is suppressed on the left
side of (1) and (2). The Hamiltonian of the system
iS H = Ho + AHI.
Use will be made of the general property
<H1>). S (Hl>)\o7 (0 S >‘0 S x)y (3)

which may be obtained from the weak form of the
Peierls variational theorem often written®

FQ) < F(0) + MF(0).

It is only necessary to use the arbitrariness® in
defining H, and H, to write

FON) S Fo) + (M — N)F'(M), 4)

where A, is arbitrary. The inequality (4) implies
that F"’(\) < 0; consequently,

F'() = F'0) + fk CINFTO) < 0D, (6)

Since F/(A\) = (H.), it is clear that (3) is simply
a consequence of the A-convexity of F()).

Another property to be used is the S-convexity
of BF(\) [alternatively, the T-convexity of F(\)];
ie.,

k™287%3°F(\)/0T*

o*[BF(N)]/9B°
a(H) /38 < 0, ()]

since
HHN/0B = —((H —~ (H))h- @

The statement that the specific heat is nonnegative
or that

(HWr, < (HWr,

is equivalent to (6).

0T, <1), (8

1478
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The following examples will indicate how the
inequalities (3) and (8) may be used to obtain
certain bounds relating perturbed averages (O)\ to
unperturbed averages (0),; the latter being asso-
ciated with a truncated, soluble Hamiltonian.

III. FERROMAGNET

Consider the Heisenberg Hamiltonian for a
system with nearest-neighbor ferromagnetic inter-
action of the spins (each of magnitude S). The
Zeeman energy due to an external magnetic field
H, is added so that

H=-2J Z SI'SV - gl-"Hs Z S; (9)

f.0) !

By adding and subtracting the term
2J Y. S;(a8)k,

f,9)

where £ is a unit vector along the z axis, (9) may be
written

H = H, + \H,, (10)
with
Hy = —(guH, + J208) 30 8}, (1)
and
H = —-J ; zsj (Srss — oSE)-S,.  (12)

In (10) 5 is the vector from site f to one its z nearest
neighbors, and ¢ is arbitrary. Perturbed quantities
are labeled with the parameter A, which is implicitly
equal to unity.

Now it is well known and easily demonstrated
that H,, which is proportional to the z projection
of the total magnetic moment, commutes with H,.
For convenience the trace will be taken over the
complete set of eigenstates of H, for which

(8787 + 8182 =0 (f = g). (13)

Equations (12) and (13) may be combined with (3)
to provide

; ; [<SI+6'SI>X — aS{(Sh]
> ; 52 [(S;HS;)o - O'S(S;)o]-

Explicit calculation shows that for the free-spin
Hamiltonian H,,

4

(S;ﬂS;)o = <S;+a>o<‘s}>o- (15)
Upon substituting (15) into (14) and selecting
o8 = (S7+s)o, (16)

1479

the right side of (14) vanishes and
A,\: ; (Sf+5'sf>x 2 ; Za: (S;M)O(S;)k-

With H, translationally invariant, {S}.,), is inde-
pendent of site and (17) may be written

(NZ)—I IZ z,s: <Sf+5's,‘>)\ Z (S'>0N_l ; (S;)x. (18)

a7

Now H, is the Hamiltonian which yields the usual
molecular-field theory* of ferromagnetism; therefore,
the left side of (18), or p, for the Heisenberg ferro-
magnet, is greater than or equal to the product of
the known magnetization per site given by mol-
ecular-field theory and the magnetization per site
given by the exact Heisenberg Hamiltonian including
the Zeeman term.

For the trivial case of H, = 0 the result that p,
must be nonnegative follows from (18) since (S7)
vanishes by symmetry. The further result that p,
must be a nonincreasing function of T for H, = 0
follows from (8), since p, is then proportional to
{(—H)».

IV. ANTIFERROMAGNET

Now consider the Heisenberg Hamiltonian for a
system with nearest-neighbor antiferromagnetic in-
teraction of the spins (each of the magnitude S).
Let f and ¢ refer to two mutually exclusive, identical
sublattices. The Hamiltonian

H=2J] 38,8, + guH(Z S + X 89

(f.0) s
may be written
H = H, + \H,,
with
H, = (guH, + -Tz0.8) 2,: S;

+ (guH, + Jza,8) Y. S,

and
H, =2J X i(S; — a18k)-S, + S,+(S, — 0,8F)].

.0
The notation follows the ferromagnetic case, ex-
cept that there are now two arbitrary quantities
o, and o, which were introduced by adding and
subtracting equal terms. The trace is conveniently
taken over the same set of eigenstates as for the
ferromagnetic case.

4J. H. Van Vleck, Rev. Mod. Phys. 17, 27 (1945).
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From (3), (13), and (15), In contrast with the ferromagnetic case® the anti-
ferromagnetic short-range order must, for H, = 0,

<;,:) (Ss+Sah — auSUSIh 4 (Sy-Suh = 0aS(S7h] be a nonpositive, nondecreasing function of tempera-~

< UE [{S7e(S2)0 — a15(S5)o ture.
0)
+ (87)o(8%)0 — 28(S7)o]. (19) ACKNOWLEDGMENT
lecti
By sclecting The author is grateful to Dr. R. B. Griffiths for
a8 = (8)e; @8 = (S), (20) kindly reading the preprint of this article, and for

the right side of (19) vanishes and offering useful suggestions.

> (S;8h < D (SN + (Se(Sih]. (1) . (169%‘.5)Nagamiya, K. Yosida, and R. Kubo, Advan. Phys. 4,
.9 f.9) 4
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